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Abstract  (continued) 


cap  layer  to  the  bottom  of  the  elastic  model  and  by  using  phase  velocity  filtering 
to  attenuate  the  spurious  scattering  caused  by  the  cap  layer. 

Comparisons  of  the  results  of  the  locked  mode  approximation  with  exact  results 
obtained  from  other  synthesis  methods  are  presented  and  the  limitations  of  the 
method  are  demonstrated  and  discussed.  A  number  of  examples  of  synthetic  seismograms 
using  the  locked  mode  approximation  are  then  given  along  with  a  comparison  of 
observed  and  synthetic  seismograms. 

The  locked  mode  approximation  provides  a  new  and  efficient  method  for  computing 
complete  synthetic  seismograms  which  extends  the  range  of  geophysical  problems  that 
can  be  treated  with  the  aid  of  seismogram  synthesis. 


Danny  J.  Harvey  (Ph.D.,  Geophysics) 

A  Spectral  Method  for  Computing  Complete  Synthetic  Seismograms 
Thesis  directed  by  Professor  Charles  B.  Archambeau 

The  efficient  computation  of  complete  solution  synthetic  seismo¬ 
grams  for  flat,  plane  layered,  laterally  homogeneous  elastic  media  and  for 
high  frequency  bandwidths  is  a  problem  which  has  received  considerable 
attention  in  the  field  of  solid-earth  geophysics.  The  only  available  methods 
for  computing  complete  synthetic  seismograms  are  computationally  expen¬ 
sive  and,  in  many  cases,  suffer  from  numerical  instabilities  which  limit 
their  ranges  of  applicability. 

A  new  method  is  presented  which  is  based  upon  a  spectral 
representation  of  the  solution  of  the  elastic  wave  equation.  The  eigenvalue 
and  eigenfunction  computations  are  reformulated  in  a  manner  which 
avoids  the  numerical  instabilities.  A  mode  searching  algorithm  is 
developed  which  makes  it  possible  to  find  large  numbers  of  Rayleigh  and 
Love  dispersion  curves  in  an  efficient  and  reliable  manner. 

The  locked  mode  approximation  is  then  presented  which  allow*, 
nearly  complete  synthetic  seismograms  to  be  computed  using  only  the 
discrete  part  of  the  spectrum  and  using  only  normal  modes  with  real 
eigenwavenumbers.  This  is  achieved  by  adding  a  high  velocity  cap  layer  to 
the  bottom  of  the  elastic  model  and  by  using  phase  velocity  filtering  to 


attenuate  the  spurious  scattering  caused  by  the  cap  layer. 

Comparisons  of  the  results  of  the  locked  mode  approximation 
with  exact  results  and  with  results  obtained  from  other  synthesis  methods 
are  presented  and  the  limitations  of  the  method  are  demonstrated  and  dis¬ 
cussed.  A  number  of  examples  of  synthetic  seismograms  using  the  locked 
mode  approximation  are  then  given  along  with  a  comparison  of  observed 
and  synthetic  seismograms. 

The  locked  mode  approximation  provides  a  new  and  efficient 
method  for  computing  complete  synthetic  seismograms  which  extends  the 
range  of  geophysical  problems  that  can  be  treated  with  the  aid  of  seismo¬ 
gram  synthesis. 

The  form  and  content  of  this  abstract  are  approved. 

I  recommend  its  publication. 


Signed 


TABLE  OF  CONTENTS 


CHAPTER 

I.  INTRODUCTION .  1 

II.  THE  FUNDAMENTALS  OF  NORMAL  MODE 

THEORY  FOR  FLAT  LAYERED  STRUCTURES  .  13 

2.1  Basic  Assumptions . 15 

2.2  Differential  Equations,  Coordinate  Syjtems, 

and  Boundary  Conditions . 18 

2.3  Separable  Solutions  of  the  Elastic  Wave  Equation 

in  Cylindrical  Coordinates  . 24 

2.4  Solutions  of  the  Depth  Dependent  ODEs: 

The  Propagator  Matrix . 29 

2.5  Integral  and  Spectral  Representations  for  the 

Solutions  of  the  Elastic  Wave  Equation . 48 

2.6  The  Branch  Cut  Integral  Contributions . 74 

HI.  REFORMULATION  OF  THE 

NORMAL  MODE  PROBLEM 

TO  AVOID  NUMERICAL  INSTABILITIES . 81 

3.1  Computation  of  the  Rayleigh  Eigenvalues . 85 

3.2  Computation  of  the  Rayleigh  Eigenfunctions: 

I  -  A  Simple  but  Stable 

Numerical  Algorithm . 98 

3.3  Computation  of  the  Rayleigh  Eigenfunctions: 

II  -  A  More  Robust  Method . 114 

3.4  Computation  of  the  Love  and  Acoustic 

Eigenvalues  and  Eiegnfunctions . 133 


3.5  Rayleigh  Eigenfunctions: 

The  Final  Numerical  Algorithm 


138 


IV.  NORMAL  MODE  SEISMOGRAM  SYNTHESIS: 


THE  NUMERICAL  ALGORITHMS . 148 

4.1  Eigenvalue  Computation: 

The  Mode  Searching  Algorithm . 152 

4.2  Eigenvalue  Computation: 


Computing  the  Group  Velocity. 
Normalizing  the  Eigenfunctions, 
and  Accounting  for  Frequency 


Dependent  Anelastic  Attenuation . 187 

4.3  Locked  Mode  Seismogram  Synthesis: 

The  Computer  Programs . 197 

4.4  Locked  Mode  Seismogram  Synthesis: 

The  Locked  Mode  Approximation . 206 


4.5  The  Locked  Mode  Approximation: 
Comparisons  with  Other 
Complete  Solution  Methods 


and  a  Discussion  of  Its  Limitations . 216 

V.  NUMERICAL  EXAMPLES  OF  THE  LOCKED 

MODE  APPROXIMATION . 227 

VI.  CONCLUDING  REMARKS  . 241 

REFERENCES . 248 

APPENDIX 

A.  A  METHOD  OF  REDUCING  THE  DYNAMIC 

RANGE  OF  THE  [R]  MATRIX  ELEMENTS  ....  252 

B.  THE  COMPUTATIONS  OF  THE 

CHARACTERISTIC  FUNCTION 

PARTIAL  DERIVATIVES . 260 

C.  THE  SOURCE  JUMP  VECTOR . 277 


TABLES 


Table 

4-1.  Three  Layer  Crust  and  Upper  Mantle  Structure  ....  164 

4-2.  Southern  California  Crust  and  Upper  Mantle 

Structure  East  of  the  San  Andreas  Fault . 179 

4-3.  A  Structural  Model  with  Three  Similar  Low 

Velocity  Zones . 186 

4- 4.  A  Simple  Two  Layer  Structural  Model . 221 

5- 1.  The  Rulison  Structural  Model . 233 

5-2.  The  Rulison  Q  Model . 234 

5-3.  The  G&sbuggy  Structural  Model  . 238 


V  i  i 


d 


$ 


i 

i 

i 

I 


FIGURES 

Figure 


2-1.  Coordinate  systems  and  layer  numbering  conventions  .  21 

2- 2.  Wavenumber  integration  contour . 67 

3- 1.  Vertical  displacement  and  normal  stress  eigenfunctions 

for  an  infinite  homogeneous  half  space  using  the 
traditional  Thomson-Haskell  matrix  method . 104 


3-2.  Vertical  displacement  and  normal  stress  eigenfunctions 
for  an  infinite  homogeneous  half  space  using  a  stabilized 
version  of  the  Thomson-Haskell  matrix  method  with 
one  constraint  at  five  km  depth . 105 

3-3.  Vertical  displacement  and  normal  stress  eigenfunctions 
for  an  infinite  homogeneous  half  space  using  a  stabilized 


version  of  the  Thomson-Haskell  matrix  method  with 
constraints  at  2.5.  5.0,  and  7.5  km  depth . 105 

3-4.  Vertical  displacement  and  normal  stress  eigenfunctions 
for  a  two  layer  structural  model  using  the 
traditional  Thomson-Haskell  matrix  method . 108 


3-5.  Vertical  displacement  and  normal  stress  eigenfunctions 
for  a  two  layer  structural  model  using  a  stabilized 
version  of  the  Thomson-Haskell  matrix  method  with 
constraints  at  five  and  ten  km  depth . 109 


3-6.  Vertical  displacement  and  normal  stress  eigenfunctions 
for  a  two  layer  structural  model  using  a  stabilized 
version  of  the  Thomson-Haskell  matrix  method  with 
constraints  at  2.5.  5.0,  7.5.  and  10.0  km  depth . 110 

3-7.  V’ertical  displacement  and  normal  stress  eigenfunctions 
for  an  infinite  homogeneous  half  space 

using  equations  (3.3.53) . 139 

3-8.  Vertical  displacement  and  normal  stress  eigenfunctions 
for  a  two  layer  structural  mode! 

using  equations  (3.3.53) . 141 


.*  v  ,y. 


'  Jt  *  M 


3- 9.  Vertical  displacement  eigenfunctions  for  a  structural 

model  with  two  buried  low  velocity 

layers  using  equations  (3.3.53)  145 

4- 1.  A  plot  of  the  Rayleigh  characteristic  function  versus 

phase  velocity  at  a  single  frequency . 163 

4-2.  Interpole  spacing  ratios  for  the  Rayleigh 

characteristic  function  shown  in  figure  4-1 . 168 

4-3.  Rayleigh  dispersion  curves  for  the  three 

layer  crust  and  upper  mantle  structure . 176 

4-4.  Rayleigh  dispersion  curves  for  the  southern 

California  structural  model . 178 

4-5.  Rayleigh  dispersion  curves  for  a  structural 

model  with  three  similar  low  velocity  zones . 185 

4-6.  Computer  programs  used  to  compute  locked  mode 

synthetic  seismograms . 199 

4-7.  A  comparison  of  the  locked  mode  approximation 
solution  of  Lamb's  problem  with 

the  exact  solution . 209 


4-8.  A  comparison  of  synthetic  surface  displacements 
using  the  locked  mode  approximation  for  various 
phase  velocity  cutoffs  and  as  the  cap  layer 


depth  is  changed . 214 

4- 9.  A  comparison  of  synthetic  seismograms  produced  by 

the  locked  mode  approximation  and  the  complete 
spectral  method  of  Wang  and  Herrmann  (1980)  ....  218 

4-10.  A  comparison  of  synthetic  seismograms  produced  by 
the  locked  mode  approximation  with  those  produced 
by  two  other  synthesis  methods . 223 

5- 1.  Vertical  velocity  ground  motion  produced 

by  the  locked  inode  approximation  for  the 

structural  model  given  in  table  4-4 . 228 


5-2.  Vertical  ground  motion  produced  by  the 

locked  mode  approximation  for  the  southern 

California  structural  model  and  for  a  strike 

slip  relaxation  source  . 230 

5-3.  Vertical  component  synthetic  seismograms 

produced  by  the  locked  mode  approximation 
for  the  southern  California  structural  model 
and  for  an  explosion  source 


231 


Vertical  velocity  ground  motion  produced 
by  the  locked  mode  approximation  for  the 
Rulison  structural  model  . 

Radial  velocity  ground  motion  produced 
by  the  locked  mode  approximation  for  the 
Rulison  structural  model  . 

A  comparison  of  synthetic  and  observed  Gasbuggy 
particle  velocity  seismograms . 


CHAPTER  I 


INTRODUCTION 

Historically,  normal  mode  theory  has  been  restricted  in  its  appli¬ 
cations  to  low  frequency  bandwidths;  namely  to  low  frequency  spherical 
earth  normal  modes  and  to  Rayleigh  and  Love  surface  waves  for  flat  layered 
structures.  In  this  dissertation  I  will  show  how  spectral  solutions  of  the  elas¬ 
tic  wave  equation  can  be  used  to  compute  complete,  high  frequency  syn¬ 
thetic  seismograms  for  flat,  plane  layered,  and  laterally  homogeneous  struc¬ 
tural  models  in  an  efficient  manner.  The  method  which  I  developed  is  most 
useful  for  computing  synthetic  seismograms  in  the  zero  to  ten  Hertz  fre¬ 
quency  range  and  for  source-receiver  distances  of  10  to  1000  km.  I  have  also 
been  able  to  successfully  apply  the  method  to  exploration  geophysics  prob¬ 
lems  with  frequency  bandwidths  of  100  Hertz  and  source-receiver  distances 
of  several  km.  By  making  a  simple  modification  to  the  structural  model  I 
am  able  to  use  this  method  to  compute  the  P  and  S  body  waves,  in  addition 
to  the  surface  waves,  using  only  normal  modes  with  real  eigenwavenumbers. 
I  am  thus  able  to  approximate  a  complete  solution  of  the  elastic  wave  equa¬ 
tion  with  a  mode  sum  which  makes  this  approach  much  more  efficient  than 
existing  complete  solution  methods  which  are  based  upon  direct  numerical 
integration  such  as  the  reflectivity  method. 

A  variety  of  approachs  have  been  used  to  synthesize  the  P  and  S 
body  waves  for  laterally  homogeneous  structures,  and  all  of  these  approachs 
start  with  a  doubly  transformed  version  of  the  elastic  wave  equation  which 
remove  the  derivatives  of  time  and  the  horizontal  space  coordinates.  The 
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methods  differ  by  the  solution  of  the  transformed  wave  equation  which  is 
used  and  by  the  way  in  which  the  two  inverse  transform  integrals  are 
evaluated.  The  asymptotic  methods  evaluate  either  one  or  both  of  these 
integrals  analytically  by  approximating  the  integrand  function  with  suitable 
asymptotic  expansions,  and  the  resulting  solution  is  a  decomposition  of  the 
complete  solution  in  terms  of  rays.  These  ray  theories  work  well  for  syn¬ 
thesizing  particular  phases,  but  they  can  be  cumbersome  to  use  when  trying 
to  compute  the  complete  solution,  especially  in  certain  distance  ranges.  For 
very  near  field  distances  (zero  to  ten  km)  and  at  teleseismic  distances 
(greater  than  1000  km)  and  for  sources  at  typical  earthquake  depths,  the 
elastic  energy  is  propagating  in  a  fundamentally  vertical  direction  in  the 
crust.  This  means  that  the  scattering  off  of  the  large  discontinuities  in  the  P 
and  S  wave  velocities  that  can  occur  in  the  crust  and  at  the  Mohorovicic 
discontinuity  (Moho)  can  be  represented  by  a  relatively  small  number  of  ray 
paths,  and  so  the  major  applications  of  ray  theory  have  been  in  these  dis¬ 
tance  ranges.  In  the  10  to  1000  km  distance  range  however  the  crust  acts 
as  a  waveguide  and  most  of  the  elastic  energy  is  contained  within  this 
waveguide  and  propagates  in  a  fundamentally  horizontal  direction.  In  this 
distance  range,  when  using  a  detailed  crust  and  upper  mantle  model,  ray 
theories  require  the  a  priori  specification  of  a  very  large  number  of  ray 
paths  to  synthesize  the  complete  solution  for  the  P  and  S  body  waves  (a 
typical  example  of  this  is  the  Pg  coda  which  is  seen  in  the  western  United 
States). 

Another  category  of  seismogram  synthesis  techniques  which  have 
been  used  over  the  past  fifteen  years  are  the  complete  solution  methods  and 
these  methods  all  differ  from  the  ray  theoretical  methods  by  the  solution  of 
the  doubly  transformed  elastic  wave  equation  which  is  used  The  complete 


solution  methods,  as  the  name  implies,  use  a  complete  solution  of  the  dou¬ 
bly  transformed  elastic  wave  equation  by  allowing  for  all  possible  P  and  S 
wave  propagation  throughout  the  structural  model  and  by  treating  this  as  a 
boundary  value  problem.  When  one  uses  a  complete  solution  method  it  is 
only  necessary'  to  specify  the  structural  model  and  frequency  bandwidth  to 
compute  synthetic  seismograms  and  these  synthetics  contain  an  infinity  of 
rays.  In  contrast,  ray  theoretical  methods  require  the  user  to  specify  ray 
paths  and,  based  upon  these  specified  ray  paths,  an  incomplete  solution  is 
obtained.  It  is  the  use  of  this  incomplete  solution,  in  addition  to  certain 
other  approximations  which  are  usually  made,  that  causes  the  ray  theoreti¬ 
cal  methods  to  be  much  more  efficient  than  complete  solution  methods  and 
it  is  primarily  this  efficiency  that  has  made  ray  theoretical  methods  so 
popular. 

The  complete  solution  methods  are  themselves  broken  down  into 
two  general  categories  which  I  refer  to  as  the  reflectivity  method  and  the 
spectral  method  and  these  methods  differ  in  the  way  in  which  the  two 
inverse  transform  integrals  are  evaluated.  I  am  using  the  reflectivity  method 
to  refer  to  all  methods  which  compute  both  integrals  in  a  direct  numerical 
manner  although  the  original  reflectivity  method,  as  developed  by  Fuchs 
and  Muller  (1971),  is  rather  restrictive  in  terms  of  the  horizontal  phase 
velocity  range  over  which  it  works.  Owing  to  recent  developments  (Kind 
(1978),  Kennett  and  Kerry  (1979).  Kennett  (1980),  Cormier  (1980). 
Bouchon  (1981))  the  reflectivity  method  can  now  be  used  to  compute  com¬ 
plete  seismic  codas  for  arbitrary  frequency  bandwidths  and  source  depths 
and  for  vertically  inhomogeneous  structural  models.  If  the  reflectivity 
method  were  also  efficient,  then  the  problem  of  computing  complete  syn¬ 
thetic  seismograms  for  flat,  laterally  homogeneous  earth  models  could  be 
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considered  to  be  solved  however  the  reflectivity  methods  are  very  computa¬ 
tionally  expensive  and  this  expense  is  proportional  to  the  product  of  the  fre¬ 
quency  bandwidth  and  the  maximum  source-receiver  distance.  In  fact  the 
computational  expense  is  so  high  that  it  limits  the  use  of  these  methods  to 
low  frequency  bandwidths  for  cases  where  the  complete  seismic  coda  is  com¬ 
puted. 

One  obvious  way  of  increasing  the  efficiency  of  complete  solution 
methods  is  to  analytically  evaluate  at  least  one  of  the  inverse  transform 
integrals  as  is  done  by  most  ray  theoretical  methods.  Unfortunately  the 
complexity  of  the  complete  solution  integrand  function,  for  generally  com¬ 
plex  structural  models,  frustrates  efforts  to  apply  the  types  of  techniques 
which  are  used  by  ray  theoretical  methods  to  eliminate  the  numerical 
evaluation  of  the  inverse  transform  integrals.  There  is  one  straightforward 
method  however  which  we  can  always  use  to  evaluate  at  least  part  of  one  of 
the  inverse  transform  integrals  analytically  and  this  method  makes  use  of 
the  residue  theorem.  We  can  extend  the  integration  path  in  the  complex 
plane  into  a  closed  contour  and  then  evaluate  the  original  integral  in  terms 
of  a  sum  of  residues  which  are  caused  by  the  poles  of  the  integrand  function 
which  are  contained  within  the  contour  of  integration.  These  poles 
correspond  to  flat  earth  normal  modes  and  for  structural  models  which  have 
totally  reflective  top  and  bottom  boundaries,  one  of  the  inverse  integral 
transforms  can  be  expressed  as  an  infinite  sum  of  normal  modes.  The  cases 
of  most  interest  in  seismology  are  for  structural  models  which  have  a  free 
top  boundary  and  an  infinite  homogeneous  half  space  on  the  bottom  and  for 
these  situations  one  of  the  inverse  integral  transforms  can  be  expressed  as  a 
finite  sum  of  normal  modes  along  with  branch  cut  integrals  which  come 
about  due  to  the  semi-infinite  nature  of  the  structural  model. 


I  refer  collectively  to  methods  which  use  the  residue  theorem  to 
evaluate  one  of  the  inverse  transform  integrals  as  the  spectral  method. 
Although  this  method  has  not  been  as  popular  as  the  reflectivity  method  for 
computing  complete  synthetic  seismograms,  it  has  undergone  parallel 
developments  and  improvements  with  the  reflectivity  method.  The  first  uses 
of  the  spectra!  method  actually  predate  the  reflectivity  method  since  the 
spectral  method  is  the  basis  behind  the  computation  of  synthetic,  flat  earth, 
Rayleigh  and  Love  fundamental  surface  waves  however,  among  the  earliest 
uses  of  the  spectral  method  for  computing  a  substantial  portion  of  the  com¬ 
plete  seismic  coda,  are  those  of  Knopoff.  et.  al.  (1973),  Nakanishi,  et.  al. 
(1977),  and  Mantovani,  et.  al.  (1977)  who  used  a  sum  of  SH  normal  modes 
to  compute  synthetic  SH  seismograms.  More  recently  Sw^anger  and  Boore 
(1978)  computed  both  SH  and  P-SV  synthetic  seismograms  for  near  field 
strong  motion  studies  using  a  normal  mode  sum.  All  of  these  uses  of  the 
spectral  method  had  one  thing  in  common  vhich  was  that  a  small  number 
of  normal  modes  was  included  in  the  mode  sum  and  this  resulted  in  rather 
incomplete  solutions  to  the  elastic  wave  equation. 

One  fundamental  difficulty,  which  had  a  large  effect  on  both  the 
development  of  the  complete  solution  methods  and  their  ranges  of  applica¬ 
bility,  was  a  numerical  instability  which  seened  to  be  inherent  in  the  com¬ 
plete  solution  form  of  the  P-SV  integrand  function.  This  numerical  instabil¬ 
ity  was  always  associated  with  the  presence  of  inhomogeneous  or  evanescent 
waves  within  the  elastic  medium  which  exist  at  horizontal  phase  velocities 
that  are  less  than  the  local  P  or  S  wave  velocity.  This  problem  was  first 
recognized  by  Dorman,  et.  al.  (1960)  when  the  complete  matrix  solution  for¬ 
malism  of  Thomson  (1950)  and  Haskell  (1953)  was  applied  to  the  problem 
of  computing  Rayleigh  dispersion  curves  using  an  early  digital  computer. 
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Although  the  numerical  problem  was  circumvented  for  the  computation  of 
the  fundamental  Rayleigh  dispersion  curve  by  the  use  of  structural  layer 
reduction,  it  wasn’t  until  Knopoff  (1964)  applied  Laplace’s  development  by 
minors  to  the  problem  of  computing  the  Rayleigh  characteristic  function 
th$t  the  numerical  problem  was  formally  addressed  in  an  analytical  manner. 
Knopoff s  work  was  the  seed  for  an  area  of  research  which  was  followed  by 
Dunkin  (1965),  Watson  (1970)  and  most  recently  by  Abo-Zena  (1979)  and 
all  of  this  research  was  aimed  at  streamlining  Knopoff  s  original  method  and 
understanding  why  it  worked  as  well  as  it  did.  The  method  completely 
solved  the  numerical  instability  problem,  as  related  to  computing  the  Ray¬ 
leigh  characteristic  function  and  thus  the  Rayleigh  dispersion  curves,  for  all 
frequency  bandwidths  and  structural  models. 

Although  Knopoffs  method  w-orks  quite  well  for  computing  the 
Rayleigh  characteristic  function  it  does  not  address  the  problem  of  numeri¬ 
cal  instabilities  which  are  present  in  the  computation  of  the  depth  depen¬ 
dent  stress  and  displacement  eigenfunctions.  Because  of  this  it  has  not  been 
possible  to  use  the  spectral  method  to  compute  P-SV  synthetic  seismograms 
for  buried  sources  and  at  high  frequencies  when  using  the  Knopoff  modified 
version  of  the  Thomson-Haskell  matrix  formalism.  Thus  we  can  see  that 
there  are  actually  two  numerical  instability  problems  which  must  be  solved 
in  order  to  use  the  spectral  method  to  compute  P-SV  synthetic  seismograms 
for  arbitrary  sources  and  frequencies,  and  my  research  has  focused  on 
extending  Knopoffs  method  to  solve  the  eigenfunction  numerical  problem 

The  same  numerical  difficulties  that  plagued  the  spectra!  method 
were  encountered  with  the  reflectivity  method.  The  original  method  as 
given  by  Fuchs  and  Muller  was  based  directly  on  the  original  Thomson- 
Haskell  matrix  method  and  they  avoided  the  numerical  problems  b\ 


limiting  the  range  of  phase  velocities  to  those  for  which  there  were  no 
evanescent  waves  within  the  structure.  This  narrowed  the  range  of  applica¬ 
bility  of  the  reflectivity  method  until  Kind  (1978)  applied  KnopofTs  method 
to  remove  the  numerical  instabilities.  Kind  also  reformulated  the  integrand 
function  in  a  manner  which  he  claimed  eliminated  the  numerical  instabili¬ 
ties  associated  w’ith  buried  sources  A  completely  different  and  novel 
approach  was  taken  by  Kennett,  et.  al.  (1978),  Kennett  and  Kerry  (1979) 
and  Kennett  (1980)  to  solve  the  numerical  problems  of  the  reflectivity 
method  which  was  not  an  extension  of  KnopofT s  original  work.  They 
showed  how  the  doubly  transformed  complete  solution  of  the  elastic  wave 
equation  could  be  expressed  in  terms  of  a  set  of  generalized  reflection  and 
transmission  functions.  They  then  showed  how  all  growing  exponential 
solutions  could  be  eliminated  in  this  ray-like  representation  of  the  complete 
solution  and  this  eliminated  the  numerical  instabilities  for  all  source  depths 
The  most  recent  developments  of  the  spectral  method  have 
focused  on  solving  the  numerical  problems  for  arbitrary  frequencies,  source 
depths,  and  structural  models  and  extending  the  completeness  of  the  spec¬ 
tral  solutions.  All  of  the  earlier  uses  of  the  spectral  method  used  only  a 
small  number  of  normal  modes  and  thus  produced  rather  incomplete  solu¬ 
tions.  Harvey  (1981)  and  Kerry  (1981)  were  the  first  researchers  to  use  all 
of  the  normal  modes  with  real  eigenwavenumbers  and  I  refer  to  spectral 
synthetic  seismograms  produced  in  this  manner  as  locked  mode  synthetics. 
The  branch  cut  integral  contributions  are  ignored  when  using  the  locked 
mode  method  which  gives  the  most  complete  spectra!  solution  possible 
without  using  numerical  integration  or  without  locating  poles  off  of  the  real 
wavenumber  axis  At  about  the  same  time  Wang  and  Herrmann  (1980i 
developed  a  truly  complete  spectral  solution  by  including  both  a  numerical 


integration  of  the  branch  cuts  along  with  all  of  the  locked  mode  residues. 

As  with  the  reflectivity  method,  the  development  of  numerically 
stable  algorithms  to  use  in  tne  spectral  method  has  followed  two  paths 
Kerry  (1981)  directly  applied  the  methods  developed  by  Kennett,  et  al. 
which  reformulated  the  frequency-wavenumber  solution  of  the  elastic  wave 
equation  in  terms  of  generalized  reflection  and  transmission  functions  1 
chose  to  extend  KnopofFs  method,  which  operates  directly  with  the 
Thomson-Haskel!  matrix  formalism  and  uses  stress  and  displacement  func¬ 
tions  to  describe  the  elastic  propagation,  and  the  numerical  algorithms 
which  I  developed  constitute  a  substantial  portion  of  my  research.  Kerry's 
locked  mode  method  comes  the  closest  to  my  own  both  in  terms  of  the  basic 
way  in  which  it  works  and  its  range  of  applicability  and  I  will  be  comparing 
these  two  methods  throughout  this  dissertation. 

The  research  which  I  will  be  describing  in  the  following  chapters 
has  as  its  basic  objective  the  development  of  an  optimally  fast,  accurate  and 
complete  spectra!  method  for  computing  P-SV  synthetic  seismograms  for 
flat,  plane  layered,  laterally  homogeneous  structural  models.  An  equally 
important  criterion  which  1  placed  on  the  method  is  that  it  work  for  the 
widest  possible  range  of  frequency  bandwidths  and  structural  models.  I 
adopted  this  last  criterion  to  cover  problems  such  as  high  frequency  Pn  and 
S„  wave  propagation  in  oceanic  structural  models  with  liquid  and  near- 
liquid  layers  and  very  high  frequency  near  surface  wave  propagation  in 
structural  models  which  have  numerous  strong  low  velocity  zones  for  prob¬ 
lems  in  earthquake  hazards  engineering  and  geophysical  exploration. 


Since  eigensolutions  of  the  elastic  wave  equation  can  be  thought 
of  as  providing  optimal  sampling  in  the  wavenumber  domain,  spectral 
methods  should  be  able  to  provide  the  most  efficient  wav  to  compute 


complete  synthetic  seismograms.  I  fee!  that  one  of  the  fundamental  reasons 
that  the  spectral  has  not  seen  the  popularity  of  the  ref  ctivity  method  has 
been  the  lack  of  an  efficient  and  reliable  norma!  mode  searching  algorithm. 
A  substantial  portion  of  my  research  has  been  devoted  to  developing  a  truly 
fast,  accurate  and  completely  reliable  mode  searching  algorithm  in  order  to 
realize  the  potential  efficiency  of  the  spectral  method.  Also,  in  order  to 
maximize  the  efficiency,  it  was  desirable  to  compute  nearly  complete  syn¬ 
thetic  seismograms  without  making  numerical  evaluations  of  the  branch  cut 
integrals.  For  normal  structural  models  locked  mode  synthetic  seismograms 
will  not  contain  any  P  wave  arrivals  since  they  are  typically  part  of  the 
branch  cut  integral  contribution  however,  by  making  a  simple  modification 
to  the  structural  model,  one  can  significantly  extend  the  phase  velocity- 
range  which  will  be  represented  in  the  locked  mode  synthetic  seismograms 
while  simultaneously  insuring  that  a  certain  time  window  within  the  syn¬ 
thetic  seismograms  will  be  uncontaminated  by  the  structural  modification. 
When  the  locked  method  is  applied  to  such  modified  structural  models,  I 
refer  to  this  as  the  locked  mode  approximation  which  produces  nearly  com¬ 
plete  synthetic  seismograms  while  only  using  normal  modes  with  real 
eigenwavenumbers . 

In  chapter  two  I  review  the  basic  theory  for  computing  flat  earth 
normal  modes  and  the  resulting  displacements.  Most  of  this  draws  upon 
previously  published  work  however  I  will  present  a  complete  and  consistent 
derivation  starting  with  the  elastic  wave  equation  and  ending  with  the  spec¬ 
tral  solution  for  flat,  plane  layered,  isotropic  and  laterally  homogeneous 
models.  During  this  derivation  1  will  indicate  the  departure  points  of  the 
various  seismogram  synthesis  methods  and  1  will  also  point  out  the  sources 
of  the  numerical  instabilities  The  final  solution  which  1  derive  will  he 


expressed  in  terms  of  proper  and  improper  eigenfunctions  representing 
respectively  the  discrete  normal  modes  and  the  continuous  branch  cut 
integrals. 

In  chapter  three  I  will  address  the  numerical  instabilities  which 
axe  inherent  in  the  Thomson- Maskell  matrix  formulation  and  1  will  present 
two  methods  which  overcome  these  instabilities  I  start  by  reviewing 
KnopofT s  method,  along  with  the  later  work  which  was  based  upon  it,  and  I 
give  the  derivation  of  a  numerically  stable  computation  of  the  Rayleigh 
characteristic  function.  I  then  describe  a  simple  method  for  stabilizing  the 
depth  dependent  stress  and  displacement  eigenfunctions  which  works  quite 
well  for  completely  elastic  structural  models  with  monotonically  increasing 
velocities  with  depth  except  for  no  more  than  one  weak  low  velocity  zone. 
The  locked  mode  method  when  using  this  algorithm  is  functionally 
equivalent  to  the  method  developed  by  Kerry  and  I  discuss  the  restrictions 
which  these  methods  have  in  common.  I  then  proceed  to  derive  a  much 
more  robust  method  of  computing  numerically  stable  eigenfunctions  which 
has  virtually  no  restrictions.  This  method  works  for  oceanic  models  as  well 
as  for  complex  elastic  models  with  multiple  strong  low  velocity  zones  and  at 
arbitrary  frequency  bandwidths.  I  finally  show  numerical  examples  of  depth 
dependent  eigenfunctions  using  the  two  methods  for  several  different  struc¬ 
tural  models. 

In  chapter  four  I  describe  the  numerical  algorithms  and  computer 
programs  which  I  developed  to  implement  the  computation  of  locked  mode 
synthetic  seismograms  from  a  starting  structural  model  to  the  final,  three 
component  time  traces  at  specified  receiver  locations.  The  first  step  in  this 
process  is  the  norma!  mode  searching  algorithm  which  locates  the  Rayleigh 
and  Love  dispersion  curves  and  1  go  into  considerable  detail  to  describe  the 


algorithm  which  I  developed.  The  next  step  involves  the  computation  of 
certain  partial  derivatives  which  are  necessary  for  eigenfunction  normaliza¬ 
tion  and  which  I  use  in  a  first  order  perturbation  approximation  to  account 
for  the  effects  of  frequency  dependent  anelastic  attenuation  in  the  structural 
model.  I  give  analytic  expressions  for  these  derivatives  and  1  6how  how  the 
first  order  attenuation  approximation  can  be  computed  and  applied  in  a  fast 
manner  which  does  not  require  the  use  of  complex  arithmetic.  In  the  next 
section  I  describe  the  actual  computer  programs  which  I  wrote  and  the  user 
interface  with  these  programs.  I  discuss  practical  matters  such  as  the  algo¬ 
rithms  which  require  the  use  of  double  precision  arithmetic,  the  amount  of 
core  memory  required  by  each  program,  the  approximate  run  times  of  the 
programs,  and  the  structure  and  size  of  the  intermediate  data  files  which 
link  the  programs  together.  I  then  formally  present  the  locked  mode  approx¬ 
imation  and  show  when  the  approximation  breaks  down.  In  this  section  I 
also  show  synthetic  seismograms  produced  by  the  locked  mode  approxima¬ 
tion  and  how  spurious  arrivals  caused  by  the  approximation  can  be  con¬ 
trolled.  Finally  I  show  comparisons  of  synthetic  seismograms  produced  by 
the  locked  mode  approximation  with  synthetics  for  the  same  structural 
models  which  were  generated  using  other  complete  solution  methods. 

Chapter  five  is  devoted  to  show  ing  examples  of  synthetic  seismo¬ 
grams  produced  by  the  locked  mode  approximation  for  a  variety  of  fre¬ 
quency  bandwidths,  structural  models  and  source-receiver  distances.  In  the 
first  part  of  the  chapter  I  show  a  number  of  examples  which  illustrate  the 
characteristics  of  elastic  wave  propagation  which  can  be  seen  when  using  a 
complete  solution  method.  I  then  show  an  example  in  which  theoretical 
seismograms  using  the  locked  mode  approximation  are  compared  to  real 
observed  data.  This  example  involves  modelling  an  underground  nuclear 


CHAPTER  II 


THE  FUNDAMENTALS  OF  NORMAL  MODE  THEORY 
FOR  FLAT  LAYERED  STRUCTURES 

Although  the  development  of  the  theoretical  basis  for  elastic  wave 
propagation  can  be  traced  all  the  way  back  to  Lord  Rayleigh's  time,  the 
first  occurrence  of  the  complete  solution  of  the  elastic  wave  equation  in 
cylindrical  coordinates  and  for  flat,  plane  layered,  isotropic  and  laterally 
homogeneous  elastic  media  is  given  by  Sezawa  (1931).  He  uses  a 
transformed  version  of  the  elastic  wave  equation  which  eliminates  all  deriva¬ 
tives  except  for  the  depth  derivatives  and  thus  he  reduces  the  problem  of 
solving  the  elastic  wave  equation  to  one  of  solving  several  ordinary  differen¬ 
tial  equations  and  evaluating  inverse  integral  transforms.  The  form  of  the 
solution  which  Sezawa  presents  is  identical  to  that  used  by  all  modern  day 
seismologists  who  work  in  cylindrical  coordinates 

Sezawa  did  not  give  solutions  for  the  depth  dependent  ordinary 
differential  equations  for  arbitrary  vertical  velocity  distributions  and  the 
next  major  development  was  aimed  at  solving  these  equations.  Thomson 
(1950)  derived  a  solution  for  the  depth  dependent  differential  equations 
which  was  expressed  in  terms  of  recursive  matrix  multiplications 
Thomson's  method  applied  to  elastic  structures  which  were  composed  of 
planar,  isotropic  and  completely  homogeneous  layers  which  were  welded 
together  along  their  top  and  bottom  surfaces  Although  each  layer  had  to  be 
homogeneous  there  was  no  restriction  on  the  number  of  different  layers  that 
were  welded  together  or  on  the  thinness  of  each  layer  and  so,  in  the  limit  of 
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an  infinite  number  of  infinitesimally  thin  layers,  Thomson's  method  pro¬ 
vided  complete  solutions  of  the  depth  dependent  differentia!  equations  for 
arbitrary  vertical  velocity  profiles.  Haskell  (1953)  embraced  Thomson's 
approach  and  basically  streamlined  it  and  applied  it  to  produce  numerical 
computations  of  the  fundamental  Rayleigh  dispersion  curve  for  several  sim¬ 
ple  structural  models.  The  Thomson-Haskel)  matrix  method  has  provided  a 
formalism  for  obtaining  complete  solutions  of  the  elastic  wave  equation  and, 
as  with  Sezawa's  work,  this  has  become  one  of  the  basic  tenets  of  a  large 
branch  of  subsequent  research. 

It  wasn't  until  digital  computers  became  generally  available  that 
the  next  major  developments  in  the  theory  of  seismic  wave  propagation  in 
cylindrical  coordinates  took  place.  In  the  early  sixties  a  number  of  research¬ 
ers  applied  the  Thomson-Haskell  matrix  method  to  write  computer  pro¬ 
grams  for  locating  Rayleigh  dispersion  curves  (e  g  Dorman,  et.  al  (1960). 
Press,  et.  al.  (1961)).  Numerical  instabilities  in  the  Thomson-Haskel! 
method  were  discovered  at  this  time  however  these  instabilities  occurred  at 
frequencies  which  were  above  the  range  of  interest  of  the  researchers  Har- 
krider  (1964)  made  the  next  major  contribution  by  showing  how  to  compute 
time  domain  synthetic  seismograms  for  Rayleigh  and  Love  surface  waves 
and  for  arbitrary  point  sources  at  arbitrary  depths.  This  research  was  based 
directly  on  the  Thomson-Haskell  matrix  method  and  it  suffered  an  addi¬ 
tional  numerical  instability  associated  with  the  source  depth. 

In  the  following  chapter  I  give  a  condensed  yet  complete  sum¬ 
mary  of  linear  elastic  wave  theory  for  flat,  plane  layered,  laterally  homo¬ 
geneous  structures.  This  treatment  will  draw  primarily  from  the  work  of 
Harkrider  (1964)  and  Ben-Menahem  and  Singh  (1972  and  19S1)  who  show 
how  a  complete  solution  of  the  elastic  wave  equation  can  be  expressed  in 


terms  of  vector  cylindrical  harmonics,  but  in  order  to  preserve  continuity,  I 
will  use  my  own  notation  and  layering  conventions.  I  will  show  how  normal 
mode  solutions  are  derived  from  the  general  solutions  of  the  elastic  wave 
equation  and  to  what  extent  these  solutions  are  related  to  other  types  of 
solutions  such  as  ray  theoretical  and  reflectivity  solutions.  I  will  also  point 
out  both  accuracy  and  efficiency  problems  which  come  up  in  the  numerical 
implementation  of  the  theory.  These  problems  will  be  addressed  in  detail  in 
subsequent  chapters  and  constitute  the  major  portion  of  my  research. 

2.1  Basic  Assumptions 

In  order  to  obtain  tractable  solutions  of  the  elastic  wave  equation 
it  is  necessary  to  make  a  number  of  assumptions.  Most  of  the  assumptions 
I  have  made  fall  in  this  category  and  are  absolutely  necessary  in  order  to 
solve  the  problem  at  all.  I  have  however  made  a  few  additional  assump¬ 
tions  which  were  made  primarily  to  narrow  the  range  of  the  problem  and  1 
will  outline  the  necessary  steps  which  must  be  taken  to  remove  these 
assumptions. 

The  first  assumption  is  that  of  a  linearized  elastic  wave  equation. 
This  is  widely  used  and  accepted  by  seismologists  and  is  justified  by  the 
small  amplitudes  of  differential  strains  that  are  produced  globally  by  most 
seismic  disturbances.  The  exception  to  this  is  in  the  near  vicinity  of  a  large, 
non-linear  seismic  source  such  as  an  earthquake  or  a  nuclear  explosion 
Even  in  these  cases  we  can  consider  the  elastic  wave  field  to  be  linear 
beyond  some  volume  which  encloses  the  non-linear  source  region  and 
represent  the  source  by  an  equivalent  linear  point  source  (e.g.  Bache  and 
Harkrider  (1976)).  In  this  case  our  solution  will  be  invalid  within  the  non¬ 
linear  region  but  will  be  valid  outside  that  region. 


The  second  assumption  is  an  earth  structure  which  is  laterally 
homogeneous.  This  is  the  most  restrictive  assumption  and  considering  the 
attention  that  seismogram  synthesis  for  laterally  homogeneous  structures 
has  received  in  the  past,  some  justification  is  deserved  at  this  point.  I  justi¬ 
fied  the  laterally  homogeneous  assumption  based  upon  the  following  three 
premises: 

1.  A  starting  point  for  the  solution  of  certain  laterally  inhomogene¬ 
ous  problems  is  an  accurate,  efficient  and  complete  solution  to  the 
laterally  homogeneous  problem. 

2.  Although  much  work  has  been  directed  towards  the  laterally 
homogeneous  problem,  an  accurate  efficient  and  complete  solution 
is  yet  to  be  realized. 

3.  Spectral  solutions  of  the  elastic  wave  equation  promise  the  most 
efficient  solution  to  the  problem,  at  least  when  compared  to  the 
methods  used  presently. 

The  second  premise  can  be  justified  by  a  quick  review  of  existing  methods 
for  synthesizing  seismograms  for  laterally  homogeneous  structures.  These 
methods  fall  into  two  general  categories:  ray  theoretical  methods  and  com¬ 
plete  solutions  methods.  Ray  theoretical  methods,  although  efficient  and 
accurate,  do  not,  in  general,  provide  complete  solutions  (Hartzell  and  Helm- 
berger  (1982)).  The  complete  solution  methods  are  all  closely  related  to  the 
original  reflectivity  method  (Fuchs  and  Muller,  (1972))  and  suffer  from 
being  rather  inefficient.  This  is  due  to  the  direct  numerical  integration 
approach  used  by  all  of  these  methods  to  compute  the  inverse  Hankel 
transform.  Discrete  spectral  representations  of  the  solution,  however,  allow 
for  the  inverse  Hankel  transform  to  be  evaluated  analytically  in  terms  of  a 
residue  sum  which,  in  addition  to  avoiding  the  accuracy  problems  associated 


with  direct  numerical  integration,  also  provides  a  more  efficient  solution  as  1 
will  6how  later. 


The  third  assumption  is  the  flat  earth  approximation.  This  is  nn; 
at  all  restrictive  and  can  be  easily  justified  for  several  reasons.  First  of  all, 
as  will  be  shown  later,  the  major  applicability  of  the  spectral  method  will  be 
for  near  field  problems  where  the  flat  earth  approximation  is  quite  good  on 
its  own.  If  the  source  receiver  distances  become  large,  a  flattening  correc¬ 
tion  can  be  applied  to  the  vertical  structural  dependence  which  will  give 
very  good  solutions  out  to  teleseismic  distances.  It  should  be  pointed  out 
that  all  ray  theoretical  solutions  end  up  making  the  flat  earth  approxima¬ 
tion  implicitly  by  using  the  Poisson  sum  formula  to  convert  discrete  sum 
solutions  in  terms  of  spherical  wave  functions  to  continuous  integral  solu¬ 
tions  in  terms  of  cylindrical  or  Cartesian  wave  functions. 

The  fourth  assumption  is  that  the  earth  structure  will  be  made 
up  of  homogeneous  layers  connected  by  flat  plane  interfaces.  At  first  this 
may  appear  to  be  a  restrictive  assumption,  but  we  can  represent  any  arbi¬ 
trary  depth  dependence  for  some  finite  wave  length  by  specifying  a  large 
number  of  suitably  thin  layers.  The  question,  then,  is  whether  it  is  more 
efficient  and  accurate  to  use  a  large  number  of  homogeneous  layers  or  a 
smaller  number  of  inhomogeneous  layers  and  I  will  address  this  question  in 
more  detail  in  a  later  section. 

The  fifth  assumption  is  that  the  earth  structure  will  be  isotropic. 
This  restriction  can  be  reduced  to  that  of  lateral  isotropy  without  any  fun¬ 
damental  change  in  the  analytical  development  of  the  solution  although 
with  the  expense  of  significantly  increased  algebraic  complexity. 
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The  sixth  assumption  is  that  the  source  of  seismic  energy  will  be 
a  spatial  point  source.  Once  again  this  is  not  a  restrictive  assumption  since 
any  distributed  source  can  be  represented  as  either  an  equivalent  point 
source  or  a  linear  superposition  of  a  large  number  of  point  sources  placed 
along  the  boundary  of  the  distributed  source. 

2.2  Differentia]  Equations,  Coordinate  Systems,  and  Boundary 
Conditions  * 

The  most  general  representation  of  the  linearized  elastic  wave 
equation  in  Cartesian  coordinates  is: 

*ij.i  +  Pf,  =  pu'i  (2.2.1) 

where  is  the  space  and  time  dependent  stress  tensor,  f,  is  the  space  and 
time  dependent  applied  body  forces,  p  is  the  space  dependent  density  and  u, 
is  the  space  and  time  dependent  displacement  vector.  Integer  indices  range 
from  one  to  three  with  the  implied  summation  convention.  Partial  differen¬ 
tiation  is  indicated  by  ,j  =  9/dXj  and  =  93/8t2. 

The  stress  tensor  is  related  to  the  displacements  through  the  con¬ 
stitutive  tensor,  C, 

°  i  j  =  C,  j  k  i  uk.  i  •  (2.2.2) 

Using  the  first  law  of  thermodynamics  and  assuming  adiabatic  elastic  defor¬ 
mations,  one  can  show: 

Cijkl=Cklij,  (2.2.3) 

and  since  the  stress  and  strain  tensors  are  symmetric, 

Cjjki  =  Cj  [  k  i  =  C;ju  =  .  (2.2.4) 

Equations  (2.2.3)  and  (2.2.4)  reduce  the  number  of  independent  components 


in  C,  j  k  |  to  21  and  this  is  the  number  of  elastic  constitutive  parameter 
which  must  be  specified  for  a  general  anisotropic  material.  Since  we  hav  ' 
assumed  a  linearized  elastic  wave  equation,  each  of  these  parameters  depend 
only  on  the  spatial  coordinates  and  not  on  the  displacement  or  any  of  its 
derivatives.  Also,  since  we  assumed  a  laterally  homogeneous  structure,  the 
elastic  constitutive  parameters  (along  with  the  density)  will  only  be  depen¬ 
dent  on  one  spatial  coordinate,  xs. 

If  we  assume  lateral  isotropy  about  the  x3  axis,  the  number  of 
independent  elastic  constitutive  parameters  reduces  from  21  to  S  and  follow¬ 
ing  the  notation  of  Takeuchi  and  Saito  (1972)  we  represent  these  parame¬ 
ters  with  the  coefficients  A,  C.  F,  L  and  N  in  expression  (2.2.2). 

a  n  =  Mui ,i  "■  1*2,2)  ~  2Nu2  2  -  Fu3  3  (2.2.5) 

an  ~  A(ui,i  *  u2j)  ~  2Nuj  j  -  FuJ  3 

°  S3  =  F(Uj  j  u2.z)  "r 
0  23  =  Mu2,3  uj  2)  -0^2 


31  -  L(uj ,1  •*"  u  1 ,3)  -  °  13 


<7  12  =  N(Uj  j  -*  U2  ])  -  C 
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For  the  case  of  a  completely  isotropic  material. 


A  =  C  =  A  -  2*<  ,  L  =  N  =  *<  ,F  =  A 


(2.2  6) 


where  A  and  are  the  Lame  elastic  parameters  and  we  can  rewrite  equation 
(2.2.2)  in  the  following  familiar  form: 


*ij  =  A  <5, juk. h  *  *  uj.,)  ■  (2.2.7) 

Typically  the  elastic  parameters  are  redefined  in  terms  of  the  P  and  S  wave 


*  -  *  -**  a_a  A  ^  *  -V-  wwh-  w  -  a.  A  A  A  t . , .  t.  ■ -A  A,  1-  a.  -.m. V ^  »  ..  m 


velocities  in  a  homogeneous  isotropic  material 


a  =  vfA  -  2 n)i p  ,  0  =  v4 ( /  p  (2.2.8) 

For  the  case  of  a  laterally  isotropic  material  we  can  also  define  the  elastic 
parameters  in  terms  of  horizontal  and  vertical  propagating  P  and  S  wave 
velocities. 


qh  =  \  'a  p  ,  q v  =  s/C/p  , 
£h  =  v'STp  ,  £v  =  \47p 


(2.2.9) 


and  we  are  left  over  with  a  fifth  coefficient,  F. 

The  constitutive  relations  (2.2.5)  and  (2.2.7)  along  with  the  elas¬ 
tic  parameters  allow  us  to  model  either  a  full  elastic  material  or  an  acoustic, 
liquid  material  by  setting  0=0.  We  can  also  model  an  anelastic  material 
by  allowing  the  elastic  moduli  to  have  non-zero  imaginary  components  and 
this  will  be  addressed  in  more  detail  in  a  later  chapter 

In  order  to  easily  represent  the  radiation  field  from  point  sources 
and  to  match  boundary  conditions  at  horizontal  layer  interfaces,  the  coordi¬ 
nates  will  be  changed  from  Cartesian  to  a  cylindrical  coordinate  system  and 
all  of  the  following  analytical  developments  will  be  done  in  cylindrical  coor¬ 
dinates.  The  cylindrical  coordinate  system  is  shown  in  Figure  2-1  along 
with  layer  numbering  conventions  At  a  later  point  in  the  theoretical 
development  the  assumption  of  a  layered  structure  will  be  made  and  since  1 
will  be  writing  solutions  of  the  wave  equation  in  each  individual  layer  and 
then  matching  boundary  conditions  throughout  the  stack,  I  employ  both  a 
global  coordinate  system  and  a  set  of  local  coordinates,  each  relative  to  an 
individual  layer  The  origin  of  the  global  coordinate  system  will  be  at  the 
free  surface  with  the  positive  z-axis  pointing  down  The  origin  of  a  local 
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coordinate  system  w'l!  be  at  the  top  of  the  layer,  with  the  radial  and  azimu¬ 
thal  coordinates  being  the  same  for  all  of  the  coordinate  systems. 

I  distinguish  between  the  global  and  local  vertical  coordinates  by 
using  an  unsubscripted  or  unsuperscripted  z  for  the  global  coordinate  and  a 
superscripted  ?,pl  for  local  coordinates  where  p  is  the  layer  index.  The 
depth  of  the  bottom  of  the  plb  layer  in  global  coordinates  is  z  =  h(p)  whereas 
the  thickness  of  the  plb  layer  is  (tp),  (£(p*  *  -  b*p_1*).  This  dual 

representation  is  used  for  all  of  the  functions  of  z  as  well.  Whenever  a  func¬ 
tion  of  z  appears  without  a  layer  superscript  it  is  understood  that  the  argu¬ 
ment  will  be  in  global  coordinates  and  whenever  a  layer  superscript  does 
appear,  then  the  argument  of  the  function  will  be  in  local  coordinates. 
Thus  for  some  function,  f(z) 

f(«)  I  (2-2  10) 

By  making  the  flat  earth  and  laterally  homogeneous  assumptions,  the  elastic 
moduli  and  density  will  be  dependent  only  on  the  z  coordinate  and  the 
lateral  isotropy  assumption  will  imply  isotropy  about  the  z-axis. 

The  boundary  conditions  will  be  specified  either  in  terms  of  dis¬ 
placements  and  tractions,  or  in  terms  of  wave  field  functions  (radiation  con¬ 
dition).  The  displacements  are  denoted  by  u,(ri.i;t).  u#(r.0,z:t),  u,(r.0.z;t). 
and  the  tractions  across  a  horizontal  plane  are  T,(r.0.z:t).  T*(r,0,z.t).  and 
TJr.tf.z.t)  The  boundary  conditions  are  as  follows 

1  A  traction-free  surface  will  exist  at  the  top  of  the  structure  (z  =  0). 

T,(r.0.o.t)  -  T#(r,0.O;t)  -  (2  2  11) 

■  T,(r.0,O  i)  0  for  all  r.0.t 

2  Either  a  radiation  condition  will  exist  for  a  semi-infinite  bottom  layer. 

no  soiirrrs  at  z  ac  .  (2  2  12) 


V-.-Vv 

kAAA 


•  *  V’  -  v  ■'  • , v  v  >»  ■  - ",  -  ,  >  - «  -  >  . 
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or  a  plate  boundary  condition  will  exist  for  the  underside  of  the  bottom 
layer  at  z  *=  H  which  can  be  specified  in  several  ways;  either 

Tr(r,*,H;t)  =  T#(rAH;t)  =  T,(r,*,H;t)  =  0  for  all  (2.2.13) 

or 

ur(rAH;t)  =  u#(r,0,H;t)  =  u,(r,*,H:t)  =  0  for  all  r,tf,t,  (2.2.14) 
or 

Tr(r,0,H;t)  =  T#(r,*,H;t)  =  ut(r,0,H;t)  =  0  for  all  r,0,t  .  (2.2.15) 

The  mixed  boundary  condition  given  by  (2.2.15)  insures  no  conversion 
of  P  to  S  energy  at  the  plate  bottom  or  vice  versa. 

Tractions  and  displacements  will  be  continuous  along  the  z-axis  for  all 
r,0,  and  t  as  long  as  the  elastic  moduli  are  continuous  except  at  the 
source  location. 

For  a  horizontal  interface  at  z  =  h  where  the  elastic  moduli  change 
discontinuously,  the  boundary  conditions  will  be  specified  according  to 
the  type  of  discontinuity.  For  a  solid-solid  discontinuity, 

T,M,h*;t)  =  Tr(r,0,h~ ;t)  . 

T,M.h  +  ;t)  =  T,M,h;t). 

T,(r,#,h’;t)  -  T,M.h-;i).  (2.2.16) 

ur(r,*.h*;l)  =  ur(r,0,h‘  ;t), 
u^r.fl.h*;!)  =  u*(r,0,h~  ;t). 
and  u,(r,0.h ’;t)  =  u,(r,0,h  ;t), 

for  all  r.0,  and  t,  where  h"  is  just  below  the  interface  and  h‘  is  just 


above  the  interface. 
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For  a  solid-liquid  and  liquid-liquid  discontinuity 


T,(r,tf  ,h  *;t) 


T,(MUT;t) 


0  , 


} 


Tr(r.tf,h-:t)  =  T,(r,0,h;t)  =  0, 

T,(r,0,h*;t)  =  T.MJT*).  (2.2.17) 

u,(r.0,h*;t)  =  ut(r.0,h~;t). 


for  all  t,0,  and  t. 


2.S  Separable  Solutions  of  the  Elastic  Wave  Equation  in  Cylindri¬ 
cal  Coordinates 

The  elastic  wave  equation  (2.2.1),  can  be  written  in  cylindrical 
coordinates  as  follows: 
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Likewise,  the  constitutive  equations  (2.2.5)  can  also  be  written  in 
cylindrical  coordinates  for  the  case  of  lateral  isotropy 


du. 

A  —r—  ~  (A  2N) 
dr 


1  due  i 

r  d6  r  U' 


du, 

dz 


(2  3  21 
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where  once  again  A  and  p  are  functions  only  of  z. 

Equations  (2.3  2)  or  (2.33)  could  be  substituted  back  into  equa¬ 
tions  (2.3.1)  to  eliminate  the  stress  va-nables  and  produce  a  system  of  three 
coupled,  second  order,  partial  differential  equations  in  the  three  displace¬ 
ment  unknowns,  uf.  u#,  and  ut  The  next  step,  normally,  would  be  to  define 
three  potential  functions  of  the  displacements  in  order  to  decouple  the  sys¬ 
tem  of  equations  (2.3.1).  The  P  wave  dilatationa!  potential  and  the  SV  and 
SH  wave  shear  potential  functions  will  only  decouple  equations  (2.3.1)  when 
the  structure  is  completely  homogeneous  and,  in  the  case  of  an  arbitrarily 
inhomogeneous  material,  the  representation  of  equations  (2.3.1)  in  terms  of 
the  potential  functions  would  be  completely  coupled.  Ben-Menahem  and 
Singh  (1981)  have  shown,  however,  how  separable  solutions  of  the  elastic 
wave  equation  in  cylindrical  coordinates  for  the  case  of  an  arbitrary  verti¬ 
cally  inhomogeneous  structure  can  be  represented  in  terms  of  vector  cylindr¬ 
ical  harmonics  When  these  separable  functions  are  substituted  into  equa¬ 
tions  (2.3.1),  the  t,  r  and  6  dependence  are  eliminated  and  we  are  left  with 
a  set  of  coupled  ordinary  differential  equations  (ODE)  in  the  depth  variable. 


I  will  thus  assume  the  following  solutions  for  the  displacements. 


u  =  (u,.ue.ul). 


u  =  e‘“'  uP(„  ,k.m.z)  P^fr,#) 


uB(-*'.k,m.z)  B,";(r.6>)  -  uc(^.k,m.z)  Ckr7’(r,0) 


where  w  is  the  constant  angular  frequency, 

k  is  the  constant  horizontal  wavenumber, 
m  is  the  constan*  integer  azimuthal  order. 


(2.3.4) 


and  P,  B  and  C  are  the  vector  cylindrical  harmonics  and  are  given  by 


P“M)  =  «,  YfM) 


BkmM) 


Ck"(r,») 


(  a  i  a 

[*r  a(kr)  +  **  kr  80 


Y>mM) 


k-- 

(  r  kr  80 


«» 


8(kr) 


Yk"(r,*) 


(2.3.5) 


where  er.  etf  and  et  are  unit  vectors  in  the  r,  0  and  z  directions  and  Ykm(r.0) 
is  the  scalar  horizontal  wavefunction  and  is 


YkmM)  =  Jm(kr)  e'un9  .  (2.3.6) 

Jm(kr)  is  the  integer  order  Bessel  function  of  the  first  kind. 

In  order  to  satisfy  the  boundary  conditions  it  will  be  necessary  to 
compute  the  tractions  across  the  z=constant  plane  as  well  as  the  displace¬ 
ments.  Separable  solutions  for  the  tractions  in  terms  of  vector  cylindrical 
harmonics  will  also  be  used. 

T  =  ew'  (Tp(ui,k.m,x)  Pkm(r,0)  -  (2.3.7) 


-  TB(^,k,m.z)  Bkm(r,0)  •+  Tc(^’.k,m,z)  Ckm(r,0)j 
where  T  =  (Tr,T9,T,)  and 
Tr  =  on 

Te  =  *91 

T.  =  i «  • 

Finally.  I  will  represent  the  body  forces,  pi  =  (pfr,  pf5,  pft),  in  the  sam 
manner  as  the  displacements  and  tractions. 


:  Ar.vjv.ir;  .  v.  v;  n  vy  "T, 


pf  =  e-'  fPU-k,m,z)  PkmM)  + 

. 
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(2.3.8) 


+  fB(u:(k,m,z)  B^r.tf) 


If  we  substitute  equations  (2.3.4),  (2.3  7),  and  (2.3.8)  into  equa¬ 
tions  (2.3.1)  and  (2.3  2)  and  use  relations  (2.3.5)  and  (2.3.6)  along  with 
various  properties  of  integer  order  Bessel  functions,  the  t,  r  and  6  depen¬ 
dences  can  be  factored  out  leaving  a  system  of  six  coupled  ordinary  differen¬ 
tial  equations  of  z,  in  the  dependent  variables  uP.  uB.  uc.  TP,  TB,  and  Tc. 
The  resulting  z-dependent  ODEs  can  be  written  as  follows: 
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(2.3.9) 


Once  gain  the  elastic  moduli  A.  C.  L.  N.  and  F  are  arbitrary  functions  of  z 
and  at  this  point  we  have  made  no  approximations  or  assumptions  other 
than  linearity,  laterally  homogeneous  structure  and  laterally  isotropic  stirnc- 
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Because  of  the  separable  form  of  the  solutions  expressed  by  equa¬ 
tions  (2.3.4)  and  (2.3.7),  equations  (2.3.7)  must  hold  at  a  fixed  u>,  k  and  m 
for  all  t,  r  and  0.  Thus  the  boundary  conditions  expressed  by  equations 
(2.2-11)  through  (2.2.17)  will  be  insured  by  applying  them  to  the  depth 
dependent  spectral  functions  in  equations  (2.3.9). 


2.4  Solutions  of  the  Depth  Dependent  ODEs:  The  Propagator 
Matrix 

We  can  write  equations  (2.3.9)  in  a  more  convenient  form  as  fol¬ 
lows: 


±  (y(z)}  =  [U(*)j  <y(*)}  -  (w(z)},  (2.4.1) 

where  |y(z)}  is  the  six  component  displacement-stress  vector,  and  is  given 
by 


(w(z)}  is  the  six  component  forcing  function  vector  and  for  a  time  and  space 
distribution  of  simple  body  forces  is  given  by 


and  [U (z)]  is  a  six  by  six  matrix  whose  element  are  functions  only  of  ~,k 
and  depth  dependent  elastic  moduli. 

It  is  obvious  from  equations  (2.3.9)  that  we  can  partition  equa¬ 
tions  (2.4.1)  as  follows, 

4-  {*>(*)}  =  .rM*)  {k.v(*)>  -  (rM*))  .  (2.4.4) 

dz 

and 

4~  {l>(*)}  =  lM0  ii.> (*)>  -  k^(*)}  -  (2  4.5) 

dz 


Where 


and  where  the  R  subscript  denotes  Rayleigh  or  P-SV  wave  motion,  the  1 
subscript  denotes  Love  or  SH  wave  motion,  and  the  elastic  moduli  A,  C,  L 
and  N  have  been  replaced  by  the  P  and  S  wave  vertical  and  horizontal  velo¬ 
cities,  ov,  0v,  ®H'  and  from  equations  (2.2.9).  We  can  easily  determine 
[RU;  and  [|_U!  for  a  completely  isotropic  structure  by  setting  av  =  aH  =  a, 
ds,  =  0H  =  0  and  F  =  A. 

Consider  the  homogeneous  or  unforced  part  of  equation  (2.4.1). 

namely, 

A{y}=  IU;  (y) .  (2.4.8) 

Gilbert  and  Backus  (1966)  studied  solutions  to  this  equation  and  popular¬ 
ized  and  generalized  the  propagator  matrix  method  which  was  first 
employed  by  Thomson  (1950)  and  Haskell  (1953)  for  the  case  of  a  plane 
homogeneous  layered  structure.  In  order  to  solve  (2.4.8)  the  matrizant  of 
[U]  is  defined  as  follows. 

t 

{A(s.«o>;  =  1  ]  *  f  [U(f  j)j  dfl  -  (2.4.9) 

>> 


i  fi 

-  f;U(fI):  /  iu(fa):  dfjdf, 

««  i, 

where  [Ij  is  the  unit  matrix.  Differentiating  the  matrizant  with  respect  to  z 
gives, 

t 

(A(z,z0);  =  ;t(z)  -  i-(z)  /;v(fl); dffl  -  ••• 

or 


-7-  ;A(z.zc)  =  ;i’(z)  ;A(z,z0) 


(2.4.10) 
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If  we  post  multiply  (2.4.10)  by  (y(z0)}  vve  arrive  at, 

[A(i,*0)l  {y(z0)}  =  (U(*)j  (A(*,t0)!  {y (*o)}  .  (2.4.11) 

and  comparing  this  to  equation  (2.4.8)  it  follows  that, 

{y(*)>  =  jA(*,*o)l  (y (2o)}  •  (2.4.12) 

When  we  include  the  forcing  function  vector  {w},  equation  (2.4.12)  becomes 

l 

(y(z)}  =  |A(a,*0);  {y(z0)>  -  f  jA(x,f)i  {«(;)}  d;  .  (2.4.13) 

h 

The  matrizant  of  |U]  given  by  equation  (2.4.9)  allows  us  to  pro¬ 
pagate  the  solution  for  {y}  from  some  initial  depth,  z0,  to  some  other  depth, 
z,  and  thus  the  matrizant  is  usually  called  the  propagator  matrix.  One 
obvious  property  of  the  propagator  matrix  which  must  be  true  in  order  for 
relation  (2.4.12)  to  be  valid  is  that, 

(A(z,z);  =  |l;  ■  (2.4.14) 

Another  important  property  of  the  propagator  matrix  is  that  it  is  only 
dependent  on  <*>,  k,  z,  and  the  depth  dependent  elastic  moduli,  and  is 
independent  of  r,  6  and  the  azimuthal  order  m.  The  major  difficulty,  then 
in  determining  spectral  solutions  of  the  elastic  wave  equation  for  a  laterally 
homogeneous  structure,  is  in  computing  the  propagator  matrix. 

Consider  the  {y}  vector  at  three  depths,  z0,  z,,  and  z2,  such  that 
z2  >  z j  >  z0.  From  equation  (2.4.13). 

{>' ( 2 1 ) >  ~  !A(z,,z&)’  (y (z0) }  -  J  A(zi,f);  (w(f)}  df 

lo 

(y(z2))  -  A(z,.z,)  (y(z,)}-  f  A(z2.f ),  {*($■ )}  df  . 


and 


{y(i2)}  =  (A(*2,f,)l  |A(i„*o)]  {y (*o) } 


-  (a(z2,*1);  J  (A(zj,f);  {w(f)}  df 

*0 

-  f  |A(z2,f)]  {w(f)}  df  , 

but  since 

*> 

{y(z2)}  =  A(z„z0);  {>' (*o))  "  /  [A(zj,f )’  M?)}df  , 

*• 

(A(z2.z0)  =  lA(z2,z,)j  |A(z„z0)|  .  (2.4.15) 

Equation  (2.4.15)  expresses  an  important  property  of  the  propagator  matrix 
which  is  especially  useful  when  dealing  with  layered  structures.  The  depth 
restriction,  z2  >  z,  >  z0,  is  actually  not  necessary  and  as  a  corollary  to 
(2.4.15), 

[A(z0,z0)j  =  [i:  =  ;A(z0,zj)]  lA(zj,z0):  , 

or 

lA(z0,z,);  =  |A(z„z0);-'  .  (2.4.16) 

Thus  the  upward  propagator  matrix  between  two  depths  is  the  inverse  of 
the  downward  propagator  matrix  between  the  same  two  depths. 

For  the  case  of  a  general  heterogeneous  structure  with  depth, 
equation  (2.4.9)  cannot  be.  solved  analytically  and  the  only  method 
presently  available  is  that  of  numerical  integration.  In  practice  equation 
(2.4.1)  is  integrated  with  respect  to  z  so  that, 

i  r 

(y(*))  =  (yUo))  *  f  T'(f)'  (y(f)Hf  -  J  Mf)}df 


»■  *_” 
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(2  4  17) 

The  six  by  six  propagator  matrix  can  be  determined  by  ignoring  the  forcing 
function  contribution  in  (2  4.17)  and  then  numerically  integrating  [U(z)j 
{y{z)}  six  times  with  each  element  of  the  starting  value  of  {y ( z0) }  set  con¬ 
secutively  to  unity,  the  other  elements  being  zero  The  resulting  six  values 
of  the  vector  (y(z)}  will  constitute  the  six  columns  of  'A(z.zc)\  It  should  be 
pointed  out  at  this  time  that  all  solutions  of  the  depth  dependent  ODEs  for 
an  arbitrary  heterogeneous  medium  are  in  fact  approximations  to  the  exact 
solution.  Thus  we  should  evaluate  candidate  approximations  according  to 
accuracy,  efficiency  and  ease  of  implementation. 

One  candidate  approximation  which  is  very  popular  and  rela¬ 
tively  easy  to  implement  is  to  assume  the  structure  is  made  up  of  a  number 
of  plane  layers,  each  layer  being  completely  homogeneous.  It  is  obvious 
that  any  arbitrary  depth  dependence  can  be  approximated  by  a  large 
number  of  sufficiently  thin  homogeneous  layers  welded  together  The 
approximation  would  then  break  down  at  wavelengths  less  than  or  equal  to 
the  individual  layer  thicknesses,  and  the  approximation  could  be  made  arbi¬ 
trarily  accurate  by  decreasing  the  layer  thicknesses 

In  order  to  see  why  the  homogeneous  layered  structure  approxi¬ 
mation  is  easy  to  implement  let  us  first  consider  the  case  of  a  completely 
homogeneous  structure.  In  this  case  [U]  is  independent  of  z  and  can  be 
taken  outside  of  the  integrals  in  (2.4.9)  which  then  gives 

iA(z.Zo)  =  II  ■*  (z  -  z0)’b  ~  Y  (*  -  z*)‘  t'  1  ' 

=  expju  *o)  |  (2.2.18) 

We  can  apply  Sylvester's  formula  (Hildebrand  (1952))  to  compute  any  func- 


,*  V.  <•* 


tion  of  a  matrix  in  terms  of  the  eigenvalues  of  that  matrix. 


B  n  -  vo 

f([U!)  -  E  f(A.)  - —  (2  4  1‘ 

k- 1  11  l^k  ~  Awl 

m*  k 

where  [U]  is  a  square  n  x  n  matrix  with  distinct  eigenvalues,  A,,  i  =  1,2 . n. 

We  now  have  an  explicit  analytical  solution  for  the  propagator  matrix  in 
terms  of  the  eigenvalues  of  (z  -  z0)  l'  .  From  equations  (2.4.18)  and  (2  4  19) 
we  can  see  right  away  that  the  solutions  for  the  propagator  matrix  will  b< 
exponential  functions  in  z  which  is  what  we  might  have  expected  for  a 
homogeneous  structure.  It  is  the  exact  solution  for  the  propagator  mat  tlx 
given  by  (2.4.19)  along  with  the  simple  functional  dependence  with  depth 
that  makes  the  homogeneous  layered  approximation  easy  to  implement, 
relatively  efficient  and  arbitrarily  accurate.  As  for  as  I  can  determine,  there 
is  no  other  structural  approximation  for  which  an  exact  analytical  solution 
for  the  propagator  matrix  can  be  obtained 

The  eigenvalues  of  (z  -  z0) T  for  SH  waves  are  easy  to  compute 
and  from  equation  (2.4.7)  are 
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The  Love  wave  propagator  matrix  can  now  be  expressed  as  follows  for  a 
solid  laterally  isotropic  homogeneous  material 


.l-Mi.zJ 


I  -  si  n  hi  I ) 1 2  z  )  Ln 


-  i  cn-r;  j,;z  zcJ  [I 


\  / 


l  co*'  !/ 


(2  4.22) 


where  tn  is  the  Love  wa>»-  vertical  wavenumber  and  is  given  by, 


(2  4.23) 


I  have  chosen  the  vertical  wavenumber  by  analogy  with  the  horizontal 
wavenumber  so  that  when  te  n  real,  propagating  solutions  occur  in  the  z- 
direction  and  when  is  imaginary  inhomogeneous  or  evanescent  solutions 
exist.  The  propagator  matrix  however,  remain4-  real  for  all  real  values  of 
k,  3h.  and  p.  Also,  even  though  Li  is  a  dual  valued  function  due  to  the 
square  root,  the  propagator  matrix  itself  is  single  valued  This  is  because 
both  values  of  are  in  '’ud-  d  propagator  matrix  which  can  be  more 

easily  seen  in  equation  i2  i  ?  l  i  where  .a,  -  i(z  ■  zj  Le  and 

A;  -  -  i(z  -  z  .)  xy. 

Consider  the  transformation  matrix  .  which  diagonalize'  V 
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Obviously,  the  diagonalized  version  of  [U]  will  consist  of  diagonaJ  elements 
equal  to  the  eigenvalues  of  [U]  and  the  columns  of  [B]  will  be  equal  to  the  n 
eigenvectors  of  [U],  Let  us  use  [B]  to  transform  the  stress-displacement  vec¬ 
tor,  {y },  also. 

M  =  (b;-‘  {y}, 

or 

{y }  -  IB)  {v}  (2.4.25) 

Substituting  into  equation  (2.4.8)  and  assuming  a  completely  homogeneous 
material, 

ib;  {«)  -  il-;!b:{v)  . 

■f  M-  ;b  |t-i!B» . 

dz 

or 

-j-  W  =  IA{V}.  (2.4.26) 

dz 

defining  the  propagator  matrix  for  the  transformed  vector,  {v},  as  jV(z,z0)’ 
and  applying  Sylvester's  formula  we  get, 

{v(z)}  =  IV(*.*0);  (v(z0)}  .  (2.4.27) 


|V(z,z0)  =  expj(z  -  z0);A  . 


iV(*-*o)‘,  = 


ex 


p((*  -  *o)Al) 


exp((z  -  z0)A2)  0 
0 


exp((z  -  z0)Ab) 


(2.4.28) 
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This  transformed  version  ot  the  stress-displacement  vector  has 
been  used  extensively  by  Kennett,  Kerry  and  Woodhouse  (1978)  and  Ken- 
nett  and  Kerry  (1979)  who  show  how  complete,  numerically  stable  solutions 
to  the  elastic  wave  equation  for  plane  homogeneous  layered  structures  can 
be  expressed  in  terms  of  a  generalized  ray  expansion.  They  refer  to  the  vec¬ 
tor,  {v},  as  the  wave  or  wavefield  vector  and  its  elements  are  decoupled 
from  each  other  in  a  homogeneous  material  due  to  the  diagonal  form  of  the 
wavefield  propagator  matrix,  [Yj.  The  six  elements  of  {v}  are,  in  fact,  the 
u?,  k  and  z  dependent  factors  in  the  P,  SV  and  SH  potential  functions  for 
upward  and  downward  propagating  waves.  Thus  the  elements  of  the  wave- 
field  vector  are  the  u\  k  and  2  dependent  complex  amplitudes  of  P,  SV  and 
SH  rays  travelling  either  upward  or  downward  through  the  homogeneous 
material.  The  matrix  [B],  then,  transforms  the  z-dependent  solutions  from 
a  ray  representation  to  a  stress-displacement  representation.  Using  [Bj  we 
can  easily  relate  the  stress-displacement  propagator  matrix  directly  to  the 
wave  field  propagator  matrix. 

1  A(z,i0);  =  B  ;V(z,z0):  B  (2.4.29) 
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The  [Bj  matrix  also  proves  useful  in  computing  reflection  and 
transmission  coefficients  across  layer  interfaces  Because  of  the  usefulness  of 
[BJ,  I  will  compute  the  P-SV  propagator  matrix  using  (2.4.29)  instead  of 
Sylvester’s  formula  The  first  step  is  to  compute  the  eigenvalues  of  RU 
given  by  equation  (2.4.6).  This  reduces  to  solving  for  the  roots  of  the  fol¬ 
lowing  characteristic  equation 


,  A* 


-  -  k*  ,  -> 

R1  '  R  *'/  ~  (Q‘(] 

3' 


a 


(2.4.30) 


.‘h ' 


,«H' 


where  RA  is  an  eigenvalue  of  [RUj,  and 


a  =  ov  ,Tf  =  —  ,(  =  —  -  ftv  +  20V 


(2.4.31) 


L  _  w  L  -  w 

K» - 'k^  ~  ~r- ' 

°v  Pv 

R"2  =  k02  -  k2  ,R^2  =  kj  -  k2  . 

Ri/0  and  Ri/£  are  P  and  S  wave  vertical  wavenumbers  and  when  they  are 
real,  the  z-dependent  solutions  are  propagating  and  when  they  are  ima¬ 
ginary,  the  z-dependent  solutions  are  evanescent  as  with  L u.  For  a  com¬ 


pletely  isotropic  material, 


*7  =  1,^  =  0, 


and  we  can  write  equation  (2.4.30)  as  follows: 

rA4  +  rA2  (Ri/n2  +  R1 /g)  i-  ^oRu0  =  0  i 


(2.4.32) 


which  can  be  factored  as, 


t^2  R^o2)  [r^2  ■r  | 


so  that 


iA2  =  -  Ri/2 


|A2  =  -  „1/*2 


(2.4.33) 


This  then  gives  the  following  four  solutions  for  RA  which  corresponds  to 


upward  and  downward  travelling  P  and  SY  waves. 


iA,  -  +  i f  i> 


(2.4.34) 


rA2 - n'o  =  -  i> 


rAj  -  +  i Ug  =  -*•  i' 


v\*  •  •  •/'■/■..‘■A 
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R-*4  ~  ll/i  ~  iv*7  ^ 

We  can  certainly  obtain  an  explicit  algebraic  solution  for  RA2  even  for  the 
anisotropic  case,  however,  the  form  of  the  solution  will  generally  be  compli¬ 
cated.  For  the  isotropic  case  the  roots  RA2,  are  always  real  and  distinct  for 
real  uj,  k,  a,  9  and  p  and  as  long  as  a  *  9-  For  the  anisotropic  case  the 
roots,  rA\  may  be  either  real  or  complex  depending  on  the  sign  of  the 
discriminant  of  equation  (2.4.30).  As  long  as  r?  is  close  to  one  and  f  is  close 
to  zero  (weak  anisotropy)  we  would  expect  the  roots  to  remain  real  and  dis¬ 
tinct  and  the  resulting  wave  motion  would  correspond  approximately  to  P 
and  SV  type  wave  motion.  There  will  be  values  of  r/  and  however,  for 
which  the  roots,  RA2,  will  be  complex,  but  since  the  coefficients  in  equation 
(2.4.30)  are  always  real,  complex  values  of  RA2  will  occur  as  complex  conju¬ 
gate  pairs. 

In  order  to  compute  jRB  we  need  to  compute  the  eigenvectors  of 
Rl  .  We  will  compose  [Rl'  from  the  four  eigenvectors  of  Rl  as  follows: 

iR®,  =  {rMi  1  (nb};,  {rMj  {jib}4  ,  (2.4.35) 

where  {pb}  is  a  column  vector  with  four  components  equal  to  the  ilt  eigen¬ 
vector  of  [RU],  and 

R1  -  R A ,1  1  {pb>,  =  (0)  ,i  =  1 .2.3.4  .  (2.4.36) 

The  normalization  of  the  eigenvectors  is  arbitrary  and  so  we  will  chose  the 
first  component  in  each  eigenvector  to  be  unity  so  that 
RBn  -  rB1:,  -  RBn  =  rBh  -■  1  Solving  for  the  remaining  components  of  the 
eigenvectors  in  (2.4.36)  we  get 

R^n  = 


1 


(2.4.37) 
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RB42  =  RB0  ,  RB44  =  RB4; 

We  can  obviously  compute  jRB  ~ 1  and  from  equation  (2.4.29)  obtain  an 
explicit  solution  for  the  stress-displacement  propagator  matrix  for  the  aniso¬ 
tropic  case. 

At  this  point  I  am  going  to  assume  a  completely  isotropic  struc¬ 
ture.  This  assumption  is  being  made  primarily  to  simplify-  the  form  of  the 
solutions  for  [B]  and  [A]  which  will  result  in  a  computationally  efficient 
algorithm,  however,  there  is  no  fundamental  reason  why  the  anisotropic 
case  cannot  be  handled  in  the  same  manner  the  isotropic  case.  I  am  also 
going  to  redefine  the  stress-displacement  vector,  {y},  as, 

>i(*) 

>;(*) 

>  j(*)  * 

>'«(*)  * 


{*>(*) 


(2.4.39) 


Similarly,  I  redefine  the  forcing  function  vector,  {w},  as 


{rM>)} 


wz(2) 

ws(*)A 

w « ( 2 )  /k 


<{l*(2)} 


(2.4.46) 


I  will  drop  the  overbar  in  the  following  development  in  order  to  simplify  the 
notation.  From  the  definition  of  the  matrix,  [RB  ,  and  assuming  an  isotropic 
homogeneous  structure  we  arrive  at 


tPa  -io0  1  1 

1  1  i  Cg  -\<?e 

P  t  *  l  *7  -  11  p<.2{--,  >)  -P  cSiOj 

pt2l  ‘<?a  -  pc'liPo  J  )  Pc'(  t  "  1 ) 


where  we  have  changed  the  normalization  from  that  defined  by  (2  4  37) 
and. 


c  =  —  is  the  horizontal  phase  velocity, 

k 


(2.4.42) 


oa  =  v(c  o)2  -  1  ,  <p p  =  v  (c  3i2  1  are  the  cotangents  of  the  incidence 

angles  for  plane  propagating  P  and  S  waves, 
and  7  -  2(d  c)v 

Note  that  v0  =  kP„  and  vB  VoB  and  that  by  redefining  the  stress- 


displacement  vector  with  equation  (2  4  39)  we.  have  eliminated  depen¬ 
dence  from  jRB\  We  can  easily  compute  jftB  1  from  (2  4.41) 


Using  equations  (2.4.28),  (2.4.34),  (2.4.41),  (2.4.43),  and  (2.4.29)  we  can 
solve  for  the  Rayleigh  wave  stress-displacement  propagator  matrix  for  a 
solid  material. 


rAh(z,z0)  =  -  (7-1)  cos(0a)  +  -jcos(ffg) 

rA12(z,z0)  =  -  74>osin(0o)  -  sin(0j) 

<P  g 


R  A  13(z.z0) 


—7  sin((9J 
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rAi4(z,z0) 


—"7  cos (ffa) - l—  cos (00) 

pc  p  c‘ 


RA2j(z,Z0) 


^  sin(0o)  -  7<t>es\n(6e) 
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rA22(z,z0)  =  7  cos(0a)  -  (7-  1)  cos(0g) 


rA2j(z,z0)  -  -  rA14(z.z0) 


rA24(z,z0)  =  — * —  sin(0o) - S-  sin [0 1) 

pt  <f>a  P C 


rAj,(z,z0)  =  -  -  -  1  ^  s>n(0o)  -  pc57J«^sin(0j) 

<Po 


(2.4.44) 


RA32(z,z0)  =  pc'lil-  I)  cos(0J  -  pcSb-  1)  cos{0e) 


rASj(z,i0)  -  RAM(z,zc 


rAS4(z.zc)  =  -  RA21(z,z: 


t A4i(z.zc)  =  -  rAj:(z.z:) 


rA42(z,z0)  =  -  pcV<2>osin(0o)  -  -£li2 — LL  sin(0^) 

<f>  g 


£  A43(z-zg)  =  -  rA,j(z.z;] 


rA44(z,z3)  -  RA22(z.ZO) 


where 


Oa  =  (*  -  *o)  *  (*  -  *c)  k<?< 


(2.4.45) 


0*  =  (*  ~  z0)  t/tf  =  (z  -  zCl)  kofl  , 


Once  again,  as  with  the  SH  case,  we  can  see  that  although  <p0,  i/a.  <p g  and  vg 
are  dual  valued,  the  elements  of  the  propagator  matrix  are  all  single  valued. 

In  order  to  compute  the  propagator  matrix  for  a  liquid  or  acous¬ 
tic  layer  let  us  renormalize  the  last  two  columns  in  [RB  with  and 

then  let  3  —  0  We  can  see  from  (2.4  41)  that  the  last  two  columns  and  the 
last  row  of  [RB]  will  go  to  zero  and  the  4  «  4  jRB'  matrix  will  be  singular 
and  non-invertible.  For  an  acoustic  layer  only  the  upward  and  downward 
P-wave  solutions  will  exist  and  so  we  need  to  partition  out  a  2  *  2  non¬ 
singular  matrix  from  the  4  >  4  jRB  matrix  in  order  to  determine  a  solution 
for  the  acoustic  propagator  matrix  We  define  the  acoustic  [B|  matrix  a" 
fellow  s. 


V.v.-v.r.n 


>s(*)|  ^B.  1  V2(*) 


(2.4.46) 


where 


i^o  -i^o 
^  =  - pc 2  -pc2 


(2.4.47) 


We  should  note  that  the  second  and  third  rows  of  [RB]  are  linearly  depen¬ 
dent  for  0  =  0  and  so  for  an  acoustic  layer, 


ys(z)  =  -pc2  y2(z)  . 


(2.4.48) 


We  can  invert  [AB  to  get 


B-  3  _  3 

-  T 


~7~ —  -l/pc2 
>4>o 

-  -±~  -1/pc2 


(2.4.49) 


and  obtain  the  2*2  acoustic  propagator  matrix. 


jyi(*)l  />  i(zo) 


(2.4.50) 


cos(0o)  -$>osin(0o) 

L'A(l’,o)-  *  , 
- - -  -pc  cos(0a) 

$  O 


(2.4.51) 


We  can  also  rewrite  (2.4.51)  in  terms  of  a  4  *  4  matrix  using  equation 


(2.4.48). 


cos(0a)  -<pQsin(0o)  0  0 

sin(0o)  ,  % 

-  cos (6a)  0  0 

;aA(z,Zq))  =  2 

-  —  sin(0o)  -pc2cos(0J  0  0 

0a 

0  0  0  0 


(2.4.52) 


We  have  already  dealt  with  the  Love  wave  propagator  matrix, 
but  we  will  write  down  the  solutions  for  [LB],  [LB  ~\  and  [lA(i,z0)’'  for  the 


case  of  an  isotropic  homogeneous  material. 

f  1  1 

1lB  pS2\<p g  -p37\<pg 


P07 


pSr\<Pg 


(2.4.53) 


(2.4.54) 


|LA(z,z0)j  - 


cos^) 

-  p d1  $ gS\n{6 g) 


S\l\{0g) 
Ph^’P  g 
cos(0„) 


(2.4.55) 


Equations  (2.4.44),  (2.4.55),  and  (2.4.52)  give  the  stress- 

displacement  propagator  matrices  for  P-SV,  SH,  and  acoustic  materials 
which  are  completely  homogeneous  and  isotropic.  In  order  to  compute  pro¬ 
pagator  matrices  for  a  homogeneous  layered  structure  we  need  to  apply  the 
layer  interface  boundary  conditions  given  by  equations  (2.2.16)  and  (2.2.17). 

(p) 

First  we  start  by  defining  the  layer  propagator  matrix,  jG  ],  which  relates 
the  stress-displacement  vector  at  some  point  within  the  p‘b  homogeneous 
layer  to  the  stress-displacement  vector  at  the  top  of  the  layer. 

Ip) 

{y(p)U(p))}  =  a  (f!p>);  {y<p'(o)},  (2.4.56) 


(p) 

ja  (r<p));  =  iA(z,h,p-'))  ,  (2.4.57) 

where  f(p)  =  z  -  hip_1*,  0  $  f!p!  <  £!pl. 

and  £^p'  and  h-p~1*  are  shown  in  figure  1. 

When  =  £*p)  then  the  layer  propagator  matrix  will  relate  the  stress- 
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displacement  vector  at  the  bottom  of  a  layer  to  the  vector  at  the  top  of  the 

layer. 

For  a  solid  material  we  can  now  start  at  any  layer  interface,  p, 
and  propagate  the  stress-displacement  vector  to  any  other  interface,  q, 
(where  p  <  q)  by  applying  the  welded  interface  boundary  conditions 
expressed  by  equations  (2.2.16)  and  by  repeating  equation  (2.4.56)  and  in 
doing  so  we  define  the  interlayer  propagator  matrix,  |A*q  p*’, 

{y(h(q)»  =  !A(q‘p);  {y(h'p>)}.  (2.4.58) 

The  interlayer  propagator  matrix  is, 


k(q.p)]  _ 


n 

/ =p + 1 


(q*p-l-/  ) 

q  ^(q-p-W 


’>] 


(2.4.59) 


For  a  solid-liquid,  liquid-solid,  or  liquid-liquid  interface,  the  situation  is  a 
little  more  complicated  and  I  will  cover  these  cases  in  the  next  section. 

Equations  (2.4.44),  (2.4.52),  (2.4.55),  (2.4.57),  and  (2.4.59)  give 
the  exact  solution  for  the  stress-displacement  propagator  matrix  in  a  verti¬ 
cally  heterogeneous  material  made  up  of  plane  homogeneous  layers.  Thus 
the  approximation  made  here  is  in  the  representation  of  the  structural 
model  and  not  in  the  solution  itself.  As  I  stated  previously,  candidate 
approximations  for  the  propagator  matrix  in  an  arbitrarily  heterogeneous 
material  with  depth  must  be  compared  on  the  basis  of  accuracy,  efficiency 
and  ease  of  implementation.  The  plane  homogeneous  layered  approxima¬ 
tion  is  exact  for  the  structural  model  it  represents  and  can  be  made  arbi¬ 
trarily  accurate  to  represent  any  structural  model  in  a  straightforward  and 
physically  interpretable  manner.  Also  this  approximation  is  relatively  effi¬ 
cient  and  easy  to  implement  due  to  the  simple  algebraic-trigonometric  form 
of  the  solution. 


wove 


.\V  V.\\ 


v.v.y.  -v 


!*■  i*a  n  !*■  i.>  iuj.1  k1 
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I  was  able  to  compare  the  homogeneous  layered  approximation 
directly  with  the  full  wave  theory  or  Langer  approximation  which  has  been 
used  extensively  by  Paul  Richards  and  was  modified  by  Vernon  Cormier 
(1980)  to  compute  the  stress-displacement  propagator  matrix  in  a  layered 
structure  in  which  the  layer  elastic  moduli  vary  linearly  with  depth.  The 
Langer  approximation  ran  about  ten  to  twenty  times  slower  than  the  homo¬ 
geneous  layered  approximation  on  a  per  layer  basis.  Also  the  Langer 
approximation  is  an  approximation  of  the  solution  and  not  in  the  represen¬ 
tation  of  the  structure  and  it  breaks  down  when  velocity  gradients  within  a 
layer  become  large.  When  this  happens  the  structure  must  be  broken  up 
into  thin  layers  as  with  the  homogeneous  layered  approximation. 


2.5  Integral  and  Spectral  Representations  for  the  Solution  of  the 
Elastic  Wave  Equation 

Equation  (2.3.4)  represents  a  solution  of  the  elastic  wave  equation 
for  all  t.  r,  6.  and  z  in  terms  of  the  constant  parameters  w,  k  and  m.  The 
final  solution  will  be  some  appropriate  linear  combination  of  solutions  of 
form  (2.3.4)  spanning  the  range  of  the  parameters  u\  k,  and  m.  and  this 


appropriate  combination  will  be  determined  by  the  source  vector. 
{w(w,k,m,z)},  in  equation  (2.4.13).  In  order  to  determine  the  source  vector 
we  first  define  the  following  transforms: 


F (f(t ))  J  f(t)  e  dt,  -  oc  <  -  x 


(2.5.1) 


F-'m-M  •  £/«-: 


d-;. 


(2.5.2) 


where  F(  )  is  the  integral  Fourier  transform  and  F  *(•)  is  the  inverse 
integral  Fourier  transform. 


•-  ••  .V  •- 


.V  ••  V  •'*  .V 


4 


g  (f(tf))  =  I  m 


t~xm9  dfi,  m  =  -oc,  •  •  •  .-1.0,1,  •  •  '  oc  (2.5 


**  TO  *  -  OC 


where  <7  (•)  is  the  discrete  Fourier  transform  G'1^)  is  the  inverse  discret< 


Fourier  transform, 


oo 

|  f(r)  Jm(kr)rdr 


0  $  k  $  -roc,  m  =  -oc,  •  •  •  ,-1,0,1, 


H  '(^k.m))  =  f  f(k,m)  J  (kr)kdk  , 


(2.5.6) 


H  (  )  is  the  Hankel  transform  and  H  *(•)  is  the  inverse  Hankel  transform 
Note  that  these  transforms  are  normalized  so  that, 


^'-J(/'(f(t))j  =  f(t), 


G  G 


(f(«)))  =  m . 


#  1 |/7  (f(r))J  =  f(r)  ,  for  all  m 

Ben-Menahem  and  Singh  (1981)  show  how  any  vector,  x(r.0).  car. 
be  expanded  in  terms  of  vector  cylindrical  harmonics 

OC 

XM)  =  £  T~  f  kdk  Xp(k.m)  Pkm(r.O)  - 

a  -  -oc  u 

XB(k,m)  BkmM)  -  XGCkm(r.O)]  .  (2  5  7! 


where  using  the  vector  cylindrical  harmonic  orthogonality  relations. 


w.  *  ■ 

XP(k,m)  =  J  rdr  J  dff  *(r,0)  '  Pkm  M) 


(2.5.8) 


OL  2* 


XB(k,m)  -  J  rdr  J  d$  x(r,0)  •  Bkm  (r,6)  , 


cx  2» 


Xc(k.m)  -  J  rdr  £  66  *(r,0)  ■  Ckm  (r,0)  , 

and  *  denotes  complex  conjugate.  We  can  express  the  body  force  vector, 
^f(^,r,0,z),  as  (2.5.7)  and  thus  the  displacement  vector  u(u>,r,0,z),  as 

OC 

u(u,\r,0,z)  =  ~  £  f  kdk  up(.j,k,m,z)  P.m(r,0)  ■+  (2.5.9) 

^  m= -x U 

i-  uB(x\k,m,z)  Bkr‘(r,^)  *  uc(u>,k,m,z)  Ckm(r,0)j  . 

In  order  to  obtain  the  time  domain  solution,  we  apply  the  inverse  integral 
Fourier  transform  to  u(-j). 


u(t,r,0,z)  =  y-  J  da,'  e‘wt  u(a;,r,0,z) 


(2.5.10) 


The  actual  values  of  the  stress-displacement  vector,  {y}  and  thus 
the  values  of  up,  Ug  and  will  be  functions  of  fp.  fg  and  fc  in  equation 
(2.3  8)  and  using  (2.5.8)  these  are, 

oc  2« 

fp(o.,k,m.z)  =  £  rdr  J  d 6  pf(u\r.0,z)  ■  Pkm  (r.0)  ,  (2.5.11) 


oc  2* 


fg(a.,k.m.z)  -  £  rdr  ^  d6  pf(u;,r,0,z )  Bkm  (r,0)  , 


f^(a.,k,m,z)  --  f  rdr  f  60  pf(*,\r.0.z)  Ckm  (r,0)  , 
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where 


pfWAz)  =  J  du,  e_k,t  pf(t,r,0,z)  . 


Equations  (2.5.11)  allow  us  to  express  any  space  and  time  distribution  of 
body  forces  in  terms  of  frequency  and  depth  dependent  vector  cylindrical 
harmonics.  Using  equations  (2.4.3)  and  (2.4.13)  along  with  the  expressions 
for  the  propagator  matrix  and  the  boundary  conditions  at  the  top  and  the 
bottom  of  the  structure,  we  can  compute  the  stress-displacement  vector  at 
any  depth.  Finally,  with  equations  (2.4.2),  (2.5.9)  and  (2.5.10)  we  can  com¬ 
pute  the  displacement  vector,  u,  for  all  space  and  time. 

At  this  point  I  will  make  the  following  assumption  regarding  the 
source  vector,  {w }. 


(w(w,k,m,z)}  =  6(i  -z  )  (Ep.k.m)} 


(2.5.12) 


I  am  thus  restricting  the  source  to  a  horizontal  plane  at  depth  zs.  We  can 

see  from  equation  (2.4.13)  that  if  zs  <  z  <  z0,  or  if  zs  <  iQ  <  z,  or  if 

z#  >  z  >  Zq,  or  if  zg  >  z0  >  z  (i.e.  zs,  is  not  between  z  and  zQ),  then  the 

integral  in  (2.4.13)  will  be  zero.  On  the  other  hand,  if  z  <  zs  <  zQ,  or 


zQ  <  zs  <  z,  then 


(y(z)>  =  !A(z,z0);  {>  (z0)}  -  A(z.zs)  {£}  , 


(2.5.13) 


z  <  zs  <  z0  or  z0  <  zs  <  z  . 


The  vector  function  {£}  is  called  the  source  jump  vector  since  it  causes  a 
discontinuous  jump  in  the  stress-displacement  vector.  Notice  that  this 
''jump”  condition  only  exists  when  the  source  is  restricted  to  a  horizontal 
plane  (or  a  point)  and  that  for  a  spatially  distributed  source  in  depth,  the 


stress-displacement  vector  will  remain  continuous  everywhere. 

The  problem  of  computing  the  stress-displacement  vector  for  a 
given  source  at  depth  zs  has  now  been  reduced  to  a  linear  algebra  problem. 
For  a  completely  solid  material  we  can  relate  the  stress-displacement  vector 
at  the  top  interface  to  the  stress-displacement  vector  at  the  bottom  inter¬ 
face  as  follows. 

(y  ( 0 ) }  =  ;A(0.*,)!{y(*-)},  (2.5.14) 

{>' ( H ) }  =  !A(H,i$)j  {y(0>  , 

{y(*f)}=  {>(«,■)}-  V), 

where  zs_  is  immediately  above  the  source, 

and  zs+  is  immediately  below  the  source, 

and  0  =  Zj  is  the  depth  of  the  top  boundary, 

and  H  =  zB  is  the  depth  of  the  bottom  boundary. 

We  now  need  to  apply  boundary  conditions  at  the  top  and  bottom  of  the 
structure.  These  boundary  conditions  can  be  expressed  in  terms  of  zeroing 
out  some  linear  combinations  of  the  stress-displacement  vector  and  so  we 
define  the  (E)  matrices  as. 

;TE  {>' (0) }  =  (0).  (2.5.15) 

!be;  (y(H)}=  {0}. 

where  the  superscript  T  denotes  the  top  interface  and  B  denotes  the  bottom 
interface. 


The  two  [E]  matrices  will,  in  general,  not  be  square  and  may  have 
different  dimensions.  For  a  solid  structure  both  [^E]  and  [®E]  will  have  six 
columns  and  the  sum  of  the  number  of  rows  for  both  matrices  will  be  six. 
The  number  of  rows  for  each  matrix  will  be  equal  to  the  number  of  boun¬ 
dary’  conditions  at  that  interface  and  in  practice  there  will  be  three  boun¬ 
dary  conditions  at  each  of  the  top  and  bottom  interfaces.  The  [E]  matrices 
are  given  below  for  the  various  boundary  conditions  expressed  by  equations 
(2.2.11)  through  (2.2.15). 

1.  A  traction  free  surface, 

0  0  1  0  0  0 

|E;  =  0  0  0  1  0  0  (2.5.16) 

0  0  0  0  0  1 

2.  A  rigid  surface. 

1  0  0  0  0  0 

;E  =  0  1  0  0  0  0  (2.5.17) 

0  0  0  0  1  0 

3.  Zero  shear  tractions  and  zero  vertical  displacement, 

1  0  0  0  0  0 

|E;  =  0  0  0  1  0  0  (2.5.18) 

0  0  0  0  0  1 

4.  No  upward  propagating  P  or  S  wave  radiation  (Sommerfield  radiation 
condition  for  a  bottom  half  space).  In  order  to  do  this  we  must  first 
transform  the  stress-displacement  vector  to  the  wavefield  vector  using 
the  transformation  matrix,  (B  We  then  pick  out  the  first,  third  and 
fifth  row’s  of  B  to  give  for  a  solid  half  space. 


2  2- 
pc*  PC  10, 


0  0 


jEi  =  — 

l  i  2 


h-n  1  _  __L 


1<P0  Ptii0, 


pc 

0  1 


0  ,(2.5.19) 

1 


p32 \<t> , 


where  the  elastic  moduli  are  those  of  the  half  space, 

5.  No  downward  propagating  P  or  S  wave  radiation  (Sommerfeld  radia¬ 
tion  condition  for  a  top  half  space).  In  this  case  we  pick  out  the 
second,  fourth,  and  sixth  rows  of  [B  _1. 


iizh. 


1  7  i?-U  _!_ 

2  1<P  0  pc2 \0 , 


2 

pc  i© 


pc 

0  1 


(2.5.20) 


P^2  i©, 


As  with  the  propagator  matrix,  it  is  obvious  that  we  can  partition  the 
[E]  matrix  into  a  2  x  4  (j^E)  matrix  and  a  1  x  2  |^E!  matrix. 

From  equations  (2.5.14)  and  (2.5.15)  we  arrive  at, 


|1Ej|A(0fz,)  (y(zs-)}=  {0} 

SBE]  |A(H,zs)  {y(i#+)}  =  (0). 

(BE1  iA(H.*,)j  (y(zs-)}  =  !BE;  ;a(H.zs)'  (E) 
we  now  define  the  [D]  matrices  as  follows. 


(2.5.21) 


(2.5.22) 


D(z);  = 

TE  A(0.z)  . 

(2.5.23) 

1 M  / 

BE  A(H.z)  , 

(2.5.24) 

ov 
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Once  again  (D(zg)  can  be  partitioned  into  a  four  by  four  Rayleigh  matrix 
and  a  two  by  two  Love  matrix. 

So  far.  in  order  to  compute  the  various  (Dj  matrices,  we  have 
assumed  solid-solid  welded  interfaces  and  this  approach  must  be  modified 
somewhat  to  handle  acoustic  layers.  Of  course,  Love  waves  will  be  com¬ 
pletely  blocked  at  a  solid-liquid  interface  and  so  we  will  only  need  to 
address  the  P-SV  problem.  Let  us  first  consider  the  case  of  the  P-SV 
stress-displacement  vector  being  propagated  upward  through  a  solid  to 
liquid  interface.  In  this  case  we  will  denote  the  stress-displacement  vector 
in  the  solid  material  immediately  below  the  interface  as  {p>}  and  the 
stress-displacement  vector  in  the  liquid  material  immediately  above  the 
interface  as  {A>}  From  equations  (2  2.17).  the  boundary  conditions  at  the 
interface  require  the  following: 


R>1  =  A>1 ' 


(2.5.32) 


In  this  case  the  shear  displacement  will  generally  be  discontinuous.  Within 
the  solid  layer  there  are  generally  four  linearly  independent  components  of 
the  stress-displacement  vector  with  a  four  column  (and  usually  two  rows) 

D 

P  D  matrix  Within  the  liquid  layer  there  are  two  linearly  independent 
components  of  the  stress-displacement  vector  with  a  two  column  (and  usu¬ 
ally  one  row)  matrix  The  problem  then  is  to  apply  the  boundary  con- 

ditions  given  by  equation1-  to  determine  the  elements  of  from 


the  elements  of  jR  D!  at  the  interface.  This  is  a  straightforward  problem 


and  the  results  are  as  follows: 


Bn  _  “n  Bn  _  Brn  Bin 
A  U1  "  R  U11  R  u22  R  u12  R  U21  ’ 


(2.5.33) 


where 


Bn  -  Bn  Bn  Bin  Bin 

A  u2  "  R  u13  R  u22  R  u12  R  U2S  ’ 


o  -  :*“d;  v)  -  :abd,  ®d,' 


(2.5.34! 


For  the  case  of  the  stress-displacement  vector  being  propagated  upward 
through  a  liquid  to  solid  interface,  the  same  boundary  conditions  apply  and 

n 

the  resulting  R  D!  matrix  is  as  follows: 


Bin  Bin 

R  U11  A  U1  ’ 


(2.5.35) 


Brn  _  Bin 
R^iS  A  z  ’ 


Do.  =  1 


R  24 


-n 

R  U12  R  U14  R  ^21  -  R  u22  "  R  U23  _u  ■ 


The  results  for  downward  propagating  ■  D  matrices  are  identical. 

Given  the  stress-displacement  vector,  we  can  write  the  integral 
equations  for  the  displacement  vector  given  by  (2.5.9)  as  Rayleigh  and  Love 
wave  components. 


(2.5.361 


oc  / 

Rur(^,r,0,z)  =  £  f  y2(..k.m,z;zs)  -j- ‘  lm(kr)  -  Jm.,(kr)  e'm6  kdk 

m  *  -  oc  u 


_2 

2* 


im 


rim*  kdk 


Ru#(~.r.*.2) 


E  /  y2(-.k.m,i;i#)  Jm(kr)  —  J 


3L 

puj(— -r,^.z)  -  £  J'y,'-.k,m.zzi)JJkr)'“J'*kdk 


and 


(2.5.37) 


Lur(-.-,r,«.i)  =  E  f  >5(-.k.m.i;*#)  Jm(kr) 


m  =  -  oc  o 


im 

k; 


e,m*  kdk 


Lufl(-\r,0.z) 


^  I 


rS< - "‘  ‘  ‘s'  |  YT  Jm*k^  "*  Jm*l^kr) 


>  .(-  .k.m.z.z  ) 


e,m^  k  jk 


^uf (-v.r.tf.z)  *•  0  , 

where  \  j.  \  2  and  >  s  come  from  equations  (2  5.28) .  (2  5  29)  and  (2.5.30). 

Equations  (2.5  36)  and  (2  5  37)  are  the  basis  for  the  various 
numerical  integration  approaches  which  I  refer  to  collectively  as  the  reflec¬ 
tivity  method  First  popularized  by  Fuchs  and  Muller  (1971)  this  direct 
integration  method  has  been  modified  and  expanded  by  Kind  (1978).  Ken- 
nett  and  Kerry  (19791,  who  eliminated  certain  numerical  instabilities  Cor¬ 
mier  (1980).  who  applied  the  Langer  approximation  to  model  inhomogene¬ 
ous  layers  and  deformed  the  contour  of  integration  if-  avoid  singularities  m 
the  integrand  function  ai  d  Bourbon  (1981).  who  established  a  spatial  sam 
piing  theorem  with  revpect  to  the  Hankel  transforms  and  applied  thi1- 
theorem  m  a  discrete  wav  ex, us:. b«  r  method  f<  »r  evaluating  the  waver, umber 
integrals  A ; !  of  the  reflect  :vi*v  :.'>d'  ha-.*  it.  ei.rr.mor,  the  d.rect  r.umer 
ica!  Integra!  :<  u.  of  the  w  a\  *  •  •  r  sh.w  :.•«  grab  ir.  eq  ;**,<«?.- 

(2  5  36)  and  12  :>  37 
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Another  approach  for  evaluating  the  wavenumber  integrals  is  to 
deform  the  contour  of  integration  in  the  complex  wavenumber  plane  so  as 
to  encircle  the  singularities  of  the  integrand  function  and  then  apply  the 
residue  theorem.  The  integrals  given  by  equations  (2.5.36)  and  (2.5.37)  are 
not  amenable  to  this  since  the  Bessel  functions  blow  up  as  ]  k  !  —  oc,  how¬ 
ever,  Lapwood  (1949)  and  more  recently  Hudson  (1969)  have  shown  how 
the  Bessel  functions  can  be  changed  to  Hankel  functions  of  the  second  kind 
by  extending  the  contour  of  integration  to  -  oc. 

00  +00 

j  f(k,m)  JJkr)  kdk  =  1  J  f(k,m)  Hj)2)(kr)  kdk  ,  (2.5.38) 

where  f(k,n)  =  (- l)n  +  1  f(-k,n), 

and  is  the  integer  order  Hankel  function  of  the  second  kind. 

The  Hankel  functions  go  to  zero  as  |  kj  —  oc  and  Im(k)  <  0.  so 
the  contour  of  integration  can  be  closed  by  including  a  semicircular  arc  at 
infinity  in  the  lower  half  of  the  complex  wavenumber  plane.  We  now  need 
to  consider  the  locations  and  characteristics  of  the  singularities  of  the 
integrand  functions. 

The  singularities  of  the  Hankel  functions  are  well  known  and  so 
we  turn  our  attention  to  the  singularities  of  the  stress-displacement  vector, 
{>  },  as  a  function  of  complex  wavenumber.  First  of  all  we  will  address  the 
question  of  when  {y  }  is  a  multivalued  function  of  wavenumber  with  atten¬ 
dant  branch  points  and  branch  cuts.  The  only  multivalued  functions  to 
appear  in  the  propagator  matrices  or  boundary  condition  ( [E] )  matrices  are 
the  dual  valued  vertical  wavenumber  functions,  and  va  (as  4>  and  oj. 

a  p  '  a  p 

In  the  ease  of  the  propagator  matrices,  these  functions  always  appear  either 
as  arguments  of  even  function1-  (e  g  cos((;  -  *0)‘'ol)  or  in  products  or  quo- 


tients  (e.g.  vQ  sin((z  -  r0)  t^a),  sin((z  -  z0)  l/Q)/t/Q)  such  that  the  result  is 
single  valued,  and  thus  the  propagator  matrices  are  single  valued.  The 
boundary  condition  matrices.  TE  and  |BE',  however,  may  be  either  single 
valued  or  multivalued  depending  on  the  type  of  boundary  condition. 

For  conditions  where  all  incident  seismic  energy  is  reflected  for  all 
wavenumbers  (equations  (2.5.16).  (2  5.17).  and  (2.5.18)),  the  [E]  matrix  is 

*r»  n 

single  valued  and  if  both  j1  E'  and  E  are  determined  by  one  of  these  con¬ 
ditions  then  we  will  refer  to  this  as  the  plate  problem.  For  the  plate  prob¬ 
lem  the  various  [Dj  matrices  will  also  be  single  valued,  as  can  be  seen  from 
equations  (2.5.23),  (2.5.24)  and  (2.5.31)  and  since  the  source  jump  vector, 
{E},  is  always  single  valued,  the  stress-displacement  vector  will  also  be  sin¬ 
gle  valued  as  can  be  seen  from  equations  (2.5.28)  to  (2.5.30).  Thus  the  con¬ 
tour  of  integration  can  encircle  the  lower  half  of  the  complex  wavenumber 
plane  without  being  required  to  detour  around  any  branch  cuts  or  branch 
points. 

The  case  of  most  interest  in  seismology  is  what  we  will  refer  to  as 
the  half  space  problem,  that  is,  a  reflectivity  boundary  condition  at  the  top 
and  a  radiation  boundary  condition  at  the  bottom  of  the  structure.  The 
free  surface  boundary  condition  will  be  applied  at  the  top  of  the  structure 
and  thus  ;TE  will  be  single  valued  and  given  by  equation  (2.5.16).  The 
radiation  condition  given  by  equation  (2.5.19)  will  specify  the  boundary 
condition  matrix  at  the  bottom  [B E;,  but  in  this  case  the  matrix  will  be  four 
valued  for  P-SY  waves  due  to  the  i/Q  and  v ^  functions  (in  the  form  of  qq 
and  Q g),  and  two  valued  for  SH  waves  due  to  i/Q  (<p ^).  We  can  see  then 
that  the  P-SV  stress-displacement  vector  will  be  four  valued  with  two 
branch  points  at  v  =0  and  u q  =  0  and  two  branch  cuts  emanating  from 


these  branch  points  and  the  SH  stress-displacement  vector  will  be  tw< 
valued  with  one  branch  point  at  u ^  =  0  and  one  associated  branch  cut.  The 
contour  of  integration  must  be  deformed  around  these  branch  cuts  and 
branch  points  in  order  to  stay  on  am  analytic  path  and  the  resulting  branch 
cut  integral  contributions  are  well  known  and  physically  attributable  to  the 
energy  which  "leaks"  away  into  the  bottom  half  space  (Gilbert  (1964)).  We 
have  been  somewhat  remiss  in  this  analysis  since  v a  and  v  ^  are  functions  of 

k2  and  so  for  every  branch  point  at  -fk  there  is  another  at  -k.  Conse¬ 
quently,  there  are  actually  four  branch  points  and  branch  cuts  for  the  P-SY 
case  and  two  branch  points  and  branch  cuts  for  the  SH  case,  however  since 
the  integration  contour  circles  only  half  of  the  complex  w’avenumber  plane, 
only  two  branch  cut  integrals  will  occur  for  the  P-SV  case  and  one  for  the 
SH  case.  As  we  will  see  this  symmetry  will  also  be  characteristic  of  the 
poles  of  {y}  as  well  as  the  branch  points  and  branch  cuts. 

The  remaining  singularities  of  the  stress-displacement  vector  are 
the  Rayleigh  and  Love  poles  which  occur  at  values  of  u>  and  k  for  which  the 
[D]  matrix  in  equation  (2.5.28)  is  singular.  For  a  fixed  frequency  these 
poles  will  occur  at  discrete  wavenumbers,  however  in  the  (u.k)  space  these 
poles  form  continuous  functions  of  w  and  k  which  are  commonly  called 
dispersion  curves.  Thus,  in  order  to  locate  the  poles,  we  can  either  fix  fre¬ 
quency  and  look  for  discrete  poles  as  a  function  of  wavenumber  (or  phase 
velocity,  slowness,  etc.),  or  fix  wavenumber  and  look  for  discrete  poles  as  a 
function  of  frequency.  Whenever  the  [D]  matrix  is  singular,  we  can  write 
equation  (2.5.28)  as  follows: 

(D(^(n,w),zs);{£(n.u..rs)}=  {0),  (2.5.39) 

where  K  (n.u)  is  the  nth  value  of  wavenumber  which  at  frequency  ~  for 


(2.5.39)  is  true  given  { £ (t, )}  ^  {0}-  Note  that  equations  (2.5.39)  and 

(2.5.28)  are  identical  if  {y}  =  {E )  and  if  (E)  =  (0).  Thus  the  {E }  vector  is 
the  stress-displacement  vector  for  the  unforced  vibration  problem,  or  in 
other  words,  {E  (n,w,r)}  is  the  depth  dependence  of  the  ntb  flat  earth  norma] 
mode  at  frequency  u>. 

Kazi  (1976)  shows  how  (2.5.39)  can  be  written  as  an  eigenvalue 
problem  for  SH  waves  and  defines  a  Love  wave  operator  whose  eigenvalues 
are  ^A'2(n.w)  and  eigenfunctions  are  (^Ffn^z)}  The  definition  of  a  Ray¬ 
leigh  wave  operator  is  not  so  straightforward  because  of  the  P-SV  coupling, 
however,  we  can  still  compute  Rayleigh  wave  eigenvalues  and  eigenfunc¬ 
tions  by  searching  out  the  singular  values  of  (^D(^,k)’.  In  order  to  do  this 
we  will  first  propagate  the  eigenfunctions  from  the  source  depth  to  the  sur¬ 
face  so  that, 

|D(tf  (n.-^).O)  {E  (n.u>,0)}  =  (0)  ,  (2.5.40) 

where 

iTE(tf(n,w)) 

|D(/f  (n,u>),0)  =  -  (2.5.41) 

iBD(ff  (n,w),0). 

Note  that  since  the  {E }  vector  is  a  particular  type  of  stress-displacement 
vector,  it  has  most  of  the  properties  of  the  stress-displacement  vector  and. 
in  particular,  it  can  be  computed  at  different  depths  by  applying  the  correct 
propagator  matrix.  One  property  of  {E }  which  is  not  true  of  {y},  however, 
is  that  {E }  is  continuous  everywhere  with  depth  and  does  not  suffer  a 
discontinuity  at  the  source  depth  In  fact,  from  equation  (2.5.39)  we  can 
see  that  the  eigenvalues  and  eigenfunctions  are  completely  independent  of 
any  source  characteristics  ti:  <  in  that  equation  can  be  replaced  by  ar,\ 
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other  depth  we  chose  (as  in  equation  (2.5.40))  which  of  course  is  what  we 
would  expect  for  normal  mode  solutions.  It  is  this  decoupling  of  structural 
wave  propagation  characteristics,  as  manifested  by  its  spectra  or  normal 
modes,  from  the  source  and  receiver  characteristics  that  makes  the  normal 
mode  method  an  efficient  solution  of  the  elastic  wave  equation. 

Returning  to  (2.5.40)  we  now  need  to  compute  the  determinant  of 


[D]  which  we  will  refer  to  as  the  characteristic  function 

RA(u;,k)  =  det(!RD(-j.k,0)  )  , 


pA(w,k)  =  det('pD(w,k,0)  ). 


(2.5  41 


Assuming  a  free  surface  boundary  condition  we  can  write  the  [D]  matrices 
as  follows: 


[RD(u\k,0)  -  R  (0)  B  (0)  B  (0)  en  (0) 

RU11  RU12  RU15  Ruu 

I?D  ^  BD  (°)  Bn  (0)  Bin  (0) 
R  U21  R  u22  R  U23  R  u24 


(2.5.431 


[LD(a',k,0)j  -  p  (0)  B  (0) 


L  ul  L  u2 


(2.5.44! 


We  can  easily  solve  for  the  characteristic  functions  which  are  a*  follows: 


RA(~',k)  •  j  jf-'.k.O) 


Rl).2‘-  l''(l1  R  ,)2if^  'k  ' 


A  .  ,K 


i  *  ►  " 


!  2  5  4' 


The  characteristic  functions  ho  fi 


a ’  < '  ►  ft r.o 


define  the  eigenvalues  by, 


RA(-.RA(n,w))  =  0,  (2.5.47) 

an  i 

LA(v.LA'(n.^))  =  0  . 

The  normalization  of  the  eigenfunctions  is  arbitrary  and  so  we 
will  assume  a  vertical  displacement  and  SH  shear  displacement  of  unity  at 
the  free  surface.  We  can  solve  for  the  remaining  non-zero  eigenfunction,  the 
P-SV  radial  shear  displacement  in  terms  of  the  [D]  matrix  elements  so  that 

Rfj(n,o,0)  =  1  (2.5.48) 

R£2(n,.j,0)  =  -  (ffDjj(u;,RA  (n,u;),0)  jfD24(^,f{A  (n,w).0) 

'  ff  (n.-'hO)  ^D2j(u,RA'  (n,^),0)  j 

/(rD12(-’’R  A  (n.*-)-0)  RBD24(w,RA 

"  R^H^’R^  (n'*')^)  1^^22^’R^  (n’u;)’®)  | 

RA5(n.-.0)  =  0 
rA  4(n,«v,0)  -  0 

^ E  j  (n.^,0)  -  1  (2.5.49) 

^  E  2(n,u.  .O)  --  0 

With  the  surface  values  of  th<  eigenfunctions  defined,  we  can  compute  the 
eigenfunction^  at  any  other  depth  simply  by  u'-ing  the  appropriate  propaga 


tor  matrices 


iUU  li  |a>  fa*  la*  ft*  fn*  k*  k» 


jj 

■j 

K 
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In  order  to  use  the  normal  modes  we  must  say  something  about 
where  the  modes  will  be  located.  As  with  the  branch  points,  for  every 
eigenvalue  at  +  k  there  will  be  one  at  -k  due  to  the  fact  that  the  [Dj  matrix 
elements  are  functions  of  k2  (or  equivalently  c2).  In  general,  for  all  of  the 
Riemann  sheets  there  will  be  both  pure  real  and  complex  eigenwavenumbers 
(the  exception  to  this  are  SH  and  acoustic  plate  problems  for  which  the 
eigenwavenumbers  are  always  either  purely  real  or  purely  imaginary).  The 
complex  poles  will  be  easy  to  deal  with  since  we  will  include  the  residues  of 
those  complex  poles  which  are  within  the  contour  of  integration,  however 
the  poles  on  the  real  wavenumber  axis  cause  a  problem  since  the  integration 
contour  goes  directly  through  those  poles,  and  we  cannot  know  off  hand 
whether  or  not  to  include  their  residue  contributions. 

We  could  compute  the  principle  values  for  these  poles,  but  there 
is  a  simpler  way  to  deal  with  this  problem.  Basically,  we  will  apply  a  per¬ 
turbation  to  the  frequency,  w,  such  that  the  poles  move  off  of  the  real 
wavenumber  axis  and  can  be  easily  identified  as  being  within  or  outside  of 
the  contour  of  integration.  We  can  allow  the  frequency  to  have  a  small, 
constant  imaginary  component  as  long  as  lm(-,)  <.  0  in  order  to  insure  that 
the  Fourier  transform  remains  analytic.  For  each  pole  on  the  real 
wavenumber  axis  for  real  frequency,  we  can  compute  the  group  velocity.  I  . 
as  the  slope  of  the  dispersion  curve  in  the  w.  k  space,  or, 

U(n,w)  =  du.7dk  :  ...  (2.5.50) 

A  small  change  in  w,  6w.  will  thus  cause  a  small  change  in  ^ K  (n—  ),  6K  , 


such  that. 


« \.T9\J*\m\rm  WVWUffff  V.^  1*^  Vvl^^\.^l^l^V^l^V^Uv*,^,Yy^^3^/^^J^nJVVvyvY7' 
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So  for  poles  on  the  positive  real  wavenumber  axis,  if  the  group  velocity  is 
positive  then  a  small  negative  imaginary  perturbation  of  frequency  will 
move  the  poles  into  the  fourth  quadrant  where  they  would  be  within  the 
integration  contour,  and  if  the  group  velocity  is  negative  then  the  frequency 
perturbation  will  move  the  poles  into  the  first  quadrant  where  they  will  be 
outside  of  the  integration  contour.  However,  for  every  pole  at  -t-k  there  will 
be  one  at  -k  and  it  is  easy  to  show  that  a  pole  at  +  k  with  group  velocity  U 
will  have  a  companion  pole  at  -k  with  group  velocity  -U.  So  the  companion 
poles  to  those  on  the  positive  real  wavenumber  axis  with  positive  group 
velocities  will  have  negative  group  velocities  and  will  move  into  the  second 
quadrant  where  they  will  be  outside  of  the  contour  of  integration.  The 
companion  poles  to  those  on  the  positive  real  wavenumber  axis  with  nega¬ 
tive  group  velocities  will  have  positive  group  velocities  and  will  move  into 
the  third  quadrant  where  they  will  be  within  the  contour  of  integration. 
The  net  result  is  that  all  poles  with  positive  real  wavenumbers  and  positive 
group  velocity  will  contribute  their  residues  to  the  wavenumber  integral  and 
those  poles  with  positive  real  wavenumbers  and  negative  group  velocity  will 
contribute  with  their  companion  poles  at  -k.  The  wavenumber  integration 
contour  in  the  complex  wavenumber  plane  along  with  the  branch  points, 
branch  cuts  and  poles  are  shown  in  figure  2-2  for  the  general  P-SY  half 
space  problem.  We  can  see  from  figure  2-2  that 

-  X 

J  ~  Rq^  *  =  -  2r  i  £  residues.  (2.5.52) 

X  t> 

where  the  arcs  at  infinity  do  not  contribute  and  the  sum  of  residues  are 
those  within  the  integration  contour,  f. 


i 


We  now  turn  our  attention  to  the  evaluation  of  the  residues 
Returning  to  equation  (2.5.28).  we  can  write  the  solution  for  the  stress- 
displacement  vector  at  the  top  of  the  structure  as  we  did  with  the  eigen¬ 
functions 


!D(0).  (y  (0) }  = 


{0} 

BD(0),  A(0.zJ  {E} 


J.o.o. 


Once  gain  we  assume  a  free  surface  so  that  [D(0)j  is  given  by  equations 
(2.5.43)  and  (2.5.44).  Substituting  these  relations  in  (2.5.53)  it  follows  that. 


rVi(°) 

,  _  _1_ 

-rBD,2(0)‘ 

r>2(°) 

ra 

-RD!l(°) 

R  D,,«» 

'ffD(O)  ;^A(0.zsj  (pE)  (2.5.54  ) 


R>sW  =  ~  0  • 

and 

Ly,(0)  = - V  LBd(°).  !la(°-z5)  ’  (2-5.55) 

Ly2(o)  =  o. 

We  can  see  that  the  two  by  two  minors  of  the  two  by  four  P-SV 
jRBD]  matrix  appear  repeatedly  throughout  the  analytical  development  of 
the  eigenvalues,  eigenfunctions  and  the  stress-displacement  vector.  In  order 
to  save  writing  we  will  define  the  four  by  four  anti-svmmetric  minor  matrix. 
[M],  as. 


M  (~.k,z)  = 
•Jv  ’ 


rD ^(-.k.z)  RD2j(-,k.z) 


( 2.5.56 


-  RDlj(-k  z)  RD2>(-k-z' 


Obviouslv, 


Mtj(u;,k,z)  =  -  i 


MU  -  ^32  ■  MS!  -  M„  -  0 

We  will  also  have  two  versions  of  the  minor  matrix,  [®M  and  j^M 
corresponding  to  [p*D]  and  |j^Dj.  The  minor  matrix  can  now  be  used  to 
simplify  the  solution  to  equation  (2.5.54)  as  follows, 


rV  l(°) 

l 

bm12(0)  0  -  bM23(0)  -  ^(0) 

Ry2(°) 

=  ra 

0  bm12(0)  bm1s(0)  bm14(0) 

!RA(0.«1):{RE}. 

(2.5.57] 


W’e  can  also  see  from  equation  (2.5.45)  that. 


R 


A  =  BM.„(0) 


12' 


(2.5.58) 


The  P-SV  radial  displacement  eigenfunction  at  the  surface,  given  by  equa¬ 
tion  (2.5.48),  can  be  written  as  follows 


t>£2(n,w,0) 

Rf(n^)  =  =  R£2(n.w,0) 


r£  j(n,u^ ,0) 


(2  5.59) 


B 


(d,u>),0) 


B 


(n,u>).0) 


BM|8(w,RK(rw).Q) 

^^25^'R^1  (n.-).O) 

where  Rf(n,.j)  is  the  Rayleigh  wave  surface  e!'ip*jr:ty  for  the  n1^1  n.<>de  a' 
frequency 

Poles  of  equation  ■  2  5  52'  w  whenever  R  A  (  «, 

implicitly  defines  the  eigenw  avrnun.brrv  W*  ran  M:nprrv  rquat  ■  •  •  2  ‘  .'•?  • 
further  when  k  is  an  eigrnvsav*  number  a:.d  *  \  .•  :  *  *  •  *h. 
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eigenfunctions,  but  first  we  must  state  two  genera!  properties. 

Ml5(~',k,2)  =  -  M24(-,-,k,2)  (2.5.60) 

This  is  true  for  ell  *■.  k  and  z  It  is  obviously  true  for  the  boundary  condi¬ 
tions  given  by  equations  (2  5  16)  through  (2.5.20)  at  the  top  and  bottom  of 
the  structure,  and,  with  much  tedious  algebraic  manipulation,  it  can  be 
shown  to  be  true  at  all  depths.  The  second  property  allows  one  to  relate 
the  elements  of  a  P-SY  propagator  matrix  which  propagates  the  stress- 
displacement  vector  upward  between  two  depths  to  the  elements  of  the 
downward  propagator  matrix 

K  A3J(z0  ^  R  RA13(Z0-z)  RA2j(Z0’Z) 

RA3<(20,z)  RA4<fz0,z)  -  RA1<(z0-z)  ~  RA2<(Z0’Z) 

RA31^zO'2^  “  R A  4 1  ^20’2  ^  RA1)(z0-z)  RA21^Z0'Z) 

R*32'Z0'2^  RA42^Z0'Z)  R A  12^Z0'Z^  RA22^Z0’Z) 

(2.5.61) 

This  can  be  shown  b>  using  the  relations  that  exist  among  the  elements  of 
the  P-SV  layer  propagator  matrix  (equations  (2.4.44))  and  then  reversing 
the  order  of  layer  multiplications  Equation  (2.5.6)  is  a  general  property  of 
the  propagator  matrix  it  is  true  for  all  u.\  k.  z,  and  iQ  and  it  is  true  even  for 
nr.  arbitrarily  inhomogeneous  structure  with  depth.  We  now  define  the 
numerator  \e<-tor  in  2  5  571  as 


RA(2Z.' 


R'i|7( 

( 

■  J_  < 

rV2' 

Rv2,zf.' 

ra 

R  ^  2  ^ 

(2.5.62) 


'  equat :  to  ;  2  5  5?  1 2  5  5y  .  and  (2  5  60)  we  can  solve  for  [Nj 

e \  ana'rd  a*  a:  *ug<  -  w  h-  •  '  av 


R1  1 

RN20)  k  -  rA  (n,^) 


-  B-^sfo) 


0  0  1  Rf 

0  0  Rf  R(2 
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Using  (2.5.61)  this  can  be  expressed  as  follows. 
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We  can  write  the  Rayleigh  wave  eigenfunctions  at  the  source  depth  as 


{r£  (n  w.zj) 


RAll(zs'0)  RA12^zs'0^ 

RA2l(zg,°)  rA22(zs.O) 
rA3i(z3<°)  rAJ2(z5,0)  k  =  RA(n 
ra41(zs,°)  rA<2(zs,0) 


If  we  redefine  a  new  vector  for  the  source  jump  vector  as. 


R-(n'w).  "  iR“J  R“4  R~1  R“2 


k-RA  Jn.w] 


and  using  (2.5.65)  we  can  write  (2.5.64)  as 


We  may  now  evaluate  the  wavenumber  integrals  given  by  equa¬ 
tions  (2  5  36)  and  (2  5  37)  in  terms  of  branch  cut  integrals  and  residue  con¬ 
tributions  Using  equations  (2  5  38),  (2  5  52).  (2  5  58).  (2.5.68),  (2  5.69)  and 
(2  5  71)  we  can  write  the  frequency  dependent  displacements  at  a  receiver 
location  (rf.  6 f.  if)  due  to  a  source  confined  to  a  horizontal  plane  at  depth  zg 
as  folio* «• 
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where  the  S  '«■  are  scalar  amplitude  factors  and  are. 
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RA  and  ^A  are  defined  by  equations  (2  5  45!  and  (2.5  46).  RT  and  are 
defined  by  equations  (2  5.66)  and  (2  5  70).  and  r'I'  and  ^4*  are  defined  as 


follows, 


R4»(n,u>,m,rr  0r,2r)  =  RE,(n,u),ir)  P(n,u.,m,rr.0r)  (2.5.76) 

+  RE2(n,u;,2f)  6(n,u/,m,rr>^r)  , 

L*  (n,u,m,rr  5r,zr)  =  Lf  C(n,w,m,rr,*r)  ,  (2.5.77) 

where  P ,  6  and  £  are  modified  vector  cylindrical  harmonics  and  are. 
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2.6  The  Branch  Cut  Integral  Contributions 

Finally  we  turn  our  attention  to  the  branch  cut  integrals  RqI. 
R/?I.  and  ^1.  Let  us  first  consider  the  Rayleigh  wave  branch  cut  integrals 


as  shown  in  figure  2-2.  In  order  to  facilitate  the  evaluation  of  the  branch 
cut  integrals  we  define  the  following  complex  valued  functions  of  the  real 
positive  scalar  variable  r 


£qA  (>7 =  P-wave  branch  cut 


,K  {r} ,u>)  =  S-wave  branch  cut, 


(26  1) 


where 


RaK  (0,w)  =  P-wave  branch  point, 


Rc)K  (O.w)  =  S-wave  branch  point, 

=  W/*(N) 


and  0  $  rj  <;  sc  . 


We  will  also  denote  wavenumber  values  immediately  to  the  right  and  left  of 
the  branch  cuts  as  viewed  in  figure  2-2  with  +  and  -  superscripts  We  can 
now  write  the  branch  cut  integrals  as  follows. 


Ro1  =  f  f(Ra*  *(’»'-'))  Ro*  dr? 


f(R„lk R  K  '  dn  , 


(2.6.2) 


and  similarly  for  the  ^1.  where 


and  f(k)  is  the  wavenumber  integrand  function.  We  can  combine  the  tw< 
integrals  in  (2.6.2)  to  obtain  the  following 


at 

tJ  -  J  (f(R„A" (■»-■))  -  Hr„K  R„*  '<>1  (2  6  3) 
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The  P  and  S-wave  branch  cuts  define  discontinuities  in  the  bot¬ 
tom  half  space  vertical  wavenumbers.  and  so  that  as  one  croase* 

the  P-wa\e  branch  cut,  and  as  one  crosses  the  “'-wave 

branch  cut,  c,js'  •  i  ,lN  The  only  factors  in  the  wavenumber  integrand 
functions  which  will  be  diM  on'  muon*  ai  ri»iv  the  branch  rut1-  will  be  the  ele 
ments  of  the  stress -displacement  vector,  and  so  in  order  to  evaluate  12  ’> 
we  need  to  compute  the  stress  dcspiaceinent  differe  ire  function  across  the 
branch  cut  which  we  define  as  followv. 

{t)  (»/.»)}  b  (»?•*)).  12  6  4) 

w  here 


b  *('?.*))  <n> 

k  K  k  '  ( *?  I 


and 


b  (n.t)  |  {H  s  t  k  ,2 ) } 

k  ■  R  A  (r?  | 


For  Rayleigh  waves,  we  can  use  equation  (2  3  57)  to  compute  {R>  ')  and 
{pc  '  )  at  the  surface  Remembering  that  the  propagator  matrix  and  source 
jump  vector  are  both  single  valued  functions.  we  can  compute  the  stress 
displacement  branch  cut  jump  at  the  surface  as. 
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\\  f>  ran  m>vv  drfjn*'  th  sires1-  <1  •- j.larprnpnt  vector  {^E}  as  follows, 


^ H  x  '  <RX  ^  '  ;-Rx  [ 

^Rxl(<,)  W(0)>  {Rul°)} 
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so  that 
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Following  the  same  procedure  except  setting  rX4"(0)  =  R*4  (0)  *  0  we  can 


show  that 
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Equations  (2.613)  and  (2.6.14)  along  with  (2.6.6)  allow  us  to 


express  equation  (2.5.5)  in  the  following  manner. 
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We  can  now  repeat  the  derivation  of  equations  (2.5.63)  through  (2. 5. 68)  to 


show  the  following 


(2.6.16) 
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(R£(7,w,z)}  =  rA(z.O)  _  <R£7  (r7,^,0)}.  (2.6.18) 

k  ~  RA'  (17  .w) 


In  order  to  clean  up  the  notation,  we  have  dropped  the  o  and  0  subscripts 
denoting  P  and  S-wave  branch  cuts  throughout  the  developments  but  it  is 
understood  that  there  will  be  two  versions  of  (2.6.15)  corresponding  to  the 
two  branch  cut  integrals.  Rq!  and  R^l.  Following  a  similar  analysis  for  the 
Love  waves  we  can  express  the  stress-displacement  vector  jump  across  the 


Love  wave  branch  cut  as  follows. 
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CHAPTER  III 


REFORMULATION  OF  THE  NORMAL  MODE  PROBLEM 
TO  AVOID  NUMERICAL  INSTABILITIES 

One  of  the  fundamental  problems  that  has  plagued  previous 
efforts  to  compute  synthetic  seismograms  by  evaluation  of  the  wavenumber 
integrals  of  equations  (2.5.36)  has  been  numerical  instabilities  that  arise 
when  computing  the  integrand  functions,  {>(*)}  In  this  chapter  I  will 
address  these  problems  and  I  will  describe  several  methods  which  can  be 
used  to  overcome  these  problems  and  the  limitations  of  these  methods. 

The  basic  source  of  the  numerical  problems  is  the  exponential 
form  of  the  propagator  matrix  elements,  as  given  by  equations  (2.4 .44). 
whenever  P  or  S  waves  are  evanescent  In  these  cases  the  arguments  of  the 
trigonometric  functions  are  imaginary,  causing  both  growing  and  decaying 
exponential  solutions  to  exist.  It  is  the  growing  exponential  functions  which 
are  at  the  root  of  the  numerical  instability  problem  and  this  problem  was 
first  recognized  when  the  matrix  method  of  Thomson  (1950)  and  Haskell 
(1953)  was  implemented  on  digital  computers.  However,  the  numerical  ins¬ 
tability  is  exacerbated  as  the  frequency  increases  and  since  the  earliest 
applications  of  the  Thomson-Haskell  matrix  method  were  to  compute  low 
frequency  fundamental  mode  Rayleigh  and  Love  dispersion  curves,  the 
problem  was  not  initially  considered  to  be  restrictive  or  important. 

As  the  Thomson-Haskell  matrix  method  was  pushed  to  higher  fre¬ 
quencies  and  mode  numbers,  the  numerical  problem  became  important. 
One  of  the  earliest  attempts  to  deal  with  the  problem  was  by  Press, 
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Harkrider  and  Seafeldt  (1961)  who  introduced  the  layer  reduction  method 
In  this  method  layers  which  lie  below  the  depth  of  penetration  of  the  sur¬ 
face  wave  at  a  particular  frequency  are  eliminated  A  modification  of  this 
basic  method  was  given  by  Rossenbaum  (1964)  for  computing  high  order 
Rayleigh  waves  where  P  waves  were  evanescent  but  S  waves  were  propagat¬ 
ing.  Although  the  layer  reduction  methods  were  very  useful,  they  did  not 
address  the  real  cause  of  the  numerical  instability  and  they  were  not  effec¬ 
tive  for  certain  types  of  complex  structural  models  such  as  strong  low  velo¬ 
city  zones. 

Knopoff  (1964)  developed  a  method  for  computing  the  Rayleigh 
and  Love  characteristic  functions  (equations  2.5  45  and  2.5.46)  by  using 
Laplace's  development  by  minors.  Dunkin  (1965)  elaborated  on  Knopoff s 
work  and  showed  that  this  method  did  indeed  eliminate  the  numerical  ins¬ 
tability  of  the  characteristic  functions  for  any  arbitrary  structural  model 
and  at  any  frequency.  This  then  allowed  for  the  accurate  computation  of 
Rayleigh  and  Love  dispersion  curves  although  the  computational  procedure 
was  less  efficient  than  the  original  Thomson-Haskell  matrix  method.  Wat¬ 
son  (1970)  derived  a  more  efficient  algebraic  solution  which  still  embraced 
Knopoff s  original  method  and  Schwab  and  Knopoff  (1970)  combined  this 
with  the  layer  reduction  method  to  come  up  with  an  accurate  and  efficient 
computer  program  for  computing  Rayleigh  and  Love  eigenvalues. 

Although  Knopoff,  it.  al  had  solved  the  numerical  problems 
related  to  the  computation  of  the  dispersion  curves,  there  were  still  numeri¬ 
cal  instabilities  associated  with  the  stress-displacement  functions  which 
prevented  the  computation  of  eigenfunctions  or  of  forced  solutions  which 
were  necessary  for  the  direct  integration  seismogram  synthesis  methods. 
Once  again  the  problem  only  existed  when  either  P  or  S  waves  were 
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appear  in  the  stress-displacement  formulation  Although  the  Kenner 
method  does  allow  for  the  decomposition  of  the  solution  by  ray  types.  1  fee 
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In  the  following  chapter  I  will  first  review  the  work  of  KnopofF, 
et.  al.  and  show  how  and  why  the  numerical  problem  can  be  overcome  when 
computing  Rayleigh  eigenvalues.  I  will  then  derive  a  method  for  computing 
depth  eigenfunctions  in  a  numerically  stable  manner  for  relatively  simple 
structural  models.  This  method  is  comparable  to  the  work  done  by  Kerry 
although  the  method  is  derived  in  a  completely  different  manner  and  I  will 
discuss  the  relative  merits  of  the  two  approaches.  Next  I  will  derive  a  more 
robust  version  of  the  eigenfunction  computation  method  which  will  work  for 
a  wide  variety  of  complex  structural  models.  This  goes  beyond  the  method 
used  by  Kerry  and  I  will  show  when  my  new  method  breaks  down.  Finally  I 
will  show  a  number  of  examples  of  numerically  stable  eigenfunctions  as  a 
function  of  depth  and  frequency  for  several  structures. 

3.1  Computation  of  the  Rayleigh  Eigenvalues 

As  with  other  eigenvalue  problems  the  determination  of  Rayleigh 
wave  eigenvalues  is  reduced  to  solving  for  the  zeroes  of  a  determinant.  For 
this  case  the  characteristic  function  is  a  sub-determinant  of  the  [D;  matrix 
(equation  2.5.45)  which  can  be  expressed  as  a  linear  combination  of  two  by 
two  sub-determinants  of  the  propagator  matrix  When  the  phase  velocity  is 
less  than  the  P-wave  and/or  S-wave  velocity  in  a  given  layer,  both  growing 
and  decaying  exponential  terms  will  appear  in  every  element  of  the  layer 
propagator  matrix.  As  the  frequency  increases,  these  growing  exponential 
terms  become  quite  large  and  any  other  additive  decaying  or  propagating 
factors  will  be  "swamped  out"  in  the  finite  romputer  precision.  The  result¬ 
ing  layer  propagator  matrix  will  contain  only  the  growing  exponential  fac¬ 
tors. 


In  order  to  demonstrate  the  effect  of  this  roundoff  error,  let  us 
consider  the  problem  of  a  layer  over  a  half  space.  We  cam  write  the  Ray¬ 
leigh  characteristic  function  as  follows. 

A(w,k)  =  BD j,(0)  BD22(0)  -  BD12(0)  BD21(0)  (from  2.5.45) 

where, 

2  BD,i<°>  -  '  +  1A«  -  -TA>1  -  ~T—‘ *41  •  (311) 

‘v’a  pc*  pc *\<t>a 

2  BDij(0)  ,  -  I^Ha,,  +  lKn  -  -ijA„  -  , 

pc 1  pc  *\<f>Q 

2  BD21(0)  -  +  ,A„  -  ^-Ha,,  +  -i—  A„  -  -1jA4,  , 

2  BD22(0)  =  -  -)A12  -  ^  A22  -(-  -  A j2  2  A42 

l*0  pcl\<t>&  pc1 

The  parameters  i,<t>a,4>p  and  p  in  equations  (3.1.1)  refer  to  the  half  space 
and  the  propagator  matrix  elements  are  those  of  the  layer  propagator 
matrix. 

We  can  extend  the  applicability  of  equations  (3.1.1)  by  letting 
the  propagator  matrix  elements  be  those  of  the  total  propagator  matrix 
from  the  surface  to  the  half  space  for  any  arbitrary  layered  structure.  Thus 
the  most  straightforward  way  to  compute  the  characteristic  function  is  to 
compute  the  total  propagator  matrix,  compute  the  [Dj  matrix  elements 
using  equations  (3.1.1)  and  then  compute  the  characteristic  function  using 
equation  (2.5.45)  and  this  basically  was  the  approach  followed  in  early 
attempts  to  compute  Rayleigh  dispersion  curves, 


For  the  case  of  a  single  homogeneous  layer  over  a  half  space  we 
can  use  equations  (2.4.44)  directly  for  the  propagator  matrix  elements 
where  i-tQ=h,  the  layer  thickness  When  the  phase  velocity  is  greater  than 
both  the  P  and  S  wave  velocities  in  the  layer,  then  the  terms  6 q  and  6 ^  are 
both  real  and  the  trigonometric  functions  in  equations  (2.4.44)  have  real 
arguments.  For  this  case  the  straightforward  method  of  computing  the 
characteristic  function  is  numerically  stable.  When  the  phase  velocity  is 
greater  than  the  S  wave  velocity  but  less  than  the  P  wave  velocity,  then  0 ^ 
is  real  with  corresponding  trigonometric  (or  propagating)  solutions,  but  6q 
is  imaginary  which  turn  the  trigonometric  functions  to  exponential  func¬ 
tions  with  real  arguments.  As  the  frequency  increases  so  will  the  magnitude 
of  6 a  and  the  growing  exponential  function  of  6  will  overpower  both  the 
decaying  exponential  function  of  6q  and  the  trigonometric  functions  of  0 
For  high  frequency  then,  we  can  approximate  the  propagator  matrix  ele¬ 
ments  as  follows  for  cases  where  the  phase  velocity  is  less  than  the  layer  P 
wave  velocity. 

2An«-h-lK,  (3.1.2) 


2  A12  «  7 <Pa*  °  , 


2A2l* 


<t>. 


V 


where. 


2  A,,  «  />c27(7-l)e  °  , 


2  A41  «  -  />cS( 7-l)«  °  , 


f)  O —  ^  _ 

2  A42  a  pc7-j7<t>ae 


9 a  =  > 


(3.1.3) 


=  i*a  , 

and  6a ,  /?  and  7  refer  to  the  layer.  This  approximation  is  also  valid  at 

high  frequencies  when  the  phase  velocity  is  less  than  both  the  P  and  S  wave 

-f  B  a 

velocities  in  the  layer  since  e  will  be  much  larger  than  e  p. 

If  we  use  the  approximate  values  of  the  propagator  matrix  given 
by  equations  (3.1.2)  and  substitute  these  into  equations  (3.1.1)  it  is  possible 
to  show  the  following 


*Dn(0)  bD22(0)  «  bD12(0)bD21(0), 


A(-;,k)  ~  0. 


(3.1.4) 


Thus  the  characteristic  function  becomes  zero  for  all  phase  velocities  and 
frequencies  regardless  of  the  elastic  parameters  in  the  layer  over  a  half  space 
structural  model.  This  is  clearly  in  error  and  points  out  that  the  straightfor¬ 
ward  method  will  not  work  at  high  frequencies  when  the  P  waves  are 
evanescent.  The  culprits  in  this  case  are  the  propagator  matrix  element 
approximations,  which  although  numerically  valid  for  the  elements  them¬ 
selves,  introduce  substantial  numerical  errors  in  the  computation  of  the  |D 


matrix  sub-determinant. 


Another  approach  for  computing  the  Rayleigh  characteristic  func¬ 
tion  is  to  compute  the  [D'  matrix  sub-determinants  directly  instead  of  com¬ 
puting  the  [D]  matrix  elements.  We  can  compute  the  characteristic  function 
as  follows. 

A(u>,k)  -  4Dh22(0)  (3.1.5) 

=  £A1122  <5En22  +  <SAjIJ2  <5E1123  6 AJ142  <5Ej12<  * 

+  ^  A2132  ^1228  +  ^A2142  ^1224  ~r  ^A3142  ^1824  ’ 
where  (‘ )jjkl  denotes  a  *wo  by  two  sub-determinant  of  some  matrix  so  that, 

M,jkl  =  A,jAkl-  AlkAj)  (3.1.6) 

If  we  substitute  into  equation  (3.1.5)  the  'F/  matrix  elements  along  with  the 
(A)  matrix  element  approximations  we  will  end  up  with  the  same  result  as 
before.  However,  if  we  analytically  compute  the  j A]  matrix  sub-determinants 
before  applying  the  approximation  then  the  characteristic  function  as  given 
by  equation  (3.1.5)  becomes  numerically  valid  even  for  evanescent  P  waves. 
We  can  see  this  by  considering  the  sub-determinant  £AU22.  If  we  use  the 
(A;  matrix  element  approximations  this  becomes. 

-+  26 

^Ajj22s:-4'7(_7-l)e  °  (3 . 1 .  i  ) 

-20 

-  4  ■)(■)  l)e  ° 


■‘-■I-  •*-  ■  -  «>-  “■  «»-  H.  tU.t-«L.  tv 


which  is  the  same  as  for  the  other  jA’  matrix  sub-determinants.  If  we  use 
the  original  (A:  matrix  element  expressions  as  given  by  equations  (2.4.44) 
however,  and  then  apply  the  approximation  of  only  including  the  growing 
P-wave  exponential  solution,  then  we  obtain  the  following. 


2  ^  A 1 1 2 2  ~ 


(■?2*(7-  l)2)e  °cos$. 


(3.1.8) 


h7<Pa*,0-±=-  -V-)«  atin0 p 


-n2.  -• e. 


*0*0 


By  deriving  similar  expressions  for  the  other  [A)  matrix  sub-determinants 
and  applying  equation  (3.1.5),  we  can  compute  a  numerically  accurate 
characteristic  function  for  cases  where  the  P  waves  are  evanescent  and  this 
can  be  easily  demonstrated  by  considering  the  case  where  the  elastic  param¬ 
eters  in  the  layer  are  the  same  as  those  in  the  half  space. 

It  is  possible  to  generalize  the  development  of  the  characteristic 
function  in  terms  of  matrix  sub-determinants  for  layered  structures  at  all 
phase  velocities  and  frequencies.  This  was  first  done  by  Knopoff  (1964)  and 
has  been  most  recently  reformulated  by  Abo-Zena  (1979).  We  recall  the 
definition  of  the  anti-symmetric  minor  matrix,  'M  ,  which  from  equation 
(2.5.56)  can  be  expressed  as  follows. 


MtjU\k,r)  =  ^rD  Jl2j(u;,k,z) 


(3-1.9) 


Using  equations  (2  5.16)  through  (2.5.20)  we  can  compute  the  minor  matrix 
starting  values  for  various  boundary  conditions  where,  =  £rEJi2j. 


1.  A  traction  free  surface. 


M12U-,k ,zT(|)  0  . 


(3.1.10) 


M,3(v,k.zTo)  0  , 


.  ,'.v.  .•  v.'/v.  V- -v c. c., 


91 


=  0  , 

,k ,z^q)  -  1  , 

where  *T0  =  the  depth  of  a  traction  free  surface, 
A  rigid  surface, 


M12(u, 

,k,zD0^  " 

1  , 

Mis(w 

,k,zDo)  = 

0  , 

Mu(u, 

,k,rD0)  = 

0 , 

m23(- 

,k,zD0^ 

0, 

m24(. 

,k,zD0^  = 

0 , 

mS4(* 

,k,zD0^ 

0, 

(31-11) 


where  zpQ  =  the  depth  of  a  rigid  surface, 

Zero  shear  tractions  and  zero  vertical  displacement. 


(3.1.12) 


Mj2(u;,k,ZMo)  -  0  - 

Mlj(u;'k'zMo)  =  0  ’ 

Mj4(w,k,iMo)  =  1  < 

M23(u,’k’IMo)  =  0  ' 

^24(u;’k,IMo)  =  ®  ’ 

Mj4(w,k,*Mo)  =  0  ’ 

where  ij^0  =  the  depth  of  a  surface  with  zero  shear  traction  and  zero 
vertical  displacement. 

No  upward  propagating  P  or  S  wave  radiation. 


M12(w 

’kzSl’)  = 

.1, 

M|S(- 

•k'zSl’) 

-T< 

2  2 

pc  pc 

M„(« 

'k'zSl>  = 

pc  I0o 

m23(^ 

•k-zSL)  = 

-T< 

21  >’ 

pc  1  <Pp 

). 


(3.1.13) 


iVlU  ftV  it*  iU 


M24(^,k,£SU)  =  -  -J-(— i 

Pc  *0*0  Pc 

MJ((-,k,.sl)-  +  -j-i-pr — • 

4  pt<Pa*B  fiC 

where  Zgy  =  the  depth  at  which  there  is  no  upward  propagating  P  or 
S  wave  radiation, 

No  downward  propagating  P  or  S  wave  radiation, 


mi2(^zsd)  =  -  7{fr''2) 
4  *0*0 


(3.1.14) 


pc  <Pa<t>0  PC 

MhU'^sd)  -  "  t(— f — )  • 

pc*upa 

M25(^,k,2SD)  =  -  — (  -  )  , 

4  pclW'p 

m2,(-.i,,»Sd)  ■  -  . 

pt ***0  Pc 

P  C  <P  n<t>  a  p  c 


where  Zg^  =  the  depth  at  which  there  is  no  downward  propagating  P 
or  S  wave  radiation. 

Using  equations  (2.5.56)  and  (2.4.15)  we  can  relate  the  [D;  matrix 
at  one  depth  to  the  |D]  matrix  at  another  depth  as  follows. 


[D(z2)  =  |D(zj);  |A(z,,z2) 


(3.1.15) 


From  this  equation  we  can  derive  a  similar  propagator  relation  for  the 


minor  matrix. 


!M(z2V  =  ( A ( t j ,i 2)  T  iM(zj)!  iA(z,,z2); 


(3.1.16) 


This  equation  is  given  by  Abo-Zena  (1979). 


Because  of  the  anti-6ymmetric  properties  of  jM;,  it  is  easy  to  show 
that  equation  (3.1.16)  can  be  rewritten  as  follows. 

=  +  Mij(ij)  rf(A(ii,i2))iju  +  (3.1.17) 

^14(zl)  ^(A(zl,z2))ijl4  ^ ( -^ ( x l »*2 ) ) ij2S  + 

^24^zl^(A(*jiI2))ij24  +  ^S4^zl)  ^(^(zpr2))|j34 

Watson  (1970)  first  derived  the  relation  (3.1.17)  and  he  also  pointed  out 
that  two  of  the  six  elements  of  the  minor  matrix  are  linearly  dependent  for 
all  depths,  frequencies  and  wavenumbers.  Recalling  equation  (2.5.60), 
M1S  =  -M24,  we  can  rewrite  (3.1.17)  as  follows. 

{^(z2))  =  |R(*|,*2)1  {^(*|)}  ,  (3.1.18) 

where  (5!(z)}  is  a  five  element  vector  and  is  related  to  the  minor  matrix  as 
follows. 


M,(z)  =  M12(z)  ,  (3.1.19) 

M2(z)  =  Mjj(z)  , 

^s(*)  *  Mu(z)  - 
M4(z)  =  M2J(z)  , 

W5(*)  =  M34(z)  » 

and  (R(zj,z2))  is  the  five  by  five  minor  propagator  matrix  whose  elements 
will  be  equal  to  linear  combinations  of  the  propagator  matrix  two  by  two 
sub-determinants  (from  equation  3.1.17). 

The  P-SV  JR]  matrix  elements  can  be  computed  for  a  solid  homo¬ 


geneous  layer  from  equations  (2.4.44).  (3.1.17)  and  (2.5.60)  and  are  given 
below. 


RRn(2,i0)  =  -  2*7 (-jr  —  1 )  4  (t2-(7-1)2)cos(0q)cos(0£)  (3.1.20) 

4  h**a*0-  )sip(g0)9iD(^) 

rR12(z,z0)  =2pc2|-7(7-l)(27-  l)(l-cos(dQ)cos(ff;?)) 

4  hl*a*8'  )sip(^0)sin(g^)i 

^  Q  W  ff 

2 

rR1s(i,z0)  =pc2i-72<?asin(ea)cos(«^)-i2zlLsin(0^)COs(Oa); 

4  & 

2 

rR14(z,z0)  =pc2i+-^^-sin(tfQ)c£>s(^/S)+72<fr^in(tf/?)cos(0a)] 


rR15(z,z0)  =p2c4[272(7-l)2(l-cos(<?o)cos(0^)) 

-  (?VQ^-  ^ )sin(g0)sin(g^i 

RR2l(z,z0)  =-^r,'(27-l)(l-cos(tfa)cos(^^)) 

pc 

rR22(z,z0)  =1+2  [27(7-  l)(l-cos(^Q)cos(P^)) 

2 

*Q*0 

rR25(z,z0)  =+  7*Qsin(0o)cos(^)  +  S7~^l  sio^  fi)cos{9  J 
rR24(z,z0)  =-  ■b-~1)sin(gQ)cos(g/g)  -  -r<8 ^sia(0 g)cos(ffa) 

RR25(l’zO^  =  "o’R^12^I'z0^ 
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RR3l(*’zo)  =“7!+  7“s>n(*Q)cos(^)  +  ^/lD(^/j)cos(tfa)l 

Pc  *  a 


RR32^I,*0^  2  RR24^Z’*0^ 

RR33(i’io)  =  cos(*a)cos(V 


RR34(*'zo)  =  m  sin(*<JS’1D(V 


RR35^z,zO^  ~  RR14^z,z0^ 


RR4l(z’2o)  = — 7!-  ^asin(«a)cos 


rr42(i,z0)  2  rR2s(z’*o) 


RR4s(z,zo)  =  ~~s*n(^a)s,D(^^) 


RR44(z'zq)  =cos(^0)cos(^^) 


rR45(z,z0)  RRiS(z’zo) 


rR5i(z’zo)  =-77!2(1-cos^0)cos^^) 

PC 

_  (^o<i,5___L_)sin(pQ)5iD(p^) 


— — sin(P^)cos(tfo)J 


RR52^z,zo)  ‘r  2  RR2l(z'zo) 


RR53^z'zo)  RR41^z’z0^ 


RR54(z’z0)  ~  RR31^z,z0^ 
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where  c,  7,  <p a  and  <p ^  are  given  by  (2.4.42)  and  $a  and  6 ^  are  given  by 
(2.4.45). 

The  recursive  application  of  equation  (3.1.18)  will  allow  the  minor 
matrix  elements  to  be  computed  at  any  depth  by  starting  with  the  bottom 
boundary  condition  and  working  up  or  by  starting  with  the  top  boundary 
condition  and  working  down.  The  elements  of  the  minor  propagator 
matrix,  (Rj ,  bear  some  of  the  same  relations  as  those  of  the  propagator 
matrix,  [A:.  However  the  most  important  characteristic  of  the  |R  matrix 
elements  is  that  terms  involving  cos2(0q),  sin2(0o),  cos2(fi^)  and  sin2(0^)  are 
absent.  One  might  expect  such  terms  to  be  present  from  a  first  inspection  of 
the  [A]  matrix  elements  and  certainly  if  the  [A)  matrix  sub-determinants 
were  computed  numerically  such  terms  would  appear  in  the  course  of  the 
arithmetic  operations. 

When  we  compute  the  '.A  matrix  sub-determinants  algebraically, 

rs  o 

however,  we  find  that  the  cos  (•),  sin*()  terms  explicitly  and  exactly  cancel 
out  and  this  cancellation  is  what  provides  for  the  numerical  stability  of  the 
IR  matrix.  Dunkin  (1965)  first  proved  that  these  terms  could  not  appear  in 
the  A  matrix  sub-determinants  and  he  pointed  out  that  the  P-wave  terms, 
cos  (0q)  and  sin*(0Q),  would  be  much  larger  than  any  of  the  other  tri¬ 
gonometric  terms  whenever  P-waves  are  evanescent  and  as  frequency 
increases.  Numerical  computation  of  [D]  matrix  sub-determinants  involve 
arithmetic  cancellation  of  the  cos  (0Q),  sin*(0Q)  terms  and  the  resulting 
roundoff  error  will  be  scaled  by  the  magnitude  of  the  squared  terms.  At 
some  point  the  scaled  roundoff  error  will  be  equal  to  the  other  terms  in  the 
sub-determinant  and  when  th,*-  happens  the  resulting  sub-determinant 


computation  is  in  erTor. 

The  JR]  matrix  elements  given  by  equations  (3.1.20)  and  the 
minor  matrix  elements  given  by  equation  (3.1.18)  along  with  their  numeri¬ 
cal  properties  are  the  foundation  of  my  own  work.  Assuming  that  the  minor 
matrix  elements  are  numerically  stable  using  the  !R  matrix,  then  the  prob¬ 
lem  of  computing  numerically  valid  synthetic  seismograms  reduces  to  that 
of  computing  numerically  stable  eigenfunctions.  Although  Dunkin  was  able 
to  prove  that  certain  destabilizing  terms  were  absent  in  the  minor  matrix 
elements  using  the  approach  described  here,  he,  nor  anyone  else  to  my 
knowledge,  has  been  able  to  prove  theoretically  that  the  minor  matrix  ele¬ 
ments  will  be  numerically  valid  for  arbitrary  structural  models.  Computer 
algorithms  using  this  method  to  compute  the  Rayleigh  characteristic  func¬ 
tion  and  the  Rayleigh  eigenvalues  have  been  written  by  a  number  of 
researches  including  myself.  My  experience  with  this  method  when  used  to 
compute  the  Rayleigh  characteristic  function  is  that  it  does  produce  a 
numerically  accurate  result  for  a  wide  range  or  structural  models  and  fre¬ 
quency  bandwidths.  In  fact  I  have  never  seen  this  method  fail  to  produce 
accurate  eigenvalues  even  for  complex  structures  involving  liquid  layers  and 
multiple  strong  low  velocity  zones. 

Based  on  this  experience,  I  started  out  with  the  tentative 
hypothesis  that  all  minor  matrix  elements  were  numerically  stable,  when 
using  the  computational  method  given  in  this  section,  for  all  depths,  struc¬ 
tural  models,  frequencies  and  wavenumbers.  In  the  next  section  I  will  show 
how  depth  eigenfunctions  can  be  computed  in  a  simple  manner  using  the 
minor  matrix  elements  and  1  will  show  when  this  simple  method  starts  to 
break  down. 
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3.2  Computation  of  the  Rayleigh  Eigenfunctions:  I  *  A  Simple  but 
Stable  Numerical  Algorithm 

Although  KnopofT  and  Dunkin  were  able  to  solve  the  numerical 
problem  of  computing  accurate  I)  matrix  sub- determinants  and  thus  Ray¬ 
leigh  eigenvalues,  no  one  had  solved  the  problem  of  computing  numerically 
accurate  eigenfunctions  at  depth  The  surface  values  of  the  eigenfunctions 
can  be  directly  related  to  the  minor  matrix  elements  and  so  it  has  been  pos¬ 
sible  to  compute  numerically  stable  synthetic  seismograms  for  surface 
sources  and  receivers,  but  this  has  been  a  severe  restriction  especially  for 
earthquake  research  One  of  the  major  contributions  of  my  research  has 
been  to  provide  an  algorithm  for  computing  eigenfunctions  at  any  depth 
and  frequency  for  a  large  variety  of  structural  models  that  would  be 
interesting  to  geophysical  researchers. 

The  standard  method  for  computing  eigenfunctions  at  depth  has 
been  to  compute  the  surface  values  of  the  eigenfunctions  using  equations 
(2.5.48)  and  then  multiply  the  propagator  matrix  to  the  desired  depth  by 
the  surface  eigenfunction  vector.  In  many  cases  the  eigenfunctions  become 
numerically  unstable  with  increasing  depth  and  the  problem  is  more  pro¬ 
nounced  as  the  frequency  is  increased.  Basically,  what  is  happening  is  that 
small  roundoff  errors  in  the  four  eigenfunctions  are  effectively  amplified  by 
subsequent  propagator  matrix  multiplications  until  the  errors  get  bigger 
than  the  correct  values  of  the  eigenfunctions.  Thus  the  computed  eigenfunc¬ 
tions  at  half  space  depths  generally  no  longer  meet  the  Sommerfeld  radia¬ 
tion  condition 

In  order  to  demonstrate  this  problem  1  use  as  an  example  the 
only  structure  for  which  1  could  readily  obtain  an  exact  analytic  expression 
for  the  eigcnfunctn  nameU  «•.  infinite  homogeneous  half  space.  Using 


propagator  matrix  elements  from  equations  (2.4.44)  the  first  displacement 
eigenfunction  can  be  written  as  follows. 


=  t(-(7-1)+r« i^q7)  e*p(+— O  (3.2.1) 

1  RC1 

+  -r(-('r-1)-R<i^07)exP  (-- ^-*Q) 

1  Rcl 

1  *0  Rci 

+  -r(7 ^Rfi  ^-~^)<xp(-~^) 

1  4>0  Rc, 

where  we  have  dropped  the  layer  index  and  R«  j  is  the  ellipticity  for  the  fun¬ 
damental  mode  and  RC|  is  the  eigenphase  velocity  which  of  course  is  fre¬ 
quency  independent.  Also, 


and, 


*  0  =  -  * 

Since  the  value  of  RCj  is  less  than  the  S-wave  velocity,  the  functions  <(>a  and 
<p p  are  positive  imaginary  (see  equations  2.4.42)  and  so  functions  and 
are  real  and  positive.  Thus  the  arguments  of  the  exponential  functions  in 
equation  (3.2.1)  are  real  and  there  are  both  growing  and  decaying  solutions 
with  depth.  If  we  replace  the  ellipticity  with  an  analytic  expression  in  oQ, 
4>  0  and  7,  which  we  can  derive  for  this  simple  case,  we  find  that  equation 
(3.2.1)  can  be  reduced  to  the  following. 


The  cause  of  the  eigenfunction  numerical  instability  can  be  seen 
when  one  compares  equation  (3.2.1)  with  (3.2.2).  The  Sommerfeld  radiation 
condition  requires  that  the  growing  exponential  solutions  vanish  which  is 
the  case  with  equation  (3.2.2).  This  comes  about  because  the  terms  which 
multiply  the  growing  exponential  functions  in  equation  (3.2.1)  are  identi¬ 
cally  zero.  In  order  to  show  this  one  must  substitute  an  explicit  analytic 
expression  for  the  ellipticity  which  in  general  is  impossible  to  derive  but  for 
this  simple  case  is  easy  to  derive.  If,  however,  one  were  to  code  equation 
(3.2.1)  in  a  computer  program  to  compute  the  eigenfunction,  then  the  terms 
which  multiply  the  growing  exponential  functions  would  be  computed 
numerically  and  instead  of  being  identically  zero,  they  would  be  of  the  order 
of  the  computer  word  roundoff  error.  These  small  but  finite  terms  would 
then  be  multiplied  by  growing  exponential  functions  and  at  some  depth  the 
eigenfunction  error  terms  would  overcome  the  correct  decaying  solutions. 
Since  the  growing  exponential  arguments  are  directly  proportional  to  fre¬ 
quency,  this  numerical  problem  becomes  more  pronounced  for  a  given  depth 
as  frequency  increases.  Also,  this  problem  exists  at  some  depth  for  all  fre¬ 
quencies. 

One  can  see  from  equation  (3.2.1 )  that  the  type  of  algebraic  can¬ 
cellation  which  was  present  in  the  characteristic  function  computations  can 
only  be  realized  with  the  eigenfunction  computations  if  an  explicit  analytic 
solution  for  the  ellipticity  can  be  derived.  In  general  such  an  expression  can¬ 
not  be  derived  and  so  in  general  we  are  stuck  with  using  equation  (3.2.1)  or 
a  more  complicated  version  for  multi-layered  models. 

The  errors  in  the  eigenfunction  computations  can  be  thought  of 
as  unstable  drifting  errors  with  respect  to  depth  since  there  is  no  inherent 
mechanism  in  the  computations  to  stabilize  them  and  so  my  initial  attempt 
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to  solve  this  problem  was  based  on  finding  a  constraining  relation  among 
the  four  eigenfunctions  which  would  provide  a  "feedback”  mechanism  to 
control  and  minimize  the  errors.  The  most  obvious  constraining  relation  can 
be  easily  derived  from  equation  (2.5.40). 

1BD(z)3  {£(*)}  =  {0}  (3.2.3) 

From  this  equation  we  can  relate  the  stress  eigenfunctions  to  the  displace¬ 
ment  eigenfunctions  and  the  minor  matrix  elements. 


£«(*) 


1 

+BM14(*)  +BM24(z) 

£,  («) 

-BMjs(z)  -BM2j(z) 

E7(i) 

(3.2.4) 


We  can  see  from  equation  (3.2.4)  that  this  is  a  relation  which  must  exist  at 
all  frequencies  and  throughout  the  structure.  The  other  important  charac¬ 
teristic  of  equation  (3.2.4)  is  that  it  is  an  expression  of  the  Summerfeld  radi¬ 
ation  condition  at  the  bottom  of  the  structure  and  so  it  is  a  constraining 
relation  which  inherently  forces  the  bottom  boundary  condition  to  be  met 
regardless  of  errors  which  may  be  present  in  the  eigenfunctions.  Since  the 
constraining  relation  contains  only  minor  matrix  elements  which  I  had 
hypothesized  to  be  numerically  stable  under  all  circumstances,  equation 
(3.2.4)  became  the  basis  for  computing  numerically  stable  eigenfunctions. 

In  order  to  use  the  constraining  relation  (3.2.4)  to  stabilize  eigen¬ 
function  computations  I  follow  the  procedure  outlined  below. 

1.  The  minor  matrix  elements  are  computed  using  equations  (3.1.18)  and  . 
(3.1.20)  at  each  layer  interface  in  the  course  of  finding  the  Rayleigh 
eigenvalues. 


2.  The  surface  eigenfunctions  are  computed  using  equations  (2.5.48). 

3.  The  two  displacement  eigenfunctions  are  computed  at  the  next  deepest 
layer  interface  using  the  first  two  rows  of  the  propagator  matrix. 

4.  The  constraining  relation  (3.2.4)  is  used  to  compute  the  two  stress 
eigenfunctions  at  that  interface  instead  of  using  the  propagator  matrix. 

5.  Steps  3  and  4  are  repeated  recursively  until  the  desired  depth  is 
reached. 

This  procedure  will  keep  the  eigenfunction  errors  small  only  if  the 
layers  are  suitably  thin.  Since  the  propagator  matrix  is  used  to  compute  the 
two  displacement  eigenfunctions,  roundoff  errors  in  these  eigenfunctions  are 
amplified  by  growing  exponential  functions  in  the  propagator  matrix  ele¬ 
ments  for  cases  of  P  or  S  wave  evanescence.  The  constraining  relation 
introduces  compensating  terms  in  the  stress  eigenfunctions  which  force  the 
bottom  boundary  condition  to  be  met.  These  compensating  terms  will  tend 
to  control  and  minimize  the  errors  in  the  displacement  eigenfunctions  at  the 
next  layer  interface  as  long  as  the  layer  is  not  so  thick  that  the  propagator 
matrix  exponential  functions  amplify  the  errors  to  too  high  a  value. 

For  structures  which  involve  thick  layers  and  for  cases  where  the 
frequency  is  very  high,  it  is  necessary  to  introduce  pseudo-layers  into  the 
structural  model.  These  are  simply  some  number  of  thinner  layers  with 
identical  elastic  parameters  which  replace  a  single  thicker  layer.  This  allows 
the  constraining  relation  to  be  applied  within  the  original  thick  layer  at 
pseudo-layer  interfaces  to  control  the  eigenfunction  errors  before  they 
become  too  large.  This  pseudo-layering  in  no  way  effects  the  resulting  syn¬ 
thetic  seismograms  and  is  only  used  to  stabilize  the  eigenfunction  computa¬ 


tions. 


Results  using  this  method  are  graphically  displayed  in  figures  3-1 
through  3-6.  The  half  space  problem  used  earlier  is  displayed  in  figure  3-1 
to  3-3  which  shows  plots  of  the  vertical  displacement  and  norma!  stress 
eigenfunctions  as  a  function  of  depth  at  a  frequency  of  five  Hertz.  The  S- 
wave  velocity  for  this  half  space  is  four  km/sec  and  Poisson’s  ratio  is  0.25. 
For  each  of  the  eigenfunctions  there  are  two  traces,  the  left  trace  consists  of 
both  the  numerically  computed  eigenfunction  shown  with  a  thin  line  along 
with  the  exact  solution  shown  with  a  thick  line  and  the  right  trace  is  the 
difference  between  the  computed  solution  and  the  exact  solution.  Both 
traces  are  plotted  on  a  logarithmic  (base  10)  scale  so  as  to  show  the  fine 
details  of  the  errors.  In  figure  3-1  there  was  no  pseudo-layering  and  the 
eigenfunctions  were  computed  using  the  propagator  matrix  only  without 
using  the  constraining  relation.  The  numerical  instability  due  to  the  grow¬ 
ing  exponential  functions  is  quite  apparent  and  this  instability  causes  the 
eigenfunctions  to  "blow  up"  at  about  five  km  depth.  As  can  be  seen  from 
the  error  plots  this  instability  is  due  to  amplification  of  the  initial  small 
errors  in  the  surface  values  of  the  eigenfunctions.  In  figure  3-2  a  pseudo¬ 
layer  interface  was  placed  at  five  km  depth  and  the  constraining  relation 
was  applied  at  this  interface.  Although  the  eigenfunctions  do  not  "blow 
up"  they  are  clearly  in  error  around  five  km  depth  and  they  are  showing 
signs  of  instability  at  about  ten  km  depth.  In  this  case  the  error  was 
allowed  to  become  large  before  the  constraining  relation  was  applied  at  five 
km  depth,  but  even  in  the  case  where  the  eigenfunction  computations  are 
clearly  in  error  the  use  of  equation  (3.2.4)  forces  a  certain  stability.  From 
this  figure  we  can  see  that  the  pseudo-layer  thickness  must  be  less  than  five 
km  and  in  figure  3-3  a  pseudo-layer  thickness  of  2.5  km  has  been  used.  In 
this  case  the  error  never  gets  large  and  the  use  of  equation  (3.2.4)  keeps  the 
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traditional  Thomson- Haskell  matrix  method. 
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Figure  3-2.  Vertical  displacement  and  normal  stress  eigenfunctions  for  an  infinite  homogeneous 
half  space.  The  thick  lines  represent  the  exact  solution  and  the  thin  lines  were  generated  using 
a  stabilized  version  of  the  Thomson-Haskell  matrix  method.  The  constraint  equations  were 
applied  at  five  km  depth. 
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gure  3-3.  Vertical  displacement  and  normal  stress  eigenfunctions  for  an  infinite  homogeneous 
ilf  space.  The  thick  lines  represent  the  exact  solution  and  the  thin  lines  were  generated  using 
stabilized  version  of  the  Thomson-Haskeil  matrix  method.  The  constraint  equations  were 


error  small.  Figures  $-1  to  3-3  show  that  this  stabilization  method  is  only 
accurate  if  the  error  is  not  allowed  to  become  large,  i.e.  the  pseudo-layer 
thickness  is  below  some  critical  value  which  will  be  inversely  proportional  to 
the  frequency. 

From  a  practical  standpoint  we  will  not  be  very  interested  in 
computing  eigenfunctions  for  a  half  space  and  so  the  computed  eigenfunc¬ 
tions  are  shown  for  a  more  complex  structure  in  figures  3-4  to  3-6.  This 
particular  structure  is  two  five  km  thick  layers  over  a  half  space  and  the 
eigenfunctions  correspond  to  a  high  order  mode  at  five  Hertz  frequency.  The 
eigenphase  velocity  for  this  mode  is  such  that  the  S-waves  are  propagating 
in  the  top  two  layers  and  the  P-waves  are  evanescent  throughout  the  struc¬ 
ture.  The  error  plots  are  missing  in  these  figures  since  there  is  no  exact  solu¬ 
tion  to  compare  against.  Once  again  the  computed  eigenfunctions  using  the 
standard  method  are  shown  in  figure  3-4  and  as  with  the  half  space  case 
they  "blow  up"  at  about  five  km  depth.  The  constraining  relation  (3.2.4) 
has  been  applied  at  the  layer  interfaces  at  five  and  ten  km  depth  in  figure 
3-5,  but  as  before  we  might  suspect  that  the  errors  have  become  too  large 
for  accurate  computations  at  and  below  five  km  depth.  Two  pseudo-layer 
interfaces  are  added  at  2.5  and  7.5  km  depth  and  the  results  can  be  seen  in 
figure  3-6.  If  we  continue  to  add  pseudo-layers  to  the  structure  and  make 
the  pseudo-layer  thicknesses  smaller  the  resulting  eigenfunctions  do  not 
change  from  those  shown  in  figure  3-6  and  thus  it  can  be  concluded  that 
these  computed  eigenfunctions  are  good  approximations  to  the  exact  solu¬ 
tion 

A  simple  criterion  for  determining  pseudo-layer  thicknesses  can  be 


derived  from  the  exponential  arguments  in  equation  (3.2.1). 
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Figure  3-4.  Vertical  displacement  and  normal  stress  eigenfunctions  for  a  two 
layer  over  a  half  space  structural  model.  Layer  interfaces  are  at  depths  of 
five  and  ten  km.  These  eigenfunctions  were  generated  using  the  traditional 
Thomson-Haskell  matrix  method. 
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Figure  3-5.  Vertical  displacement  and  normal  stress  eigenfunctions  for  a  two 
layer  over  a  half  space  structural  model.  Layer  interfaces  are  at  depths  of 
five  and  ten  km.  These  eigenfunctions  were  generated  using  a  stabilized  ver¬ 
sion  of  the  Thomson- Haskell  matrix  method.  The  constraint  equations  were 
applied  at  five  and  ten  km  depths. 
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Figure  3-6.  Vertical  displacement  and  normal  stress  eigenfunctions  for  a  two 
layer  over  a  half  6pace  structural  model.  Layer  interfaces  are  at  depths  of 
five  and  ten  km.  These  eigenfunctions  were  generated  using  a  stabilized  ver¬ 
sion  of  the  Thomson- Haskell  matrix  method.  The  constraint  equations  were 
applied  at  2.5,  5.0,  7.5,  and  10.0  km  depths. 
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where  h  ^  is  the  maximum  pseudo-layer  thickness  for  a  layer  with  P-wave 
velocity  a  at  frequency  u>  and  for  a  normal  mode  with  eigenphase  velocity 
jjcn.  in  this  equation  refers  to  the  maximum  amplification  factor  per¬ 

mitted  which  for  double  precision  computations  should  be  set  to  about  107. 
I  first  find  the  eigenvalues  without  pseudo-layering  since  this  is  not  neces¬ 
sary  for  computing  the  minor  matrix  elements.  I  then  relayer  the  structure 
using  equation  (3.2.5)  to  determine  the  pseudo-layer  thicknesses.  For  layers 
which  are  thinner  them  hmajc  this  is  not  necessary  and  for  layers  which 
require  additional  pseudo- layers,  I  split  the  layer  into  pseudo-layers  with 
identical  thicknesses  which  are  less  than  or  equal  to  h  so  that  I  can  use 
the  same  propagator  matrix  for  each  pseudo-layer.  Obviously  for  layers 
where  the  eigenphase  velocity  is  greater  than  the  P-wave  velocity  pseudo¬ 
layering  is  not  necessary.  Also  it  is  obvious  that  the  pseudo-layering  need 
only  be  done  down  to  the  depth  of  the  deepest  source  or  receiver.  After  the 
pseudo-layering  is  completed  I  recompute  the  minor  matrix  elements  at 
each  layer  and  pseudo-layer  interface.  Finally  I  apply  the  method  described 
earlier  to  compute  the  eigenfunctions  at  the  desired  depths. 

I  have  used  the  method  described  in  this  section  to  compute 
eigenfunctions  and  synthetic  seismograms  for  a  wide  variety  of  structural 
models,  source  depths,  receiver  ranges  and  frequency  bandwidths.  As  long 
as  the  structural  model  does  not  contain  liquid  layers  or  strong  low  velocity 
zones  this  method  works  very  well  regardless  of  the  complexity  of  the  struc¬ 
tural  model  or  the  frequency  bandwidth.  However.  I  was  never  able  to  know 
for  sure  whether  the  eigenfunctions  which  I  computed  were  numerically 
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accurate  and  ultimately  it  was  the  appearance  and  characteristics  of  the 
resulting  synthetic  seismograms  which  verified  these  computations.  The  one 
exception  to  this  was  for  the  surface  values  of  the  eigenfunctions.  By  using 
equation  (3.2.4)  I  was  able  to  compute  the  two  stress  eigenfunctions  at  the 
surface  which  had  to  be  zero  in  order  to  meet  the  free  surface  boundary- 
condition.  If  this  was  not  the  case  then  either  the  eigenvalue  was  in  error  or 
one  or  more  of  the  minor  matrix  elements  were  in  error. 

I  first  encountered  non-zero  surface  stress  eigenfunctions  when 
computing  the  normal  modes  for  crust  and  upper  mantle  structural  models 
which  had  lithospheric  low  velocity  zones.  This  occurred  at  high  frequen¬ 
cies  and  for  normal  modes  which  corresponded  to  trapped  energy  within  the 
low  velocity  zone  and  evanescence  above  and  below  the  low  velocity  zone. 
In  every  case  where  this  occurred  the  mode  amplitude  factor  (equation 
2.5.74)  was  of  the  order  of  the  computer  word  roundoff  and  so  for  typical 
source  and  receiver  depths  the  modal  contributions  to  the  synthetic  seismo¬ 
grams  were  negligible.  What  appeared  to  be  happening  is  that  whenever  a 
mode  became  effectively  decoupled  from  the  free  surface,  its  surface  eigen¬ 
functions  were  in  error.  Thus  the  only  time  this  presented  a  problem  was 
when  both  sources  or  receivers  were  in  or  close  to  the  low  velocity  zone 
which  normally  did  not  occur  with  earthquake  and  nuclear  explosion 
seismology . 

There  is  one  other  researcher  who  has  produced  a  method  for 
computing  model  synthetic  seismograms  which  is  functionally  similar  to  my 
own  method  as  described  in  this  section  and  that  is  Kerry  (1981).  Kerry's 
method  is  based  upon  the  work  done  by  Kennett  and  Kerry-  (1979)  which 
avoids  the  computation  of  stress-displacement  eigenfunctions  and  instead 
uses  a  complicated  formulation  involving  generalized  reflection  and 
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transmission  coefficients.  Although  he  has  formulated  the  problem  along  dif¬ 
ferent  lines  which  he  claims  eliminates  all  possibility  of  numerical  problems 
due  to  growing  exponential  solutions,  Kerry’s  method  suffers  from  exactly 
the  same  problem  as  my  own.  He  is  not  able  to  accurately  compute  the 
modal  contributions  due  to  trapped  channel  modes  within  lithospheric  low- 
velocity  zones.  He  states  several  times  in  his  paper  that  it  is  necessary  to 
effectively  ignore  the  contributions  due  to  trapped  channel  wraves  at  high 
frequencies  and  that  this  is  not  a  problem  as  long  as  either  source  or 
receiver  is  at  or  near  the  free  surface. 

My  original  objective  was  to  develop  a  method  for  computing 
modal  synthetic  seismograms  which  were  numerically  accurate  for  a  wide 
variety  of  structural  models  and  frequency  bandwidths.  Although  I  had 
developed  a  method  which  was  adequate  for  standard  problems  involving 
continental  earthquake  seismology,  my  method  suffered  restrictions  when 
applied  to  exploration  seismology  in  which  shallow  low  velocity  zones  were 
of  interest  and  my  method  failed  when  applied  to  oceanic  structures  which 
had  liquid  layers  at  the  surface.  These  failures  always  occurred  whenever 
the  surface  energy  of  a  given  mode  was  vanishingly  small.  In  these  cases  the 
starting  values  of  the  eigenfunctions  were  in  error  and  so  the  eigenfunctions 
at  depth  were  also  in  error  since  they  were  obtained  through  recursive  com¬ 
putations  which  were  initialized  by  the  surface  values.  Another  problem 
with  the  method  given  in  this  section  was  that  even  in  cases  where  the  sur¬ 
face  eigenfunctions  appeared  to  be  alright.  I  could  never  be  sure  that  the 
eigenfunctions  at  depth  were  accurate  since  I  had  no  independent  check  of 
their  accuracy  and  since  the  computational  method  tended  to  produce 
stable  looking  eigenfunctions  even  when  they  were  wrong. 
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With  these  shortcomings  in  mind  1  embarked  on  an  undertaking 
which  had  as  its  objective  the  development  of  an  algorithm  for  computing 
the  depth  eigenfunctions  which  was  numerically  accurate  under  all  cir¬ 
cumstances  and  which  had  independent  checks  of  numerical  accuracy.  In 
order  to  accomplish  this  I  felt  that  the  recursive  algorithm  used  in  this  sec¬ 
tion  had  to  be  abandoned  and  replaced  by  a  method  which  would  directly 
compute  the  eigenfunctions  at  a  given  depth  and  in  the  next  section  I 
describe  the  results  of  my  research  in  this  regard. 

3.3  Computation  of  the  Rayleigh  Eigenfunctions:  II  -  A  More 
Robust  Method 

In  both  the  standard  method  and  my  own  simple  method  given  in 
the  previous  section  the  fundamental  procedure  for  computing  modal  solu¬ 
tions  is  the  same.  Eigenfunctions  at  the  surface  are  First  computed.  We  can 
think  of  these  eigenfunctions  as  including  both  the  unnormalized  eigenfunc¬ 
tions  (those  resulting  from  setting  E  j  =  l)  and  the  amplitude  factor  A. 
given  by  equation  (2.5.74),  which  as  I  will  show  later  normalizes  the  surface 
eigenfunctions.  The  values  of  the  eigenfunctions  at  the  source  and  receiver 
depths  are  then  computed  using  a  recursive  algorithm  which  is  initialized 
with  the  surface  eigenfunctions.  Finally  equation  (2.5.72)  is  used  to  compute 
the  contribution  for  each  mode.  The  only  difference  between  my  own 
method  and  the  standard  method  is  in  the  recursive  algorithm  which  is  used 
to  compute  the  eigenfunctions  at  depth. 

Because  of  the  nature  of  the  recursive  algorithms,  multiplicative 
error  factors  in  the  surface  solutions  will  be  carried  along  at  all  depths 
throughout  the  structure.  In  most  cases  where  modes  are  trapped  within 
low  velocity  channels  or  along  liquid-solid  interfaces  as  Stoneley  waves,  the 


surface  excitation  is  very  small  and  it  is  possible  for  the  surface  starting 
values  to  have  large  multiplicative  errors  as  the  exact  solutions  for  the 
eigenfunctions  go  to  zero.  One  obvious  solution  to  this  problem  is  to  com¬ 
pute  the  starting  solution  at  some  depth  other  than  the  free  surface  and  in 
particular  at  a  depth  where  the  mode  is  energetic. 

Let  us  consider  the  stress-displacement  vector,  {y},  at  some  depth 
z  which  is  above  the  source  at  depth  zg.  From  equations  (2.5  28),  (2.5.29) 
and  (2.5.31)  we  can  write  the  following. 

[TD(z)]{y(z)}=  {0}  (3.3.1) 

and, 

!BD(i)1  {y(i)>  =  1BD(i);  (A(z,zs)  {£}  (3.3.2) 

We  will  drop  the  z  and  zg  in  the  rest  of  this  development  and  note  that  the 
;D  matrix  elements  and  the  {>}  vector  elements  are  evaluated  at  depth  z 
and  the  A  matrix  is  evaluated  from  z  to  zs-  From  equation  (3.3.1)  and  the 
definitions  of  the  minor  matrix  elements  we  can  relate  the  ys  and  ele¬ 
ments  to  the  yj  and  y2  elements  as  follows. 
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where  the  {ft?}  elements  are  related  to  the  minor  matrix  elements  by  equa¬ 
tions  (3.1.19).  Equation  (3.3.3)  is  the  same  as  the  constraining  relation 
(3.2.4)  except  that  it  is  being  applied  to  the  stress-displacement  vector  and 
it  is  an  expression  of  the  boundary  condition  at  the  top  of  the  structure.  Ln 
the  rest  of  this  development  we  will  also  be  dropping  the  ~  over  the  M  and 
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let  the  single  subscript  be  &  shorthand  notation  for  the  two  subscripts  of  the 
(M)  matrix. 

Equation  (3.3.3)  can  be  substituted  into  (3.3.2)  to  give  the  follow¬ 
ing. 
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(3.3.4) 


where  [C  is  a  two  by  two  matrix  whose  elements  are  as  follows. 
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The  C  matrix  can  be  inverted  to  obtain  a  solution  for  the  >j  and  >2  ele¬ 
ments  at  any  depth. 
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Equation  (3.3.6)  is  a  more  genera]  form  of  equation  (2.5.54)  and  allows  us 
to  compute  the  integrand  solutions  for  the  two  displacement  elements  of  the 
stress-displacement  vector  at  any  depth.  In  this  case  A  replaces  the  Ray¬ 
leigh  characteristic  function,  RA  ,  which  is  evaluated  at  the  surface  and  the 

[Cj  matrix  replaces  the  first  two  columns  of  the  [BD]  matrix  evaluated  at  the 
surface.  We  can  express  (3.3.6)  as  follows. 


where 


-  c 

+  ^22  ^  12 


(3.3.8) 


(3.3.9) 


Equation  (3.3.8)  is  a  general  form  of  equation  (2.5.57)  and  the  |W'  matrix  is 
a  two  by  four  which  replaces  the  two  by  four  matrix  in  equation  (2.5.57). 

From  equations  (3.3.5)  and  (3.3.7)  along  with  the  definitions  of 
the  minor  matrix  elements  (2.5.56)  and  (3.1.19),  A  can  be  derived  and  is 
given  below. 


A  =  BMj  -  -i_(TMsBM4  -  BM5TM4  *  2  TM/.M,) 
M5 


(3.3.10) 


tm5)j  1  ^  !  ‘I 


From  equations  (3.3.5)  and  (3.3.9)  we  can  similarly  derive  the  elements  of 
[ W J  which  are  as  follows. 


*H  =  t^-(‘M5»M2-»M5‘M2) 
MS 


w  -  (tm,bMj  -  bmstm,) 


21  “  T, 


W  =  A - 

TMs! 


(tm2|j  -  tm,tm4 


yl— (TM(BMj  .  TM2B.M2) 
M5 


-  b\i  -  bm  tm  i 

23  tTT1  *  S  l2  ;»  'S12 ' 

M5 


w24  =  t^-(tm5bm3  -  hm5tm5) 

M5 


We  have  succeeded  m  eliminating  the  D  matrix  elements  from  equation 


(3.3.8)  and  replaced  them  with  minor  matrix  elements  corresponding  to  the 
top  and  bottom  boundary  condition*-  We  now  need  to  eliminate  the  propa¬ 


gator  matrix,  A  .  and  replace  it  with  the  eigenfunctions. 
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UHLHI.’iL'il.W.'iL'A.'iLid.W: 'J 


We  can  relate  the  two  stress  eigenfunctions  to  the  two  displace¬ 
ment  eigenfunctions  as  follows. 


’ 

1 

E  4 

, 

tm5 

,  |-tm3  -tmJ  k 


(3.3.12) 


Equation  (3.3.12)  is  the  same  as  the  constraining  relation  (3.2.4)  except 
that  it  is  an  expression  of  the  top  boundary  condition.  We  can  subtract 
equation  (3.2.4)  from  (3.3.12)  to  obtain  the  following 


(3.3.13) 


Equation  (3.3.13)  is  true  at  all  depths  but  only  at  eigenphase  velocities  and 
from  this  equation  we  can  derive  expressions  for  the  depth  dependent  ellip¬ 
tic  ity,  c,  as  follows. 


<*(*)  = 


bmstm5 


tm/m5  -  bm2tm5 


(3.3.14) 


(tm/m5  -  bm;tms) 
(tm,bms  -  BM>5 


From  equations  (3.2.4)  and  (3.3.12)  we  can  also  write  the  following. 


(3.3.15) 


:v:v:v/Xv?v:vCv:v: 
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tm,  tm4  bm2  bm4 

^ 


(3.3.16) 


We  can  now  relate  the  elements  of  the  [W]  matrix  to  the  eigenfunctions  at 
that  depth.  Once  again  it  should  be  pointed  out  that  these  relations  are 
only  true  at  phase  velocities  corresponding  to  normal  modes  for  which 
A  =  0.  So  from  equations  (3.3.11),  (3. 3. 14),  (3.3  15)  and  (3.3.16)  we  can 
write  the  following. 


*11 

k  =  RA'  (n.u) 

E^i) 

*12 

E4(i) 

*13 

E  i(*) 

*14 

E7[z) 

*13 

k  =  RA  (n,u  ) 

£,(*) 

*21 

i 

Es(*) 

*23 

k  “r^1 

1 

£,(*) 

*22 

| 

1 

E4(2) 

*23 

k- rA  (n,w) 

£,(*) 

*24 

E2(z) 

*23 

j  k  =  RA  (n.w) 

E  i(*) 

*23 

E2(?) 

*13 

J  k  =  RA‘  (n.u  ) 

E  ,(i) 

i 


i 

! 

t 
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These  equations  allow  us  to  express  the  |W  matrix  as  follows. 


1*1 


(n.w) 


^(TM,BMs  -  BM,tMs)  ■  (3.3.18) 


£i  £j 

E,  E,  E, 

^3^2  ^<^2  +  ^2  +  ^2 

~Ff  ~7f  *  £7  + 17 


The  numerator  vector  elements  defined  in  equation  (2.5.62)  can  be  defined 
at  depth  as  follows. 


( 


|yi(*) 

.  _  1  . 

Nj(r) 

|y2(2) 

'  - 

A(z) 

N2(r) 

(3.3.19) 


Finally  we  can  write  the  numerator  vector  elements  evaluated  at  eigenphase 
velocities  as  follows. 


$,(*) 

N2(z) 


;k=B/f  (n.w) 


— (tm,bm5  -  bm,tm5) 


M 


(3.3.20) 


E  E 

^  3^  2 

E  2 

^  1 


E  E 
£  r  2 


+  l 

r. 


+ 


1 


£•  2 
^  2 

E  2 

r  1 


1 A ( )  {£} 


k  =  RA'  (n,u>) 


Equation  (3.3.20)  is  a  general  form  of  equation  (2.5.63)  and  if  we  let  z  =  0 


these  two  equations  are  identical. 

We  can  follow  the  development  given  by  equations  (2.5.64) 
through  (2.5.67)  to  eliminate  the  propagator  matrix.  The  two  elements  of 
{N}  in  equation  (3.3.20)  can  be  expressed  as  follows  using  equation  (2.5.61). 


k  =  RK  (n,u>) 


-i— (TM4BM5  -  BM4TM5)  •  (3.3.21) 

M5 


•  [-£,(.)  -E4(.)£,(z)  E2(i)  - 

+  A33K’z)  ^A43(zS'z)  ~Alj(VZ)  ~A23(VZ) 

+  A34(is,z)  ^A44(zs,i)  -A,4(zs.z)  -A24(z#,z) 

-ASl(Vz)  -A4l(V*)  -fAll(Zs-Z)  -A21<VZ) 

-a32(zs,z)  -A42(zg,z)  +A,2(zs,z)  *A22(zs,z) 


{£} 

!‘-r* 


k  =  RA  (n,w) 


r2(«) 

£,(*) 


k  =  RA  (n.u') 


(3.3.22) 


Using  the  rearranged  {E}  vector  given  by  equation  (2.5.66)  we  can  now 
write  the  numerator  vector  as  follows. 


(3.3.23) 


R*l(z) 

RN2(*) 

R*3(z) 

rN4(*) 


|k  =  RA  (n.w) 


(TM4(z)BM5(z)  -  BM4(z)TMs(z))  ; 

TMj(z)  k=  r A  (n.u;) 


t“(n-)  {R£(n.^.zs:z)}  {RE  (n,w\z;z)} 


where  (R£)  is  a  version  of  the  Rayleigh  eigenfunctions  which  is  "normal- 


ized"  at  some  arbitrary  depth,  zv  and  is  as  follows. 
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{rE( n,w,i;iN)}  =  ■■  --  1 - -  {R£(n,u;,z)}  (3.3.24) 

r£T  j(n,u;,iN) 

Obvious  corollaries  are  given  below. 


{E  (»n:*n)} 


^S^N')/^  l(zN’) 

£4^n)/£i(*n) 


{E(z;0)}=  {E(z)) 


(3.3.25) 


{£(i2;zn)}=  lAtzj.ij):  {E(z,;in)}  (3.3.26) 

Equation  (3.3.26)  allows  us  to  express  the  numerator  vector  given  by 
(3.3.23)  at  receiver  depth,  tf,  but  still  allow  us  to  normalize  the  eigenfunc¬ 
tions  at  some  arbitrary  depth,  z^,  and  this  is  given  as  follows. 


<R*(‘r»i 


(TM4(zn)BM5(zn)  -  BM4(zn)TM5(*n)) 


k-=R/f  (n,w) 


5‘1N' 


(3.3.27) 
k«RA'  (n.w) 


'  jiRS(n.w-);  {R£(n,^,zs;zN)}j  {RE  (n,w,zr;zN)} 

Finally  we  can  write  down  the  frequency  dependent  displacements  at  some 
receiver  location  (rr,0r,z.)  in  a  manner  similar  to  equation  (2.5.72)  as  follows. 


Ru(u;,rr,0r,zr)  -  -  Rq1  ~  R^I  (3  3.28) 

"  ‘E  E  (k  RA(n,w,aN)  ;rE( (RE  (n,u\if;*N)} 


where  RA  is  a  depth  dependent  amplitude  factor  similar  to  RA  in  equation 
(2.5.74)  and  is  given  below. 


f(A  (n,u.’,ly;) 


(TM4(zn)BM5(zn)  -  BM4(zn)TM5(zn)) 


1M5(zn)3A(zn)  3k 
and  R$  is  defined  as  follows. 


k  =  RK  (n. 


(3.3.29) 


R*(n,*,m.zr,«r,zr;zN)  =  RE  j(n,w\*r;zN)  P (n,w,m,rr>0r)  +  (3.3.30) 

-  RE2(n,u,-.zr;zN)  6(n,w,m,rr,«r) 

We  have  succeeded  in  deriving  modal  solutions  which  depend 
only  on  the  minor  matrix  elements  and  eigenfunctions  which  can  be  normal¬ 
ized  at  any  depth.  The  values  of  the  eigenfunction  vector  {£"}  can  always  be 
computed  at  the  normalization  depth,  z^,  using  equations  (3.3.25),  and 
(3.3.14)  to  (3.3.16).  Using  this  as  a  starting  solution  the  recursive  method  I 
described  in  the  previous  section  can  be  used  to  compute  the  eigenfunctions 
at  the  source  and  receiver  depths.  Whenever  the  source  and  receiver  are  at 
the  same  depth  we  can  directly  compute  the  modal  solutions  by  setting  the 
normalization  depth  to  the  source  and  receiver  depth.  We  can  use  this 
method  for  computing  modal  synthetic  seismograms  for  oceanic  structural 
models  for  which  receivers  are  on  the  ocean  bottom  and  the  sources  are 
within  the  oceanic  crust.  For  this  example  the  normalization  depth  is 
chosen  to  be  equal  to  the  c xrar.  bottom  depth  at  which  energy  levels, 
corresponding  to  trapped  modes  on  or  close  to  the  solid-liquid  interface,  will 
be  suitably  high 


Although  I  have  referred  to  the  eigenfunctions  as  being  norm-  ! 
ized,  I  have  used  this  word  rather  loosely  in  that  the  normalization  is  coi.v 
pletely  arbitrary  and  is  accomplished  by  setting  the  first  element  of  the 
eigenfunction  vector  to  unity  at  some  specified  depth.  The  specification  of 
the  normalization  depth  must  be  made  prior  to  computing  the  eigenfunc¬ 
tions  and  sometimes  it  is  not  obvious  how  this  depth  should  be  chosen.  It 
would  be  desirable  to  normalize  the  eigenfunctions  in  some  integral  norm 
sense  with  respect  to  depth  which  would  eliminate  the  necessity  for  chosing 
a  normalizing  depth  while  at  the  same  time  allowing  accurate  computations 
of  the  eigenfunctions.  In  order  to  do  this  let  us  consider  a  solution  for  one 
mode  from  equations  (3.3.28),  (3.3.29)  and  (3.3.30).  We  could  express  the 
normalization  depth  dependent  part  of  this  solution  as  follows. 

S(Vzs)  =  Mz\)  ^ i(Vzn)  ^ i(z»:zn)  (3.3.31) 

Although  I  have  referred  to  this  as  the  part  of  the  solution  which  is  depen¬ 
dent  on  the  normalization  depth,  clearly  the  final  modal  solution  itself  is 
independent  of  the  normalization  depth  and  only  the  individual  factors  on 
the  right  hand  side  of  the  equation  show  any  dependence  on  zv  Since  the 
solution  is  independent  of  the  normalization  depth  it  would  be  desirable  to 
rewrite  the  right  hand  side  of  the  equation  as  follows. 

S(Vzs)  =  E  j(*r)  E 2(zJ  (3.3.32) 

In  this  equation  E  refers  to  eigenfunctions  which  have  been  normalized  in 
some  different  manner  than  E .  Since  we  can  chose  the  normalizing  depth 
arbitrarily,  we  can  write  equation  (3.3.31)  as  follows  using  equation  (3.3.25). 


5(*r;l»)  =  A  (*»)  ^ifW 


(3.3.34) 


We  can  also  show  the  following  from  equation  (3.3.24). 

^i(*s'*r)  =  ^/^'i(zr'I»)  (3.3.35) 

Combining  equations  (3.3.33),  (3.3.34)  and  (3.3.35)  we  arrive  at  the  follow¬ 
ing. 

S2(zr;rs)  =  A(*f)A(z$)  (3.3.36) 

Comparing  this  to  equation  (3.3.32)  produces  the  following  result. 

£*(*,)£*(«,)  =  A(zr)A(zs)  (3.3.37) 

Since  (3.3.37)  must  be  true  for  all  source  and  receiver  depths  we  can  write 
the  following. 


E  j2  (z)  =  A  (z)  (3.3.38) 

\E  i(z)j  »  vlfr)  (3.3.39) 

We  have  finally  succeeded  in  deriving  normalized  eigenfunctions  which  do 
not  depend  on  a  normalization  depth  It  should  be  once  again  pointed  out 
that  all  of  the  eigenfunctions  given  here  are  similar  and  conform  to  the  fol¬ 
lowing  rules. 


r,(z)  _  f,(«)  _  Ex (i) 

E}(i)  "  EJz)  "  Eh' 

where 


(3.3.40) 


i,j  =  1,2,  3,  4 


<«L^| 
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We  can  compute  the  magnitude  of  the  first  element  of  {E }  at  any  depth 
using  equations  (3.3.39)  and  (3.3.29).  We  can  then  compute  the  other  ele¬ 
ments  of  {£}  using  equations  (3.3.14),  (3.3.15)  and  (3.3.16).  This  then  gives 
us  a  method  for  computing  normalized  eigenfunctions  to  within  a  factor  of 
plus  or  minus  one  at  any  depth  as  a  functions  of  minor  matrix  elements 
only. 

The  frequency  dependent  displacement  solutions  from  equation 
(3.3.28)  can  be  expressed  in  terms  of  {£■ }  as  follows. 

Ru(a>,rr,0r,zr)  =  -  RoI  -  R^1  (3.3.41) 

-  '£  £  (k  iR£(n,uMn);  {r£  (n.w,zJ}R57(n,u>.m.rr.0r,zr)) 

d  m  • 

where, 

R$"(n,Lj,m,zr,flr,zr)  =  Rr,(n,w,zr)  P(n.w,m,rr.0r)  -  (3.3.42) 

rE 2(n,u.',zf)  £(n,ta/,m,rr.0r) 

The  problem  is  completely  reduced  to  evaluating  the  eigenfunc¬ 
tion  vector,  {E }.  From  equation  (3.3.38)  we  can  see  that  this  evaluation 
amounts  to  computing  A  at  the  source  and  receiver  depths.  In  order  to 
simplify-  the  expression  for  A  given  by  equation  (3.3.29)  we  first  need  to 
derive  a  general  relation  which  exists  among  the  elements  of  the  minor 
matrix.  Consider  equations  (2.5.27)  which  constrain  the  elements  of  the 
stress-displacement  vector  and  which  are  valid  at  all  frequencies  and  phase 
velocities.  We  can  extend  these  equations  to  any  depth  to  give  the  follow¬ 
ing  constraining  relations. 


!td(z);{tv(z)}=  (o) 


(3.3.43) 


iBD(z)]  {Bv(i)}  =  {0} 

In  these  equations  the  vectors  {^v}  and  (Bv)  simply  refer  to  some  depth 
dependent  vectors  which  can  be  equal  to  the  stress-displacement  vector  or 
the  stress-displacement  vector  minus  the  source  jump  vector  propagated  to 
depth  i  depending  on  whether  r  is  above  or  below  the  source  depth.  Equa¬ 
tions  (3.3.43)  are  the  same  as  the  constraining  relations  for  the  eigenfunc¬ 
tions  which  are  expressed  by  equation  (3.2.3)  except  that  equations  (3.3.43) 
are  valid  at  all  phase  velocities  and  obviously  (1v)  =  {Dv}  =  {£}  at  eigen- 
phase  velocities. 

As  we  did  with  the  eigenfunctions,  we  can  relate  the  three  and 
four  elements  of  {v}  to  the  one  and  two  elements  as  follows. 


Mj  M,| 


3 

' 

v3 

‘  Ms 

^  M5 

* 

"I 

V4 

m2 

m4 

_«r  —  - 

V2 

i 

Mr 

Mr 

.  . 

(3.3.43) 


We  have  dropped  the  T  and  B  superscripts  to  indicate  that  equation 

(3.3.43)  is  valid  in  both  cases.  We  can  just  as  easily  relate  the  one  and  two 
elements  to  the  three  and  four  elements  directly  from  equations  (3.3.43)  as 
follows. 


-1 

1 

V1 

D11 

°12 

D1S 

dh 

v3 

v2 

°21 

D22 

D2S 

D24 

V4 

1  l 

Mi  _  M^ 

Mi  “  h 


Ml  M, 


(3.3.44) 


Comparing  equations  (3.3.43)  and  (3.3.44),  the  following  must  be  true. 


m4 

M, 

- 1 

M? 

+  M1 

Mi 

M5 

*  M5 

m2 

m2 

m4 

'  m; 

Mi 

*  K 

+  MS 

(3.3.45) 


This  equations  leads  to  the  final  result  which  is  given  below  for  both  top 
and  bottom  minor  matrix  elements 


TMj(z)TM5(z)  +  TM22(z)  -  TM3(z)TM4(z1  0 
BM1(z)BM5(z)  +  BM22(z)  -  BM5(z)BM4(z)  -  0 


(3.3  46) 


Equations  (3.3.46)  are  true  at  all  frequencies,  phase  velocities  and  depths 
and  effectively  eliminate  one  of  the  five  linearly  independent  minor  matrix 
elements.  Unfortunately  since  these  equations  are  non-linear,  we  cannot 
reduce  the  ]R’  matrix  down  to  a  four  by  four,  however  we  can  use  the  equa¬ 
tions  as  an  independent  check  on  the  numerical  accuracy  of  the  minor 
matrix  elements  at  any  frequency,  phase  velocity  or  depth. 

We  can  use  equations  (3.3.46)  directly  to  simplify  the  expression 
for  the  Rayleigh  characteristic  function  giver  by  equation  (3.3.10)  as  fol¬ 
lows. 


„A  =  TM5  A  =  TM,bM.  4  bM,tMs  -  2  tM,bMj 


(3.3.47) 


4  tm3bm4  -  hm3tm4 


This  equation  can  also  be  written  as  follows  using  equations  (3.3.46). 


,A  =  TM5  A  =  -  (TMj  -  bMj)(TM5  -  BMs)  r.M2  bM2)2 

-  (tm5  -  bm5)(tm4  bm4) 


(3.3.48) 


r-'.- • V-  Sv-V-'i'-'r- V.'-V-V- .-V'.- v-./,-, \  . 


s 


We  can  readily  verify  equations  (3.3.46)  at  the  top  and  bottom  of  the  struc¬ 
ture  for  boundary  conditions  given  by  equations  (3.1.10)  through  (3.1.14). 
We  can  also  derive  certain  relations  among  the  elements  of  the  [R  matrix 
which  must  be  true  in  order  for  equations  (3.3.46)  to  hold  at  all  depths. 
Using  equation  (3.1.18)  we  can  write  the  following 


Mi(z2)M5(i2)  -  M22(z2)  -  M,(zj)M4(z2)  =  (3.3.49) 


=  e(r„rs,  -  R2U  rs,r„)  - 

1=  1 '  1 

-  e|  t  (*,iVRlJRS.*JR*VRSiVRSjR4.)Mi(,l|MJ(,l> 

where  all  of  the  |R  matrix  elements  go  from  Zj  to  z2.  We  know  that  equa¬ 
tion  (3.3.49)  must  be  equal  to  zero  which  gives  us  a  starting  point  for  deriv¬ 
ing  the  following  relations  among  the  elements  of  the  [R’  matrix. 


R12R52  +  R22  '  R32R42  =  1 


(3.3.50) 


R  1 1 R 55  4  R1SRS1  ^  2  R 2 1 R 2 5  4  R31R45  R35R41  1 


R1SR54  R  1 4R  53  ^  2  R  2 3 R 24  4  R33R44  +  R34R43  '  1 


RhR5^R2^  R3,R4,  =  °-  ■-  1-3-4-5 


R,,Rr  -  R.Rr.  -  2  R  „ .  R  „  -  R..R.  -  R.  R..  =  0. 


T 
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RliR55  -  R15RSi 


2  R2SR2i  -  RSiR45  ""  R35R4i 
i  =  4.  5 


Equations  (3.3.50)  give  us  fifteen  non-line&r  relations  among  the  fifteen 
linearly  independent  elements  of  the  R  matrix  and  they  allow  us  to  make 
an  important  statement  regarding  the  Rayleigh  characteristic  functions 
given  by  equation  (3.3.48).  Using  these  relations  we  can  6how  that  A  is 
independent  of  depth. 


A(zj)  =  A(z2) 


(3.3.51) 


lows. 


We  can  now  go  back  and  rewrite  A  from  equation  (3.3.29)  as  fol- 


RA  (n,w,i)  - 


(TM4(z)BM5(z)  -  BM4(z)TM5(z)) 
A(~\k )  Bk 


.  K  (n.y 


(3.3.29) 


Finally  using  equation  (3.3.38)  along  with  (3.3  14),  (3.3.15)  and  (3.3  16)  we 
can  derive  the  following  expressions  for  the  normalized  eigenfunctions. 


(3.3.53) 

,£j2(h,~m)  =  RA(n,u>)  (TM4(^.k,z)BM5(w.k,z)  BM4(v,k,z)TM5(w,k,z)) 


,E ^  (n,w,z)  =  RA(n.u)  (TM5(w,k,z)BM5(v.k.zl  -  BM5(w.k,z)TM5(^k,z)) 

'  k  =  R  A  ( n  - 

;£s2(n,u,,z )  =  RA  (n,w)  (TMj(*,k.i)BMI(»  .k,i )  BMs(-  .k,z)TMj(c,k,r)) 

k-RMn- 

BM](*,k,z)TM.(y',k,r)| 


E  ?  (n,w,z)  =  RA(n,u;)(TM1(w.k.r)BM  (*-,k.«) 


K  dnA(~.k)  ak 

R  k-  RA  !n  .) 

We  can  also  derive  the  following  relations  which  involve  products  of  the 
eigenfunction  vector  elements 


r£  j ( i‘  — .2 ..  j.£  2' r  ■  -  .1 

=  RA(n,w)  (TM5(.'.k.i)I5M.,(^  -k.2)  BM;U  .k.7jT\l2U,M) 

R  F.  2' f.  -  ■/  i  p  /-  *'n.-  1 

-  R.\  (n,*)  (TM2(^,k.z)HM,(- .k.H  HM:'-  .k.z)TM5(^.k.2)) 


(3.3.55) 


k  =  RK  (n.u) 


lk=RA'(n.^) 


r£  j  ( n j  h£  4(n-  .u 


=  RA  (n,-.)  (TM4(-.k.z)BM2(^.k.i:  HM4(  ...k.z)TM2(^.ka)) 


j  k  =  R h  (n. 


R£Ts(ri.-.z)  H 
=  RA  (n.^  )  (TM1(.'.k.2)HM,,!-  s./  ' 

Equations  (3  3  53)  aliow  u- 
tions  to  within  factors  of  pin.-  or  in::, 
ture  directly  as  a  function  of  minor  n 
of  the  propagator  matrix  1  qua”  ■ 
signs  of  the  eigenfunct  i-  > 

These  equations  also  a".ow  us  t  u  ■ 


l  4i  r.,-  .7  ) 

H\t,  .  K  Vi  ,  ..  >..7  ■  , 

k  vh''  - 

’■  cor. ;>•:'«  • !  !  four  P-SV  eigt  i.func- 
us.<  at  any  depth  within  the  struc- 
« 1.  .••.••'lit*  without  the  direct  use 
w.h  ahuw  us  to  compute  th< 
r*.ative  to  one  of  the  element" 


checks  c;f  numerical 


accuracy  at  any  depth  since  they  must  be  consistent  with  equatic 
(3.3.53).  However  we  are  still  left  with  a  one  hundred  and  eighty  degrr 
phase  ambiguity  for  the  eigenfunction  vector  as  a  whole  and  this  ambigui  v 
must  be  resolved  whenever  the  source  and  receiver  are  at  different  depths. 

My  purpose  for  the  development  in  this  section  was  to  provide  a 
way  for  computing  eigenfunctions  at  depth  directly  as  a  function  of  minor 
matrix  elements  which  had  independent  checks  for  verifying  numerical  accu¬ 
racy.  Although  I  have  come  very  close  to  this  objective,  I  am  frustrated  by 
the  phase  ambiguity  in  my  derived  solutions.  This  ambiguity  is  resolved  by 
using  the  propagator  matrix  and  the  details  of  the  numerical  algorithm, 
which  uses  as  its  basis  the  results  of  this  section,  will  be  given  in  the  last 
section  of  this  chapter.  Before  giving  this  however,  I  will  make  the  deriva¬ 
tions  complete  by  showing  eigenvalue  and  eigenfunction  relations  for  SH 
and  acoustic  waves  in  a  manner  and  notation  which  is  consistent  with  those 
used  for  P-SV  waves. 

3.4  Computation  of  the  Love  and  Acoustic  Eigenvalues  and  Eigen¬ 
functions 

Love  wave  model  synthesis  has  never  suffered  from  numerical  sta¬ 
bility  problems  to  the  extent  that  Rayleigh  waves  have  and  so  SH  modal 
synthetics  are  rather  common  tn  the  literature.  For  this  reason  I  have  not 
emphasized  the  SH  case  and  have  given  SH  derivations  only  in  the  interest 
of  presenting  a  complete  solution  for  the  case  of  elastic  wave  propagation. 
With  this  in  mind  I  will  simply  write  down  the  SH  modal  solutions  in  terms 
of  eigenfunctions  which  are  normalized  in  a  manner  similar  to  the  Rayleigh 
eigenfunctions. 
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Love  wave  eigenvalues  are  defined  whenever  the  Love  characteris¬ 
tic  function  is  zero  which  is  repeated  below  from  equation  (2.5.46). 


i,A(u>,k)  =  -  LBDj(w,k,0) 

Since  the  [^Dj  matrix  for  Love  waves  is  in  fact  a  two  element  row  vector,  we 
can  consider  the  two  elements  of  to  be  functionally  equivalent  to  the 
Rayleigh  minor  matrix  elements.  The  values  of  at  different  depths  are 
computed  directly  by  using  the  two  by  two  Love  propagator  matrix.  In  this 
case  there  is  no  need  to  derive  an  equivalent  [^R  matrix.  The  Love  eigen¬ 
function  vector  has  only  tw-o  elements,  however  we  can  relate  the  stress 
eigenfunction  to  the  displacement  eigenfunction  in  a  manner  similar  to  the 
Rayleigh  eigenfunction  relation.  We  can  thus  write  a  final  solution  for  SH 
waves  as  follows. 


Lu(-Vr-Vr>  =  -  L 3l  (3  41) 

-  'EE  (k  [LE(n,w,m)  ij  (n’w’z,)}  L^'(n’u;’m’rr'0r’zr)) 

nm 

where  |LEj  is  given  by  equation  (2.5.70)  and 

Lif(n,-:.m,rr,0r,zr)  =  LE  5(n,u\zr)  C(n,-;,m,rr^r)  (3.4.2) 

and  }  is  a  two  component  eigenfunction  vector  which  has  been  normal¬ 
ized  in  a  manner  similar  to  the  Rayleigh  eigenfunction  vector  and  is  given 
below. 


LA(^.k)  --  LTD2U',k,z)|HI)j(_.k.7)  -  LBD2(w,k.z)LTD,U',k,z)  (3.4.3) 


i  «r>  *|.y  ^  -pa 


a 


I 

ii 

i1 

3 


S3 


A  (n,u/) 


3  ^A(~',k)/dk 


(3.4.4) 


k  =  Ltf  (n,w) 


LEj(n,w,z)  =  LA  (n,w)  LTD2(u',k,z)LBD2(^,k,z) 


(3.4.5) 


k=L*(n,w) 


\E, 2  (n^t*)  ~  ^A(n.u;)  jjDj(u\k,z)jBD1(w,k.z) 


k=  j  K  (n.ui) 


^E  j(n,^',z)  ^E  2^n,u»,z) 


(3.4.6) 


(3.4.7) 


LA(n.^)  ITD1(^,k.z)LBD2(w,k,z) 


j  k  =  L  h  ( n . 


LA(n,u>)  jjD2(^.k.z)LBDj(^,k.z) 


!k  =  LA-(n, 


Modal  synthesis  for  purely  acoustic  structures  is  very  similar  to 
SH  modal  synthesis.  Once  again  the  AD  matrix  is  in  fact  a  two  element 
row  vector  with  the  elements  being  functionally  equivalent  to  the  P-SV 
minor  matrix  elements.  Also,  as  with  Love  waves,  the  two  by  two  acoustic 
propagator  matrix  is  used  directly  to  compute  jAD  at  different  depths.  The 
fundamental  difference  between  acoustic  and  Love  waves  is  that  the  modal 
solution  for  acoustic  waves  contains  the  same  vector  cylindrical  harmonic 
components  as  for  P-SV  waves  and  in  fact  we  can  consider  acoustic  waves 
to  be  a  special  case  of  P-SV  waves.  Thus,  whereas  Love  eigenfunctions  are 
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completely  decoupled  from  Rayleigh  eigenfunctions  and  can  exist  simultane¬ 
ously  with  Ray  eigenfunctions  at  the  same  eigenphase  velocity,  acoustic 
eigenfunctions  are  completely  coupled  with  Rayleigh  eigenfunctions  and  the 
acoustic  modal  solution  is  identical  in  form  to  the  solution  for  Rayleigh 
waves  given  by  equations  (3.3.41)  and  (3.3.42).  Whenever  a  layer  within  a 
structure  is  acoustic  the  Rayleigh  eigenfunction  vector  becomes  an  acoustic 
eigenfunction  vector  which  still  has  four  components  corresponding  to  verti¬ 
cal  and  horizontal  displacement  and  normal  and  shear  stress.  However  in 
acoustic  layers  the  fourth  eigenfunction  vector  component  (shear  stress)  is 
identically  zero  at  all  depths  within  that  layer  and  the  horizontal  displace¬ 
ment  and  normal  stress  components  (elements  two  and  three)  are  linearly 
related  (equation  2.4.48)  as  shown  below. 


(A£(n^’,z)}  =  j 


r£  j(n,u>,z) 

ftLj(n,~,z) 


(3.4.8) 


^£^(0,1*;^)  =  0,  for  acoustic  layers 


^E2(n,jj,z)  =  -  — —  rE  3(n,u,',z),  for  acoustic  layers 
pc2 

The  equations  for  the  normalized  acoustic  eigenfunctions  are  identical  to 
those  for  Love  waves.  Thus  for  an  acoustic  layer  the  P-SY  eigenfunctions 
are  as  follows. 


rAU-,I0  =  ATD2(^,k,z)ABD,(^.k.z)  -  ABD2(w,k,z)ATD,(u;,k,z)  (3.4.9) 


RA  (".-') 


1 


A,  ^  ,k )  dk 


ik  =  RA'  (n.^) 


r£j  (n,w,z)  =  RA(n,^)  ^D2(u.\k,z)^D2(u,\k,z) 


(3.4.10) 


fc-R#f  (a.«) 


Rf22  (n,w,:)  =  RA  (d,u>)  j^rD1(w,k,*)jlPDl(i*',kTz) . 


k-oJUn,. 


R£j(n,u;,z)  R£2(n,u!,i)  = 


(3.4.11) 


(3.4.12) 


RA(n,u;)  ^Dj(u;,k,i)^D2(u;,k,z) 


I  k=  RX  (n,u;) 


-  RA(n,w)  ^D2(^.k,2)  ^Djf-^k,*) 


I  k-  jjA’  (n ,u?  j 


The  case  of  most  interest  to  seismologists  which  involves  acoustic 
layers  is  whenever  acoustic  layers  coexist  with  elastic  layers  in  the  same 
structural  model.  Oceanic  models  are  a  good  example  of  this  and  I  w  ill  be 
using  oceanic  structures  as  examples  of  numerically  stable  eigenfunction 
computations  as  well  as  complete  modal  synthetic  seismograms.  When  com¬ 
puting  the  P-SV  eigenfunctions  as  well  as  the  modal  solutions  within  a 
structure  with  both  acoustic  and  elastic  layers,  one  simply  uses  the 
appropriate  relations  which  I  have  given  previously  depending  on  the  depth. 
In  chapter  two  I  gave  the  interface  boundary  conditions  at  solid-liquid 
interfaces  and  these  are  repeated  below  in  terms  of  the  minor  matrix  ele¬ 
ments. 


1.  For  a  solid  to  liquid  interface: 


*«  .V  .V  \ 
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A 

A 


R^l 

R^4 


2.  For  a  liquid  to  solid  interface: 


(3.4.13) 


R^l  “  0 
R'^2  =  0 


R'^S 


AD1 


rM4  -  o 


RM5 


AD2 


(3.4.14) 


At  this  point  I  have  developed  all  of  the  elastic  wave  theory 
necessary  for  computing  modal  synthetic  seismograms  for  SH  elastic,  P-SV 
elastic,  acoustic  and  mixed  acoustic-elastic  problems.  In  the  final  section  of 
this  chapter  I  will  give  the  details  of  the  numerical  algorithm  used  to  com¬ 
pute  the  eigenfunctions. 


3.5  Rayleigh  Eigenfunctions:  The  Final  Numerical  Algorithm 

The  first  check  of  the  accuracy  of  equations  (3.3.53)  for  comput¬ 
ing  the  normalized  eigenfunctions  is  the  infinite  homogeneous  half  space 
structure  which  we  used  previously.  Once  again  an  exact  analytic  solution  is 
available  which  allows  us  to  compute  an  error  function  of  depth.  Figure  3-7 
shows  the  vertical  displacement  and  normal  stress  eigenfunctions  plotted  on 
a  logarithmic  (base  10)  scale  along  with  their  associated  error  functions  also 
plotted  on  a  logarithmic  (base  10)  scale.  In  this  case  we  renormalized  the 
eigenfunctions  such  that  the  vertical  displacement  at  the  surface  was  unity 
so  as  to  allow  ready  comparison  with  figures  3-1  to  3-3,  otherwise  equations 
(3.3.53)  were  used  directly  to  conpvie  the  eigenfunctions.  The  heavy  lines 
in  figure  3-7  refer  to  the  c\h<-'  so;  and  the  lighter  lines  are  the  direct 

results  of  equations  (3  3.53). 


Log  V« 


Figure  3-7.  Vertical  displacement  and  normal  stress  eigenfunctions  for  an  infinite  homogeneous 
half  spare.  The  thick  lines  represent  the  exact  solution  and  the  thin  lines  were  generated  using 
equations  (3.3.53) 
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It  is  apparent  that  the  log  error  never  gets  larger  than  10~8  of  the 
maximum  value  of  the  vertical  displacement  or  shear  stress.  However,  when 
compared  to  figure  3-3,  the  errors  shown  in  figure  3-7  are  larger  at  depths 
below  five  km.  It  appears  from  figure  3-7  that  the  error  at  all  depths  is 
scaled  by  the  maximum  value  of  the  eigenfunctions  at  a  single  depth  and 

_  D 

the  scale  factor  is  about  10  Since  all  of  the  computations  given  be  equa¬ 
tion  (3.3.53)  involve  square  roots  to  determine  the  eigenfunctions  them¬ 
selves,  this  error  translates  into  roundoff  errors  of  10“  16  for  the  squared 
eigenfunctions  which  is  the  double  precision  word  roundoff  error.  It  is  very 
likely  that  if  we  had  done  the  computations  in  single  precision  the  error  fac¬ 
tor  for  the  eigenfunctions  would  have  been  about  10  V 

The  next  check  of  the  accuracy  of  the  new  method  is  the  two 
layer  model  which  was  used  in  figures  3-4  to  3-6  and  the  results  of  this  are 
shown  in  figure  3-8.  This  figure  shows  the  vertical  displacement  and  normal 
stress  eigenfunctions  versus  depth  plotted  on  a  linear  scale  and  error  func¬ 
tions  of  depth  plotted  on  a  logarithmic  (base  10)  scale.  In  this  case  the 
heavy  lines  refer  to  the  previous  solutions  shown  in  figure  3-6  which  for  this 
comparison  is  considered  to  be  a  close  approximation  to  the  exact  solution. 
The  eigenfunctions  given  by  equations  (3.3.53)  overlay  the  heavy  lines  and 
thus  do  not  appear  separately.  The  error  functions  are  computed  by  dif¬ 
ferencing  the  eigenfunctions  from  equations  (3.3.53)  with  those  obtained  by 
the  simple  method  of  section  3  2  and  they  are  given  as  a  ratio  of  the  vertical 
displacement  eigenfunction  at  the  surface  which  has  been  set  to  unity  to 
preserve  the  comparison  As  wi’h  the  infinite  homogeneous  half  space,  the 
errors  for  this  two  layer  i  r<  •  to  be  constant  with  depth  and  are 

scaled  by  the  maximum  vain*  <r  »:■  eigenfunctions  with  the  scale  factor 


Vertical  Log  Error  Normal  Log  Error 

placement  Stress 


Figure  3-8.  Vertical  displacement  and  normal  stress  eigenfunctions  for  a  two  layer  over  a  half 
space  structural  model.  Layer  interfaces  are  at  depths  of  five  and  ten  km.  These  eigenfunctions 
were  generated  using  equations  (3.3.53). 
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being  about  lO*^. 

The  eigenfunctions  shown  in  figure  3-8  were  computed  fundamen¬ 
tally  in  the  same  manner  as  those  Bhown  in  figure  3-7  using  equations 
(3.3.53).  However  due  to  the  oscillatory  nature  of  the  eigenfunctions  it  was 
necessary  to  resolve  the  one  hundred  and  eighty  degree  phase  ambiguity 
which  is  inherent  in  the  solutions.  This  was  done  by  first  using  the  propa¬ 
gator  matrix  to  compute  estimates  of  the  two  displacement  eigenfunctions 
at  each  depth  value.  The  largest  of  these  two  values  was  then  used  to 
determine  the  sign  of  that  eigenfunction  at  each  depth.  Equations  (3.3.55) 
were  then  used  to  compute  the  relative  signs  of  the  other  three  eigenfunc¬ 
tions  and  the  signs  of  these  eigenfunctions  were  set  appropriately.  In  no 
instances  were  the  actual  numeric  values  of  the  eigenfunctions  which  were 
estimated  from  the  propagator  matrix  actually  used  as  the  final  output 
eigenfunctions  and  the  use  of  the  propagator  matrix  was  solely  to  determine 
the  eigenfunction  sign  with  depth  relationship.  Unfortunately,  because  of 
the  use  of  the  propagator  matrix,  it  was  necessary,  as  with  the  simple 
method,  to  employ  pseudo-layering  so  that  the  estimated  eigenfunctions 
were  not  in  error. 

If  one  compares  figures  3-1  to  3-3  and  figure  3-7  it  would  seem 
that  the  new  method  for  computing  eigenfunctions  is  less  accurate  than  the 
simpler  recursive  method  describer  in  section  3.2.  Although  this  is  true  for 
an  infinite  homogeneous  half  space,  in  general  this  will  not  be  the  case  and 
for  certain  types  of  structural  models  the  recursive  method  will  fail  com¬ 
pletely.  It  is  simple  to  explain  why  the  recursive  method  works  so  well  for 
the  infinite  homogeneous  half  space  if  we  examine  the  constraining  relation 
used  in  the  recursive  method  This  relation  insures  that  the  Sommerfeld 
radiation  condition  is  met  at  the  bottom  of  the  structure  and  for  an  infinite 
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homogeneous  half  space  this  forces  the  growing  exponential  solutions  with 
depth  to  be  identically  zero  at  all  depths  where  the  constraining  relation  is 
applied.  Thus  the  errors  for  the  recursive  method  in  this  case  tend  to  be 
scaled  at  each  depth  by  the  correct  value  of  the  eigenfunction  which 
exponentially  decays  with  depth.  The  errors  for  the  new  method,  however, 
appear  to  be  relatively  constant  with  depth  and  are  scaled  by  the  maximum 
value  of  the  eigenfunctions  over  the  entire  depth  of  the  structural  model. 
Thus  when  the  correct  eigenfunction  solutions  decay  to  less  than  about  10'  8 
of  the  maximum  value,  then  the  computed  eigenfunctions  are  in  error. 

The  recursive  method  works  at  least  as  well  as  the  new  method 
for  structural  models  which  involve  no  liquid  layers  and  which  have  mono- 
tonically  increasing  P  and  S  wave  velocities  with  depth.  Since  the  new 
method  is  computationally  more  expensive  than  the  recursive  method,  it  is 
desirable  to  use  the  recursive  method  whenever  possible  and  I  have  used 
this  method  to  compute  eigenfunctions  for  a  wide  variety  of  structural 
models  which  basically  conform  to  the  restrictions  given  previously.  Even  in 
cases  where  weak  low  velocity  zones  exist,  such  as  lithospheric  low  velocity 
zones,  the  recursive  method  works  quite  well  as  long  as  neither  source  nor 
receiver  is  within  the  low  velocity  zone.  By  computing  the  surface  stress 
values  from  the  constraining  relation  it  is  possible  to  check  the  numerical 
accuracy  for  each  mode  computation  and  whenever  the  surface  stress  values 
become  too  large  the  modal  contribution  for  that  mode  is  ignored.  The 
recursive  method  when  used  in  this  manner  becomes  functionally  identical 
to  the  method  developed  by  Kerry  (1981)  both  in  terms  of  the  manner  by 
which  the  channel  modes  are  identified  (by  checking  the  surface  stress 
values)  and  by  the  way  channel  modes  are  taken  into  account  (by  ignoring 
them). 


For  more  exotic  structural  models,  such  as  structures  with  multi¬ 
ple  strong  low  velocity  zones  or  structures  with  both  acoustic  and  elastic 
layers,  the  recursive  method  breaks  down  and  the  new  method  is  the  only 
way  that  I  know  of  to  compute  numerically  stable  eigenfunctions.  In  order 
to  demonstrate  this  I  will  first  show  results  for  a  structural  model  which  is 
an  infinite  homogeneous  elastic  half  space  which  has  embedded  within  it 
two  low  velocity  layers.  The  half  space  has  a  P-wave  velocity  of  6  km/sec 
and  a  S-wave  velocity  of  3.5  km/sec.  The  two  low  velocity  layers  are  each 
five  km  thick  and  have  P-wave  velocities  of  approximately  3  km/sec  and  S- 
wave  velocities  of  approximately  1.75  km/sec.  One  of  the  low  velocity  layers 
is  embedded  with  its  top  interface  5  km  below  the  free  surface  and  the 
second  low  velocity  layer  is  embedded  with  its  top  interface  15  km  below 
the  free  surface  so  that  the  final  structural  model  consists  of  four  5  km  thick 
layers  over  a  half  space  with  layers  one  and  three  having  the  same  elastic 
parameters  as  the  bottom  half  space  and  layers  two  and  four  being  the  low 
velocity  channels 

In  order  to  force  the  eigenvalues  to  be  distinctly  different  for 
channel  modes  the  P  and  S  wave  velocities  for  the  lower  channel  were  set  to 
be  slightly  higher  (by  one  part  in  1 05 )  than  those  of  the  upper  channel.  Fig¬ 
ure  3-9  shows  computed  eigenfunctions  for  the  first  two  modes  as  a  function 
of  depth  for  this  structural  model  at  a  frequency  of  seven  Hertz.  The  thin 
lines  on  this  plot  represent  the  computed  eigenfunctions  using  the  recursive 
method  and  the  thicker  lines  are  the  computed  eigenfunctions  using  the  new 
method.  Once  again  these  eigenfunctions  are  plotted  on  a  logarithmic  (base 
10)  scale  in  order  to  show  the  fine  derail.  In  this  case  the  true  normalized 
({£})  eigenfunctions  are  shown  m id  for  the*  recursive  method  the  surface 
eigenfunctions  were  set  equal  to  the  normalized  {£*}  eigenfunctions  at  the 


surface.  Abo  shown  in  figure  3  0  a  •  •  ery.>;  plots  on  a  logarithmic  (base  10) 
scale  for  each  mode.  Since  then  v>  as  no  exact  or  approximate  correct  solu¬ 
tion  to  compare  against  these  errors  were  computed  by  differencing  the 
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square  of  E  ^  65  computed  in  equations  13  3  33)  w  ith  the  product  of  E  j 

_  n 

and  Ej  as  computed  Ln  equations  (3.3  53).  The  square  root  of  this  differ¬ 
ence  is  computed  and  the  error  is  expressed  as  a  ratio  of  that  square  root 
with  E  j  i-  E  2  ■  These  error  plots  then  show  an  independent  check  of  the 
numerical  accuracy  of  the  computed  eigenfunctions  at  each  depth. 

At  high  frequencies  the  first  two  modes  correspond  to  SV  channel 
modes  which  are  trapped  in  the  low  velocity  layers.  The  eigen  phase  veloci¬ 
ties  for  both  modes  are  slightly  higher  than  the  S  wave  velocities  within  the 
low  velocity  layers  and  thus  the  P  waves  are  evanescent  throughout  the 
structure  and  S  waves  are  propagating  in  the  low  velocity  layers  and 
evanescent  in  the  surrounding  high  velocity  layers.  Since  the  P  and  S  wave 
velocities  in  the  upper  low  velocity  layer  are  slightly  less  than  those  in  the 
lower  low  velocity  layer,  the  eigen  phase  velocities  for  the  first  two  modes 
are  distinctly  separated,  in  the  infinite  frequency  limit,  and  the  two  modes 
are  "tuned"  to  each  low  velocity  layer  in  turn. 

In  Figure  3-9  we  can  see  that  the  recursive  method  produced 
rather  erratic  looking  eigenfunctions  whereas  the  new  method  produced  a 
pair  of  eigenfunctions  which  look  like  mirror  images  of  each  other.  At  a  fre¬ 
quency  of  seven  Hertz  the  two  low  velocity  layers  are  effectively  decoupled 
from  the  free  surface  and  we  would  expect  the  eigenfunctions  to  be  the  same 
as  those  that  would  be  obtained  if  the  top  boundary  were  replaced  by  an 
infinite  half  space.  We  would  also  expect  the  first  two  normal  modes  of  such 
a  structure  to  display  a  ctrong  symmetry  and  so  it  seems  likely  that  the 


eigenfunctions  produced  by  the  new  method  are  correct.  The  small  values 
of  the  error  functions  in  the  regions  where  the  peak  values  of  the  eigenfunc¬ 
tions  occur  would  tend  to  verify  this  conclusion.  As  with  the  previous  two 
examples,  the  eigenfunctions  appear  to  be  in  error  when  they  fall  to  about 
10~®  of  the  peak  value  and  this  also  can  be  ascertained  from  the  error  func¬ 
tions.  Even  with  this  very  ill  conditioned  example  it  would  seem  that  the 
new  method  produces  numerically  stable  eigenfunctions  at  depths  where  the 
normal  mode  is  energetic. 

The  final  algorithm  which  I  developed  uses  equations  (3.3.53)  to 
compute  the  eigenfunctions  and  equations  (3.3.55)  to  compute  an  error 
function  with  depth.  I  also  pseudo-layer  the  structure  and  use  the  propaga¬ 
tor  matrix  to  determine  the  relative  depth  to  depth  eigenfunction  signs.  The 
error  function  is  then  checked  at  each  interface  and  pseudo- interface  and,  if 
it  is  above  some  threshold  value  (10~2),  then  the  four  eigenfunctions  at  that 
depth  are  set  to  zero.  We  can  see  in  figure  3-9  that  applying  this  algorithm 
results  in  zero  eigenfunction  values  for  the  first  mode  from  the  surface  to 
about  three  km  depth  and  from  about  twelve  km  depth  on  down.  We  would 
thus  be  eliminating  the  small  amount  of  mode  coupling  that  exists  between 
the  two  low  velocity  layers  at  this  frequency  however  mode  coupling 
between  these  two  layers  will  be  much  more  pronounced  at  the  lower  fre¬ 
quencies  where  the  proper  coupling  will  be  computed  using  my  new  method. 


CHAPTER  IV 


NORMAL  MODE  SEISMOGRAM  SYNTHESIS: 

THE  NUMERICAL  ALGORITHMS 

Three  component  synthetic  spectra  due  to  Rayleigh  and  Love 
normal  modes  can  be  computed  using  equations  (3.3.41)  and  (3.4.1)  along 
with  the  equations  for  the  normalized  eigenfunctions.  The  fundamental 
mode  Rayleigh  and  Love  surface  waves  can  be  computed  using  these  rela¬ 
tions  and  low  frequency  synthetic  Rayleigh  and  Love  surface  waves  have 
been  computed  routinely  since  the  early  sixties.  The  synthesis  of  higher 
order  normal  modes  has  not  been  very  common  and  the  first  direct  com¬ 
parison  between  mode  sums  and  and  complete  synthetic  seismograms  by 
direct  wavenumber  integration  was  by  Swanger  and  Boore  (1978).  In  this 
case  only  a  few  modes  were  included  in  the  sum  and  most  all  of  the  com¬ 
parisons  were  done  with  SH  waves,  however  there  was  a  remarkably  good 
comparison.  Even  with  just  a  few  modes  included,  the  modal  summed  syn¬ 
thetics  showed  features  which  would  normally  be  attributed  to  geometric 
ray  arrivals.  However,  as  Swanger  and  Boore  pointed  out,  it  is  impossible  to 
obtain  exact  and  complete  solutions  of  the  elastic  wave  equation  using  only 
normal  modes  for  flat  earth  structural  models  which  have  an  infinite  half 
space  on  the  bottom. 

It  is  possible  to  represent  the  exact  and  complete  solution  of  the 
elastic  wave  equation  as  an  infinite  sum  of  normal  modes  for  spherical  earth 
models.  As  the  number  of  modes  in  the  sum  are  increased  the  frequency 
bandwidth  of  the  resulting  synthetic  seismograms  is  also  increased  and  so  a 


mode  sum  involving  a  finite  number  of  modes  effectively  places  a  frequency 
band  limit  on  the  resulting  synthetic  seismograms.  As  I  showed  in  chapter 
two,  the  exact  solution  of  the  elastic  wave  equation  for  flat  earth  models 
which  have  a  free  top  boundary  and  a  bottom  boundary  which  is  an  infinite 
homogeneous  half  space  involves  both  a  normal  mode  sum  and  branch  cut 
integral  contributions.  Normally  the  branch  cut  integral  contributions 
account  for  energy  which  cannot  be  represented  as  normal  modes  which 
have  real  eigenwavenumbers.  This  energy  is  typically  associated  with 
nearly  vertically  propagating  P  and  S  waves  and  part  of  this  energy  tends 
to  "leak"  away  into  the  bottom  half  space.  If  we  eliminate  the  bottom  half 
space  in  a  flat  layered  model  and  replace  it  with  a  free  or  fixed  boundary, 
then  the  branch  cuts  are  eliminated  and,  as  in  the  spherical  earth  case,  the 
complete  and  exact  solution  can  be  represented  as  an  infinite  mode  sum.  In 
this  case  the  totally  reflective  bottom  boundary  eliminates  the  possibility  of 
energy  leaking  out  to  infinite  depth  which  turns  this  into  a  layered  plate 
problem.  The  difficulty  with  plate  problems  is  that  the  eigenwavenumbers 
of  many  plate  modes  are  complex  and  they  are  quite  difficult  to  locate  in 
the  complex  wavenumber  plane. 

Modes  which  have  real  eigenwavenumbers  correspond  to  trapped 
or  locked  modes  and  their  energy  stays  within  the  layers  above  the  half 
space  and  does  not  leak  away  into  the  half  space.  For  fiat  layered  half  space 
structures  the  modes  with  real  eigenwavenumbers  can  only  occur  to  the 
right  of  the  S-wave  branch  point  on  the  real  wavenumber  axis.  Thus  the 
eigenphase  velocities  of  such  modes  must  be  less  than  the  S-wave  velocity  of 
the  bottom  half  space.  If  we  were  to  compute  synthetic  seismograms  using 
only  the  locked  modes  then  we  might  expect  the  resulting  synthetics  to  be 
good  approximations  to  the  complete  solution  at  the  tail  end  of  the  seismic 
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coda  where  the  slower  arrivals  would  account  for  most  of  the  energy.  Cer¬ 
tainly  we  would  not  expect  the  P-waves  for  such  synthetics  to  be 
represented  in  the  solution  since  for  typical  structural  models  the  P-waves 
would  travel  at  phase  velocities  higher  than  the  S-wave  velocity  of  the  bot¬ 
tom  half  space.  However  if  we  allow  our  structural  model  to  be  very  deep 
where  the  seismic  velocities  become  high,  we  might  be  able  to  synthesise  the 
P-waves  in  the  layers  near  the  surface  where  the  P-wave  velocity  could  be 
less  than  the  S-wave  velocity  at  the  bottom  of  the  structure.  This  is  exactly 
what  Kerry  (1981)  did  when  he  computed  synthetic  seismograms  using  only 
the  locked  modes  for  a  structural  model  which  went  to  1000  km  depth 
where  the  S-wave  velocity  was  close  to  eight  km/sec.  His  synthetics 
included  P-wave  arrivals  which  traveled  through  the  crust  at  velocities  of 
between  six  and  seven  km/sec  as  well  as  most  of  the  important  S-wave 
arrivals  which  traveled  throughout  the  structural  model.  He  showed  that 
nearly  complete  solutions  could  be  obtained  using  only  the  locked  modes  as 
long  as  the  structural  model  was  very  deep  with  resulting  high  S-wave  velo¬ 
cities  at  the  bottom. 

Very  thick  structural  models  are  relatively  expensive  to  compute 
since  the  number  of  locked  modes  at  a  given  frequency  tends  to  be  linearly 
related  to  the  thickness  of  the  model  and  since  the  number  of  layers  needed 
to  represent  a  structural  model  tends  to  increase  with  the  model  thickness. 
For  those  who  are  interested  in  wave  propagation  through  the  crust  and 
upper  mantle,  it  is  not  very  attractive  to  use  a  structural  model  which  goes 
down  to  depths  of  1000  km,  however  this  is  necessary  in  order  to  trap 
energy  associated  with  crustal  P-waves.  Even  if  we  use  very  thick  structural 
models  there  is  an  upper  limit  to  S-wave  velocities  for  realistic  earth  models 
which  will  place  an  upper  limit  on  the  phase  velocities  which  we  can 
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represent  in  a  mode  sum.  Thus  situations  in  which  strong  arrivals 
correspond  to  high  phase  velocities,  such  as  strong  motion  synthetics  where 
the  receiver  epicentral  range  is  small  compared  to  the  source  depth,  cannot 
be  adequately  modeled  using  mode  sums  as  long  as  real  earth  structures  are 
used,  regardless  of  the  thickness  of  the  structure. 

In  this  chapter  I  will  show  how  a  simple  modification  to  the 
structural  model  will  allow  complete  synthetic  seismograms  to  be  computed 
from  only  the  locked  modes  and  without  using  thick  structures.  This 
method,  which  I  call  the  locked  mode  approximation,  produces  synthetic 
seismograms  to  high  frequencies  and  phase  velocities  and  is  especially  useful 
for  crust  and  upper  mantle  problems  in  the  ten  to  five  hundred  km  distance 
range.  This  method  also  runs  significantly  faster  than  comparable 
wavenumber  integration  computer  programs  and  it  allows  timely  and  accu¬ 
rate  results  to  be  produced  on  a  relatively  small  and  slow  computer. 

In  the  following  chapter  I  first  describe  the  numerical  algorithms 
which  I  developed  to  compute  flat  earth  locked  mode  eigenvalues.  This 
includes  the  development  of  a  dynamic  scaling  method  which  gets  around 
the  problem  of  the  large  dynamic  range  of  the  elements  of  the  minor  matrix. 
Also  included  in  this  is  the  development  of  a  searching  algorithm  which  will 
find  all  locked  modes  at  a  given  frequency  in  an  efficient  manner  regardless 
of  the  complexity  of  the  dispersion  curves.  Next  I  show  how  frequency 
dependent  anelastic  attenuation  can  be  accounted  for  by  deriving  a  first 
order  perturbation  of  the  eigen  phase  velocities  Then  I  will  go  into  the 
details  of  the  computer  programs  which  produce  locked  mode  synthetic 
seismograms  from  a  starting  structural  model  to  the  final  three  component 
synthetics  at  user  specified  receivers  and  for  user  specified  sources.  Next  I 
will  discuss  in  detail  the  locked  mode  approximation  and  show  when  the 


approximation  breaks  down  and  how  spurious  arrivals  caused  by  the 
approximation  can  be  controlled.  Finally  1  will  show  examples  of  locked 
mode  synthetics  and  compare  these  against  synthetics  for  the  same  struc¬ 
tural  models  generated  by  other  synthesis  methods. 

4.1  Eigenvalue  Computation:  The  Mode  Searching  Algorithm 

Computing  the  Rayleigh  and  Love  eigenvalues  is  the  most  time 
consuming  part  of  the  total  task  of  computing  locked  mode  synthetic 
seismograms  This  is  due  to  the  implicit  relationship  between  the  phase 
velocity  and  the  Rayleigh  and  Love  characteristic  functions  which  forces  the 
use  of  a  zero  searching  algorithm  to  find  the  eigenvalues.  In  general  it  is  not 
possible  to  derive  inverse  characteristic  functions  analytically  and  so  the 
phase  velocity  (or  frequency)  is  changed  in  an  iterative  manner  to  cause  the 
characteristic  function  to  go  to  zero  A  consequence  if  this  implicit  relation¬ 
ship  between  phase  velocity  and  the  characteristic  functions  is  that  gen¬ 
erally  one  cannot  be  sure  that  all  of  the  locked  modes  at  a  given  frequency 
have  been  located.  Modes  which  have  been  missed  in  the  searching  algo¬ 
rithm  will  produce  incoherent  errors  in  the  final  synthetic  seismograms, 
assuming  the  missed  modes  are  distributed  randomly  in  the  frequency-phase 
velocity  domain,  and  even  a  small  percentage  of  missed  modes  can  render 
useless  the  final  results.  This  should  not  be  surprising  if  one  considers  the 
effect  in  the  time  domain  of  applying  a  small  number  of  very  narrow,  uni¬ 
formly  distributed  notch  filters  in  the  frequency  domain  spectrum  of  a  time 
domain  signal. 

The  first  and  foremost  criterion  for  the  mode  searching  algorithm 
is  that  it  be  reliable  and  by  that  1  mean  that  the  searching  algorithm  find 
ail  of  the  locked  modes  within  b  given  frequency-phase  velocity  window.  We 
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can  usually  devise  reliable  and  simple  searching  algorithms  by  stepping  the 
phase  velocity  at  nearly  infinitesimal  increments  and  looking  at  the  result¬ 
ing  characteristic  functions.  Such  algorithms  however  are  so  inefficient  from 
a  computer  time  standpoint  that  they  are  practically  useless.  On  the  other 
end  of  the  spectrum  we  can  usually  devise  simple  searching  algorithms 
which  are  very  efficient  but  which  tend  to  miss  modes  especially  when  the 
dispersion  curves  form  complicated  and  irregular  patterns  in  the  frequency- 
phase  velocity  domain.  The  speed  of  such  algorithms  is  usually  based  on 
assumptions  of  simplicity  and  regularity  of  the  dispersion  curves  and  when 
this  assumption  is  not  true  the  algorithms  become  unreliable.  There  is  an 
inherent  inverse  proportionality  between  reliability  and  efficiency  of  zero 
searching  algorithms  in  general  and  finding  the  correct  trade  off  between 
the  two  is  an  important  part  of  solving  the  locked  mode  synthesis  problem. 

Unfortunately  not  much  detailed  information  can  be  found  in  the 
literature  regarding  flat  earth  normal  mode  searching  algorithms.  It  is  a 
simple  task  to  find  the  fundamental  Rayleigh  and  Love  normal  mode  eigen¬ 
values  as  well  as  the  first  few  higher  order  modes.  The  searching  algorithms 
can  be  designed  rather  sloppily  for  these  cases  and  still  yield  useful  and 
inexpensive  results.  When  hundreds  of  modes  must,  be  located  over  a  wide 
frequency  range  however,  accurate  and  inexpensive  searching  algorithms  can 
be  quite  difficult  to  obtain  and  this  can  constitute  the  major  effort  of  a 
modal  synthesis  program  as  it  did  in  my  own  case. 

The  first  and  potentially  the  most  important  decision  which  must 
be  made  regarding  the  mode  searching  algorithm  is  which  of  the  indepen¬ 
dent  variables  frequency  and  wavenumber  (or  phase  velocity)  is  to  be  held 


constant  and  which  is  to  be  iterated  to  fi  the  zeroes  of  the  Rayleigh  and 
Love  characteristic  functions.  Traditionally  the  frequency  is  held  constant 
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while  the  phase  velocity  is  changed  to  find  the  eigenphase  velocities.  This  is 
the  method  that  I  use  and  I  will  explain  why  I  chose  this  method  over  other 
methods  which  have  been  used  in  the  past. 

The  major  effort  in  computing  synthetic  seismograms  for  flat  lay¬ 
ered  earth  models  is  the  computation  of  the  Fourier  and  Hankel  inverse 
integral  transforms  for  all  times  and  distances  of  interest.  The  inverse 
Fourier  transform  of  frequency  can  be  evaluated  in  an  efficient  manner  for 
all  time  values  using  the  fast  Fourier  transform  (FFT)  algorithm.  No  such 
numerical  technique  exists,  to  my  knowledge,  for  evaluating  the  inverse 
Hankel  wavenumber  transform  and  so  it  would  seem  reasonable  to  use  the 
mode  residues  to  approximate  this  integral.  In  order  to  use  the  FFT  to 
evaluate  the  frequency  integral  one  must  sample  in  the  frequency  domain  at 
equally  spaced  frequency  increments  starting  at  zero  frequency  and  going 
out  to  the  highest  frequency  of  interest.  The  frequency  increment  used  is 
inversely  related  to  the  time  window  of  the  resulting  synthetic  seismograms. 
One  distinct  advantage  of  using  a  FFT  to  compute  the  frequency  integral  is 
that  the  errors  due  to  this  particular  numerical  integration  scheme  are  well 
understood  and  easily  quantifiable.  Sampling  a  continuous,  analytic  function 
in  the  frequency  domain  will  produce  aliasing  in  the  time  domain  which  will 
manifest  itself  as  time  wrap-around  about  the  time  window  which  is  deter¬ 
mined  by  the  frequency  sampling  increment.  The  time  window  must  be 
made  large  enough  to  include  the  entire  seismic  coda  and  when  the  coda 
becomes  longer  than  the  time  window,  wrap-around  will  superimpose  the 
end  of  the  coda  on  the  beginning  of  the  coda  rendering  that  part  of  the  syn¬ 
thetic  seismogram  useless.  Thu1-  a  particular  frequency  sampling  increment 
places  an  effective  limit  on  the  maximum  source-receiver  range  which  can 
be  synthesized  without  significant  abasing  in  the  time  domain. 


An  alternative  approach  is  to  reverse  the  order  of  integration,  use 
the  mode  residues  to  approximate  the  frequency  integral  and  evaluate  the 
inverse  Hanlcel  transform  using  some  standard  numerical  integration 
method  and  this  was  done  by  Rosenbaum  (1960).  In  this  case  the  normal 
modes  are  found  by  fixing  wavenumber  and  searching  for  eigenfrequencies. 
This  technique  avoids  the  problem  of  time  aliasing  however  it  introduces  a 
number  of  problems  associated  with  the  wavenumber  integral.  If  there  are 
very  many  source-receiver  distances  of  interest  then  the  inverse  Hankel 
transform  can  be  expensive  to  compute  and  errors  in  the  numerical  integra¬ 
tion  are  not  well  understood  or  quantifiable  as  in  the  case  of  the  FFT. 
Although  this  approach  can  be  used  to  handle  certain  problems  involving 
very  long  seismic  codas  without  aliasing  in  the  time  domain,  this  approach 
is  much  less  efficient  than  the  traditional  method  due  to  the  necessity  of 
computing  the  inverse  Hankel  transform  numerically. 

A  third  approach  was  used  by  Kerry  (1981)  and  combines 
features  of  both  the  traditional  method  and  the  method  used  by  Rosen¬ 
baum.  The  original  order  of  integration  is  used  so  that  the  FFT  is  used  to 
evaluate  the  frequency  residue  and  the  mode  residues  are  used  to  approxi¬ 
mate  the  wavenumber  integral  however,  instead  of  searching  for  eigen  phase 
velocities  at  fixed  frequency  values,  a  set  of  fixed  phase  velocity  values  are 
used  and  the  mode  searching  is  accomplished  by  searching  in  the  frequency 
domain  as  Rosenbaum  did.  Kerry  does  this  to  increase  the  efficiency  of  the 
mode  searching  algorithm  and  he  gives  two  reasons  for  this  increase  in  effi¬ 
ciency.  If  one  looks  at  the  elements  of  the  [Rj  matrix  in  equations  (3.1.20) 
the  only  place  the  frequency  appears  is  through  the  arguments  of  the  tri¬ 
gonometric  functions,  and  $ g.  Thus  a  substantial  portion  of  the  algebra 
in  these  equations  is  only  dependent  on  the  layer  elastic  parameters  and  the 


phase  velocity.  If  one  looks  for  normal  modes  by  fixing  phase  velocity  and 
searching  in  the  frequency  domain,  all  of  the  arithmetic  which  is  indepen¬ 
dent  of  frequency  can  be  done  once  and  intermediate  computations  can  be 
stored  and  used  repeatedly  at  different  frequency  values.  This  results  in  a 
substantial  decrease  in  the  number  of  arithmetic  operations  required  at  dif¬ 
ferent  frequency  values  assuming  the  phase  velocity  remains  fixed.  The 
second  reason  Kerry  gives  for  searching  in  the  frequency  domain  is  that  for 
simple  structural  models  with  monotonically  increasing  velocities  with 
depth,  the  dispersion  curves  are  spaced  in  a  regular  manner  in  the  frequency 
direction.  This  makes  it  easier  to  design  a  simple  and  efficient  but  reliable 
searching  algorithm. 

I  rejected  Rosenbaum’s  approach  because  in  most  cases  that 
method  is  both  inefficient  and  inaccurate  due  to  the  numerical  wavenumber 
integration.  I  then  decided  to  follow  the  traditional  method  and  use  the 
FFT  to  evaluate  the  frequency  integral  and  the  mode  residues  to  evaluate 
the  wavenumber  integral  however,  instead  of  using  Kerry’s  method  to  find 
the  normal  modes,  I  decided  to  search  for  normal  modes  in  the  phase  velo¬ 
city  domain  at  fixed  frequency  values  that  would  be  used  in  the  FFT.  The 
approach  used  by  Kerry  necessitates  the  use  of  modal  interpolation  to 
resample  the  dispersion  curves  at  the  frequency  values  required  by  the  FFT. 
A  number  of  problems  come  about  due  to  this  interpolation  and  Kerry 
spends  considerable  effort  in  his  paper  discussing  these  problems  and  how 
he  deals  with  them.  The  choice  of  the  fixed  phase  velocities  used  in  the 
mode  search  is  arbitrary  and  to  a  certain  extent  the  problem  of  c hosing 
these  phase  velocities  is  similar  to  c hosing  the  wavenumber  values  in  a 
numerical  integration  of  the  inverse  Hankel  transform.  If  the  phase  velocity 
samples  are  too  far  apart  then  the  interpolated  modes  will  have  large  errors 
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and  so,  in  order  to  insure  accurate  results,  it  is  necessary  for  Kerry  to  take  a 
conservative  approach  and  use  finely  sampled  phase  velocity  values.  The  net 
result  of  this  is  that  he  must  locate  and  6ave  more  modes  than  would  be 
necessary  if  one  used  the  approach  that  I  took  (the  example  that  Kerry 
gives  in  his  paper  represents  three  times  the  number  of  modes  that  I  would 
have  needed  for  the  same  structure  and  frequency  bandwidth).  The  problem 
of  accurate  interpolation  of  normal  modes  is  also  very  dependent  on  the 
particular  structural  model  and  frequency  bandwidth  used.  The  presence  of 
a  weak  low  velocity  tone  in  the  model  that  Kerry  used  caused  a  number  of 
problems  for  him  and  had  he  used  a  complex  structural  model  with  stronger 
low  velocity  zones  and  to  higher  frequencies  it  is  not  at  all  clear  that  he 
would  have  been  able  to  use  his  method  successfully  without  using  exceed¬ 
ingly  fine  phase  velocity  samples  which  would  have  reduced  the  efficiency 
even  more  than  for  the  simpler  structure. 

As  I  have  stated  previously  one  of  my  major  objectives  in  this 
research  was  to  obtain  an  accurate  means  of  computing  synthetic  seismo¬ 
grams  for  the  widest  possible  range  of  structural  models  and  frequency 
bandwidths.  In  the  case  of  the  mode  searching  algorithm  I  chose  the  most 
reliable  and  accurate  course  which  had  satisfactory  efficiency.  In  view  of  the 
comments  I  made  previously  I  am  not  sure  that  Kerry's  mode  searching 
algorithm  is  in  fact  more  efficient  than  my  own  but  I  can  guarantee  that 
Kerry’s  algorithm  is  less  accurate  than  mine  because  of  his  use  of  modal 
interpolation.  The  only  sources  of  error  with  my  method  are  the  integration 
errors  due  to  the  FFT  and  the  exclusion  of  the  branch  cut  integral  factors 
and  I  will  show  the  manifestations  of  these  errors  later  in  this  chapter. 


Once  the  order  of  integration  and  order  of  mode  searching  has 
been  established  one  must  decide  upon  an  overall  strategy  for  the  mode 
searching  algorithm.  There  seem  to  be  two  basic  strategies  that  have  been 
used  in  the  past  and  in  the  end  I  made  use  of  both  of  these  strategies.  The 
first  strategy,  which  I  refer  to  as  the  zero  searching  strategy,  is  one  where 
one  variable  (frequency  in  my  case)  is  held  fixed  and  the  other  variable 
(phase  velocity  in  my  case)  is  changed  so  as  to  find  the  zero  crossings  of  the 
characteristic  function.  This  strategy,  if  used  alone,  treats  the  searching  of 
zeroes  at  each  frequency  in  an  entirely  independent  manner  and  it  does  not 
depend  upon  any  sort  of  mode  association  from  frequency  to  frequency.  In 
order  for  this  strategy  to  work,  if  used  by  itself,  the  zero  searching  algo¬ 
rithm  must  be  very  robust,  reliable  and  be  satisfactorily  efficient.  The 
second  strategy  which  is  commonly  used  is  what  I  refer  to  as  the  pole  track¬ 
ing  strategy'.  In  this  strategy  a  set  of  poles  is  found  at  some  limiting  value 
of  frequency  which  is  usually  the  highest  frequency  of  interest.  (Actually  a 
zero  searching  strategy  is  necessary  to  initialize  the  pole  tracking  but  the 
zero  searching  algorithm  can  be  simple  and  relatively  inefficient  since  it  will 
only  be  used  once  at  one  frequency.)  The  dispersion  curves  are  then  fol¬ 
lowed  along  the  frequency  direction  by  using  the  slopes  of  the  dispersion 
curves  at  each  frequency  to  predict  the  eigen  phase  velocities  at  the  next 
adjacent  frequency.  This  strategy  depends  entirely  upon  mode  association 
from  frequency  to  frequency  and  this  strategy  breaks  down  whenever  disper¬ 
sion  curves  are  misconnected  between  adjacent  frequencies. 

Wang  and  Herrmann  (1980)  have  used  the  pole  tracking  strategy 
successfully  in  a  hybrid  seismogram  synthesis  method  in  which  the  mode 
residues  are  computed  along  with  numerical  approximations  of  the  branch 
cut  integrals  and  they  claimed  that  the  pole  tracking  strategy  was  much 
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more  efficient  than  the  zero  searching  strategy  which  seems  to  be  the  com¬ 
mon  wisdom  on  this  subject.  However,  as  with  the  examples  given  by 
Kerry,  the  structural  models  used  by  Wang  and  Herrmann  were  simple  and 
the  frequency  bandwidths  were  not  high  (about  one  Hertz)  so  it  was  not 
obvious  that  a  pole  tracking  strategy  would  give  the  most  reliable  and  effi¬ 
cient  for  more  complicated  problems.  I  was  especially  cautious  about  adopt¬ 
ing  a  pole  tracking  strategy  after  reviewing  published  dispersion  curves 
(Abo-Zena  (1979)  and  Kerry  (1981)  are  good  examples).  There  is  a  ten¬ 
dency  for  high  order  dispersion  curves  to  form  a  lattice  like  pattern  in  the 
frequency-phase  velocity  plane  and  at  the  corners  of  the  lattice  pattern  the 
dispersion  curves  have  large  and  sudden  changes  in  slope.  This  irregularity 
in  the  dispersion  curve  slope  becomes  more  pronounced  as  the  frequency 
increases  and  is  particularly  pronounced  whenever  low  velocity  zones  exist 
in  the  structural  model.  Pole  tracking  algorithms  are  easily  confused  when¬ 
ever  apparent  slope  discontinuities  exist  in  the  dispersion  curves.  The  nor¬ 
mal  solution  to  this  is  to  smoothly  track  through  the  sudden  slope  change 
by  reducing  the  frequency  tracking  increment  which  can  significantly  reduce 
the  efficiency  of  the  pole  tracking  algorithm. 

In  view  of  my  skepticism  about  the  effectiveness  of  the  pole  track¬ 
ing  strategy  for  handling  certain  complicated  problems  and  since  the  pole 
tracking  strategy  required  the  development  of  a  very  reliable  (although  not 
necessarily  efficient)  zero  searching  algorithm  for  initialization,  I  decided  to 
attempt  to  develop  a  reliable  and  efficient  zero  searching  algorithm.  My  ini¬ 
tial  goal  was  to  use  the  zero  searching  strategy’  by  itself  and  I  was  able  to 
make  this  work  for  elastic  structures  with  no  more  than  one  low  velocity- 
zone.  Ultimately  I  was  forced  to  use  mode  association  to  check  for  poles 
dropped  by  the  zero  searching  algorithm,  but  I  have  only  had  to  do  this  for 
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the  most  complex  structural  models  at  high  frequencies  involving  more  than 
one  low  velocity  lone  or  with  liquid  layers. 

The  mode  searching  problem  then  reduces  to  a  problem  of  finding 
the  zeroes  of  a  real  scalar  function  of  a  real,  scalar  and  positive  variable 
which  on  the  surface  would  seem  to  be  a  very  straightforward  problem.  Cer¬ 
tainly  there  is  a  large  volume  of  published  articles  and  books  relating  to 
zero  searching  algorithms,  however  there  is  no  standard  procedure  for  find¬ 
ing  the  zeroes  of  an  arbitrary  function  which  will  provide  both  reliable  and 
efficient  results.  The  only  similar  feature  that  seems  to  exist  for  the  major¬ 
ity  of  published  zero  searching  algorithms  is  that  they  tend  to  work  in  a 
two  stage  manner.  The  first  stage  involves  a  coarse  searching  algorithm 
where  the  independent  variable  is  changed  with  relatively  coarse  increments 
until  a  zero  crossing  is  detected.  The  second  stage  then  comes  into  action 
and  this  6tage  uses  a  fine  searching  algorithm  which  "homes  in"  on  the  zero 
crossing.  The  details  of  the  coarse  and  fine  searching  algorithms  are  very’ 
much  dependent  on  the  behavior  of  the  function  whose  zeroes  are  being 
sought. 

Our  first  look  at  the  numerical  behavior  of  the  Rayleigh  charac¬ 
teristic  function  will  immediately  reveal  that  for  high  frequencies  the  func¬ 
tion  has  a  dynamic  range  which  is  well  beyond  that  available  on  most  digi¬ 
tal  computers.  For  this  I  am  assuming  that  a  typical  dynamic  range  for 
most  computers  is  seventy  orders  of  magnitude  (10~SS  to  10  +  ss).  This  is 
due  to  growing  exponential  terms  which  are  associated  with  evanescent  P  or 
S  waves  and  the  arguments  of  these  evanescent  terms  are  directly  scaled  by 
frequency.  These  exponential  terms  do  not  cause  the  types  of  numerical 
problems  which  I  discussed  in  chapter  three  and  in  fact  they  are  eventually 
canceled  out  by  divis.on,  however  m  order  to  avoid  overflow  or  underflow 
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problems  with  the  computer  programs  it  is  necessary  to  address  the  problem 
of  dynamic  range  before  the  mode  searching  program  can  be  developed. 

I  was  able  to  solve  the  dynamic  range  problem  by  introducing  a 
phase  velocity  dependent  scaler  to  the  elements  of  the  [R]  matrix.  The  scaler 
function  is  always  positive  and  so  it  does  not  effect  the  pole  positions  and 
the  scaler  function  is  also  applied  to  the  numerator  function  so  that  it  does 
not  effect  the  final  mode  residue.  The  scaler  function  along  with  the  modi¬ 
fied  |R]  matrix  elements  are  defined  in  Appendix  A  and  basically  this  func¬ 
tion  transforms  the  hyperbolic  sines,  present  whenever  0Q  or  6 ^  are  ima¬ 
ginary,  to  hyperbolic  tangents  and  the  hyperbolic  cosines  to  unity.  This 
eliminates  growing  exponential  solutions  from  the  (RJ  matrix  elements  and 
allows  for  the  computation  of  a  scaled  Rayleigh  characteristic  function 
which  has  a  well  behaved  dynamic  range. 

After  properly  scaling  the  Rayleigh  characteristic  function,  I 
turned  my  attention  to  the  details  of  the  zero  searching  algorithm.  The 
scaled  characteristic  function  resembles  an  amplitude  and  phase  modulated 
periodic  function  and  it  seemed  to  me  that  it  would  be  an  easy  task  to  find 
its  zeroes.  My  initial  attempt  at  designing  a  searching  algorithm  was  not 
very  successful.  My  first  searching  algorithm  had  a  regular  tendency  to  drop 
pairs  of  poles  which  were  very  close  to  each  other  unless  I  set  the  coarse 
searching  increment  to  a  very  small  number  which  made  the  algorithm  too 
inefficient  for  practical  use.  The  basic  objective  of  the  coarse  searching  algo¬ 
rithm  is  to  find  the  general  locations  of  all  of  the  poles.  The  simplest  sort  of 
coarse  searching  algorithm  uses  a  constant  searching  increment  and  in  order 
for  this  type  of  algorithm  to  be  reliable,  the  searching  increment  must  be 
less  than  the  minimum  spacing  between  any  two  adjacent  poles.  In  situa¬ 
tions  where  two  sets  of  modes  are  approximately  decoupled  from  each  other 


the  pole  spacing  is  very  erratic  and  it  is  not  unusual  for  two  poles  to  be 
very  close  to  each  other. 

Erratic  pole  spacing  is  demonstrated  in  figure  4-1  where  I  show 
the  Rayleigh  characteristic  function  plotted  versus  phase  velocity  for  a  sim¬ 
ple  three  layer  crust  and  upper  mantle  structural  model  which  is  given  in 
table  4-1.  The  frequency  is  fixed  at  9.15  Hertz  and  the  structural  model 
contains  a  lithospheric  low  velocity  zone  with  a  S-wave  velocity  of  4.2 
km/sec  under  a  layer  with  a  S-wave  velocity  or  4.5  km/sec  and  the  top  of 
this  layer  is  the  Moho  discontinuity.  I  will  refer  to  the  top  layer  in  the 
structural  model  as  the  crustal  layer,  the  second  layer  as  the  lid  layer  and 
the  third  low  velocity  layer  as  the  channel  layer.  The  scaled  Rayleigh 
characteristic  function  resembles  a  phase  and  amplitude  modulated  sinusoid 
whose  oscillation  frequency  along  the  phase  velocity  axis  slowly  increases  to 
maximum  values  at  phase  velocities  corresponding  to  P  or  S  wave  layer 
velocities  in  the  structural  model.  Also  shown  in  figure  4-1  are  two  sets  of 
vertical  bars  along  the  top  of  the  plot  which  simply  mark  important  posi¬ 
tions  along  the  phase  velocity  axis.  The  bottom  set  of  vertical  bars  mark 
the  actual  pole  positions  or  zero  crossings  of  the  characteristic  function. 

Since  the  lowest  layer  P-wave  velocity  is  higher  than  the  half 
space  S-wave  velocity,  P  waves  are  evanescent  throughout  the  structure  for 
all  of  the  locked  modes  and  at  all  frequencies.  In  the  phase  velocity  range  of 
4.6  to  4.5  km/sec  the  SV  waves  are  propagating  through  all  three  layers 
and  all  of  the  normal  modes  in  this  range  have  energy  distributed 
throughout  the  three  layers.  When  this  situation  arises  the  normal  modes 
will  sometimes  space  themselves  out  in  a  smooth  manner  which  can  bee 
seen  in  figure  4-1  by  the  relatively  uniform  spacing  of  the  zero  crossings.  In 
the  phase  velocity  range  of  4  5  to  4.2  km/sec  SV  waves  are  propagating  in 


the  crustal  and  channel  layers  but  they  are  evanescent  in  the  lid  layer. 
Because  the  frequency  is  high  and  the  lid  layer  is  relatively  thick  the  normal 
modes  in  this  phase  velocity  range  fall  into  two  families,  one  representing 
modes  trapped  within  the  crustal  layer  and  the  other  representing  modes 
trapped  within  the  channel  layer.  These  two  families  of  modes  are  approxi¬ 
mately  decoupled  from  each  other  with  the  lid  layer  acting  as  a  barrier  to 
separate  the  crustal  and  channel  modes  and  whenever  this  situation  arises 
the  normal  mode  spacing  is  very  erratic  which  can  also  be  seen  in  figure  4-1. 

One  of  the  most  obvious  improvements  that  can  be  made  to  the 
coarse  searching  algorithm  is  to  adaptively  change  the  coarse  searching 
increment  instead  of  using  a  constant  increment.  Normally  the  searching 
increment  is  set  to  some  fraction  of  the  previous  pole  spacing  so  that  the 
function  is  tracked  in  a  smooth  manner  from  zero  crossing  to  zero  crossing. 
As  long  as  the  pole  spacing  is  constant  or  varies  slowly  with  the  indepen¬ 
dent  variable,  this  type  of  adaptive  coarse  search  works  well  and  the 
number  of  coarse  searches  between  adjacent  poles  can  be  made  small 
without  effecting  the  reliability  and  thus  improving  the  efficiency.  In  the 
phase  velocity  range  of  4.6  to  4.5  km/sec  such  an  algorithm  will  work  quite 
well  as  long  as  the  initial  increment  is  made  adequately  small.  If  we  start 
the  search  at  the  upper  phase  velocity  value  of  4.6  km/sec  and  proceed  by 
decreasing  the  phase  velocity,  the  searching  increment  will  be  slowly 
decreased  as  the  average  pole  spacing  decreases  until  a  minimum  value  will 
be  reached  at  4.5  km/sec.  When  the  search  proceeds  below  4.5  km/sec  the 
searching  algorithm  will  be  too  small  for  the  sake  of  efficiency  and  in  such 
circumstances  it  is  advisable  to  accelerate  the  search  by  adaptively  increas¬ 
ing  the  searching  increment.  This  can  be  easily  accomplished  by  keeping 
track  of  the  number  of  times  the  characteristic  function  has  been  sampled 
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without  the  detection  of  a  zero  crossing.  If  this  number  exceeds  some  chosen 
value  then  the  searching  increment  is  increased  by  a  specified  multiplicative 
factor. 

The  type  of  coarse  searching  algorithm  which  I  just  described  has 
four  parameters  which  must  be  specified  and  which  control  the  reliability 
and  efficiency  of  the  algorithm.  The  first  parameter  is  the  initial  searching 
increment  in  phase  velocity  and  this  needs  to  be  set  6mall  enough  to  reliably 
find  the  first  mode  (which  is  actually  the  highest  order  mode  if  we  start  at 
the  highest  phase  velocity  and  go  down).  The  second  parameter  is  the 
number  of  times  we  wish  to  sample  the  characteristic  function  between  zero 
crossings  and  I  will  refer  to  this  as  the  interpole  sampling  frequency.  The 
sampling  increment  will  be  set  to  the  previous  interpole  spacing  divided  by 
the  interpole  sampling  frequency.  The  third  and  fourth  parameters  are  the 
search  acceleration  parameters  and  they  are  the  number  of  times  we  will 
allow  the  characteristic  function  to  be  sampled  without  a  zero  crossing 
before  we  increase  the  searching  increment  and  the  multiplicative  factor  we 
use  to  increase  the  searching  increment  once  this  number  has  been 
exceeded. 

The  parameter  which  has  the  largest  effect  on  both  the  efficiency 
and  the  reliability  of  the  searching  algorithm  is  the  interpole  sampling  fre¬ 
quency.  The  lower  this  number  the  fewer  times  the  characteristic  function  is 
computed  between  poles  and  the  higher  the  efficiency.  As  the  interpole  sam¬ 
pling  frequency  is  increased  the  efficiency  becomes  inversely  proportional 
There  is  a  less  direct  relationship  between  the  interpole  sampling  frequency 
and  the  reliability  of  the  searching  algorithm  and  this  relationship  is  very 
dependent  on  the  particular  structural  model,  phase  velocity  and  frequency 
which  is  being  used.  When  the  pole  spacing  is  uniform  or  changes  slowly  the 
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reliability  can  be  kept  high  with  a  low  value  of  the  interpole  spacing  fre¬ 
quency  which  will  maximize  the  efficiency  of  the  searching  algorithm. 
When  the  pole  spacing  as  irregular  the  interpoie  sampling  frequency  must 
be  set  to  a  higher  value  to  insure  that  all  of  the  zero  crossings  will  be 
detected  and  this  will  decrease  the  efficiency.  We  can  quantify  the  minimum 
interpole  sampling  frequency  necessary  for  reliable  pole  detection  in  terms  of 
the  ratio  of  the  pole  spacings  in  phase  velocity  of  two  adjacent  poles.  Modes 
are  typically  skipped  when  the  interpole  spacing  suddenly  decreases  and,  in 
order  for  the  zero  crossing  to  be  detected  in  a  situation  like  this,  the  inter- 
pole  sampling  frequency  must  be  set  to  at  least  one  divide  by  the  ratio  of 
the  suddenly  decreased  interpole  spacing  to  the  previous  interpole  spacing. 

Figure.  4-2  shows  the  interpole  spacing  ratios  for  adjacent  poles 
for  the  case  where  the  phase  velocity  search  is  proceeding  in  the  direction  of 
decreasing  phase  velocity  and  for  the  characteristic  function  shown  in  figure 
4-1.  The  ratio  is  expressed  as  a  base  ten  logarithm  and  each  ratio  is  plotted 
with  a  "P"  symbol  at  the  phase  velocity  corresponding  to  the  pole  position. 
Positive  values  indicated  that  the  pole  spacing  has  increased  and  these 
situations  do  not  jeopardize  the  searching  algorithm  reliability  assuming 
that  the  previous  poles  have  been  properly  located.  The  only  problem  with 
large  values  of  the  interpole  spacing  ratio  is  that  the  characteristic  function 
will  be  oversampled  at  the  corresponding  poles  thus  decreasing  the  effi¬ 
ciency.  Very  small  values  of  the  interpole  spaing  ratio  indicate  that  the  pole 
spacing  has  suddenly  decreased  and  this  can  result  in  a  pair  of  dropped 
poles.  From  figure  4-2  we  can  see  that  in  order  to  detect  the  pair  of  poles  at 
about  4.275  km/sec  phase  velocity  it  would  be  necessary  to  set  the  interpole 
sampling  frequency  to  about  one  hundred  which  is  the  inverse  of  the 
minimum  interpole  spaing  ratio  of  about  0.01  Normally  a  priori  information 


spacing  ratios  for  the  Rayleigh  characteristic  function  shown  in  figure  4-1. 
nr  to  the  spacing  between  zero  crossings  and  the  "S"  symbols  refer  to  the 
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about  the  minimum  interpole  spacing  ratio  will  not  be  available  and  so 
some  choice  of  the  interpole  sampling  frequency  will  define  how  close  tv.o 
poles  can  come  to  each  other  before  the  poles  will  be  dropped.  It  is  not 
unusual  for  interpole  spacing  ratios  to  be  as  low  as  0.001  or  0.0001  at  high 
frequencies  and  for  situations  where  different  families  of  normal  modes 
which  are  approximately  decoupled  coexist  in  the  same  phase  velocity 
range.  In  order  for  the  coarse  searching  algorithm  to  be  reliable  in  such 
cases  it  is  necessary  to  sample  the  characteristic  function  many  thousands  of 
times  between  zero  crossings  and  this  is  unsatisfactory  from  an  efficiency 
standpoint. 

If  we  look  back  at  figure  4-1  we  can  see  a  second  upper  set  of 
vertical  bars  which  mark  the  zero  crossings  of  the  slope  of  the  characteristic 
function.  The  spacing  between  these  bars  is  much  more  uniform  in  the  4.2 
to  4.5  km/sec  phase  velocity  range  than  the  interpole  spacing  in  the  same 
range.  These  vertical  bars  mark  local  extrema  of  the  characteristic  function 
and  extrema  spacing  ratios  computed  in  the  same  manner  as  the  interpole 
spacing  ratios  are  shown  in  figure  4-2  as  the  points  labelled  "S".  The 
minimum  value  of  the  extremum  spacing  ratio  is  about  0.5  as  compared  to 
the  minimum  interpole  spacing  ratio  of  0.01.  If  we  were  to  design  the  coarse 
searching  algorithm  to  reliably  find  all  of  the  zero  crossings  of  the  slope  of 
the  characteristic  function  we  could  set  the  interextremum  sampling  fre¬ 
quency  to  a  low  number  and  be  confident  of  detecting  all  of  the  local 
extrema  in  a  very  efficient  manner. 

The  final  version  of  the  zero  searching  algorithm  which  I  designed 
has  as  its  basis  a  coarse  searching  algorithm  which  looks  for  local  extrema  of 
the  characteristic  function.  We  can  think  of  this  as  a  "wiggle"  detector  since 
it  tracks  the  oscillations  of  the  characteristic  function  as  opposed  to  its 
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actual  zero  crossings.  For  elastic  structural  models  which  have  no  more  than 
one  low  velocity  zone  1  have  found  that  the  minimum  value  of  the 
extremum  spacing  ratio  is  about  0.2  at  all  frequency  bandwidths.  I  have 
used  this  coarse  searching  algorithm  for  a  large  number  of  structural  models 
and  frequency  bandwidths  with  the  interextremum  sampling  frequency  set 
to  the  value  of  six  and,  as  long  as  the  structural  model  is  elastic  and  con¬ 
tains  no  more  than  one  low  velocity  zone,  the  algorithm  has  never  skipped 
over  a  local  extremum  of  the  characteristic  function. 

The  particular  coarse  searching  algorithm  which  I  developed  had 
a  strong  influence  on  the  details  of  the  final  fine  searching  algorithm.  Coarse 
searching  algorithms  which  are  based  upon  tracking  the  actual  characteris¬ 
tic  function  zero  crossings  call  up  the  fine  searching  algorithm  whenever  a 
zero  crossing  has  been  detected.  The  fine  searching  algorithm  is  initialized 
with  the  two  values  of  phase  velocity,  determined  by  the  coarse  searching 
algorithm,  which  bracket  the  zero  crossing.  The  objective  of  the  fine  search¬ 
ing  algorithm  is  to  refine  the  phase  velocity  zero  estimate  to  within  some 
specified  accuracy  and  this  is  normally  accomplished  in  one  of  two  ways. 
The  most  straightforward  and  probably  least  efficient  method  is  the  itera¬ 
tive  rebracketing  approach  in  which  the  characteristic  function  is  computed 
at  the  center  of  the  bracket,  the  zero  crossing  is  rebracketed  using  the  origi¬ 
nal  bracket  values  plus  the  new  value  just  computed,  and  this  sequence  is 
carried  out  iteratively  until  the  bracket  width  in  phase  velocity  is  below  the 
desired  accuracy.  A  more  sophisticated  method  is  what  I  refer  to  as  the 
iterative  interpolation  approach  in  which  a  local  fit  of  the  characteristic 
function  is  made  using  a  liner  or  polynomial  function  in  phase  velocity,  the 
zero  crossing  of  the  fit  function  is  computed,  the  characteristic  function  is 
computed  at  the  zero  crossing  of  the  fit  function,  a  new  local  fit  is  made 


using  the  new  value  of  the  characteristic  function  just  computed,  and  the 
whole  sequence  is  repeated  iteratively  until  the  desired  accuracy  is  achieved. 
When  the  fit  function  is  linear  this  method  is  normally  referred  as  the  New¬ 
ton  root  finding  method  although  there  actually  a  number  of  variations  to 
the  Newton  method  as  I  will  discuss. 

The  convergence  of  the  iterative  rebracketing  method  is  easy  to 
determine  and  is  entirely  independent  of  the  characteristic  function.  The 
zero  crossing  is  refined  by  a  factor  of  two  for  each  iteration  so  to  refine  the 
zero  crossing  by  fifteen  orders  of  magnitude  it  will  take  about  fifty  itera¬ 
tions.  The  convergence  of  the  iterative  interpolation  method  is  very  much 
dependent  on  the  degree  to  which  the  fit  function  actually  represents  the 
characteristic  function  in  the  neighborhood  of  the  zero  crossing.  When  the 
fit  function  is  a  good  approximation  of  the  characteristic  function  the  zero 
crossing  estimate  can  be  refined  by  many  orders  of  magnitude  in  each  itera¬ 
tion,  however  when  the  fit  function  is  a  poor  approximation  the  convergence 
can  be  as  slow  as  the  iterative  rebracketing  method  and  in  the  worst  cases 
the  determination  of  the  zero  crossing  will  not  converge  at  all. 

I  used  a  version  of  the  Newton  root  finding  method  as  the  final 
fine  search  algorithm.  The  Newton  root  finding  method  normally  depends 
upon  having  an  analytic  evaluation  of  both  the  function  whose  zero  is  being 
found  along  with  the  first  derivative  of  the  function.  A  straight  line  tangent 
to  the  function  is  then  projected  to  the  zero  axis  and  a  new  estimate  of  the 
zero  is  obtained.  As  I  will  show  later  in  this  chapter,  an  analytic  expression 
for  the  partial  derivative  of  the  characteristic  function  with  respect  to  phase 
velocity  can  be  obtained,  however  the  analytic  derivative  computation  is 
just  as  expensive  to  compute  as  the  characteristic  function  itself  so  it  would 
be  desirable  to  avoid  an  analytic  computation  of  the  derivative  if  possible. 


A  atandard  modification  of  the  Newton  root  finding  method  is  to  use  a  first 
difference  approximation  for  the  analytic  derivative.  I  avoid  computing  the 
derivative  analytically  and  my  final  version  of  the  Newton  root  finding  algo¬ 
rithm  is  as  follows. 

1.  A  straight  line  is  connected  between  the  initial  points  which  bracket 
the  zero  crossing  and  its  intersection  in  pnase  velocity  with  the  zero 
axis  is  computed.  This  phase  velocity  value  becomes  the  first  iteration 
value. 

2.  The  characteristic  function  is  computed  at  the  first  iteration  phase 
velocity  and  a  straight  line  is  fit  between  this  {joint  and  one  of  the  ori¬ 
ginal  bracket  points.  The  intersection  in  phase  velocity  with  the  zero 
axis  of  this  straight  line  is  computed  and  this  phase  velocity  value 
becomes  the  second  iteration. 

3.  The  characteristic  function  is  computed  at  the  most  recent  iteration 
phase  velocity  and  a  straight  line  is  fit  between  this  point  and  the  pre¬ 
vious  iteration  point.  The  intersection  in  phase  velocity  with  the  zero 
axis  of  this  straight  line  is  computed  and  this  phase  velocity  value 
becomes  the  next  iteration. 

4.  Step  3  is  repeated  until  the  desired  accuracy  is  achieved. 

I  use  two  tests  to  determine  adequate  convergence  of  the  Newton 
root  finding  algorithm.  The  absolute  difference  between  two  successive 
iterations  in  phase  velocity  must  be  below  some  threshold  value  which  is 
normally  set  to  10-12  km/sec  and  when  this  is  true  1  will  sample  the  charac¬ 
teristic  function  one  more  time  at  a  phase  velocity  value  which  is  some  very 
small  increment  from  the  the  final  iteration  but  which  should  bracket  the 
zero  crossing  with  the  final  iteration  value  acting  as  the  other  bracket.  If 
there  as  a  change  of  sign  of  the  characteristic  function  between  these  two 


final  bracket  values  then  I  use  the  fm&l  phase  velocity  value  as  the  estimate 
of  the  eigen  phase  velocity. 

I  have  found  that  this  version  of  the  Newton  root  finding  method 
can  refine  the  estimate  of  the  characteristic  function  zero  crossing  by  a  fac¬ 
tor  of  fifteen  orders  of  magnitude  in  about  six  iterations  on  average  which 
represents  a  factor  of  eight  increase  in  efficiency  over  the  iterative  rebrack¬ 
eting  algorithm.  There  are  some  situations  however  for  which  the  Newton 
root  finding  method  will  converge  very  slowly  or  not  at  all  and  I  make 
several  tests  to  check  for  this.  The  first  test  is  that  the  number  of  iterations 
be  less  than  some  maximum  number  which  I  have  set  to  twenty.  The 
second  test  is  that  new  iterations  of  the  phase  velocity  must  lie  within  the 
original  zero  crossing  bracket  values.  If  either  test  is  not  met  then  it  is 
assumed  that  the  Newton  method  is  not  convergent  and  the  iterative 
rebracketing  algorithm  is  used  until  the  bracket  width  has  been  decreased 
by  a  facto  of  eight.  These  new  brackets  are  then  used  to  reinitialize  the 
Newton  root  finder. 

The  relationship  between  the  fine  searching  algorithm  and  the 
coarse  searching  algorithm  which  I  developed  was  complicated  by  my  choice 
of  tracking  the  characteristic  function  extrema  as  opposed  to  the  zero  cross¬ 
ings.  The  coarse  searching  algorithm,  as  it  is  sampling  the  characteristic 
function  and  looking  for  the  next  extremum,  checks  at  each  phase  velocity 
sample  to  see  if  a  zero  crossing  has  occurred  since  the  previous  phase  velo¬ 
city  sample.  If  a  zero  crossing  has  occurred  then  a  flag  is  set  and  the  brack¬ 
eting  values  of  the  phase  velocity  and  the  characteristic  function  are  saved 
Once  an  extremum  has  been  located  the  coarse  searching  algorithm  checks 
the  zero  crossing  flag  and  if  this  flag  is  set  then  the  fine  searching  algorithm 
is  called  with  the  saved  bracket  values  and  the  zero  crossing  flag  is  cleared 


for  the  next  coarse  searching  leg.  Normally  the  zero  crossing  flag  will  be  set 
for  each  extremum  which  is  detected  however  there  will  be  situations 
corresponding  to  irregularly  and  closely  spaced  poles  in  which  the  actual 
zero  crossing  will  not  be  detected. 

In  cases  where  an  extremum  is  detected  but  the  zero  crossing  flag 
is  not  set  the  coarse  searching  algorithm  checks  to  see  if  the  local  extremum 
appears  to  be  close  to  the  characteristic  function  zero  axis  and  this  is  done 
in  the  following  manner.  The  extremum  must  a  local  minimum  whenever 
the  characteristic  function  values  for  the  previous  coarse  searching  leg  were 
all  positive  or  the  extremum  must  be  a  local  maximum  whenever  the  previ¬ 
ous  characteristic  function  values  were  all  negative.  If  this  is  true  then  a 
second  difference  is  computed  using  the  three  samples  which  define  the  local 
extremum  and  another  second  difference  is  computed  by  replacing  the 
actual  extremum  sample  characteristic  function  value  by  zero.  If  the  local 
extremum  is  in  fact  not  close  to  the  zero  axis  then  a  second  difference  com¬ 
puted  by  replacing  the  local  extremum  sample  by  zero  should  be  much 
larger  than  the  actual  second  difference  and  so  the  ratio  of  these  two  second 
differences  is  computed  and  if  it  is  less  than  a  specified  threshold  then  the 
local  extremum  is  considered  to  be  close  to  the  zero  axis. 

If  the  local  extremum  appears  to  be  close  to  the  zero  axis  then  a 
version  of  the  iterative  rebracketing  algorithm  is  used  to  resample  the 
characteristic  function  in  the  near  vicinity  of  the  local  extremum  in  hopes  of 
detecting  two  closely  spaced  zero  crossings.  This  special  rebracketing  algo¬ 
rithm  uses  as  its  initial  brackets  the  two  phase  velocity  values  which  flank 
the  actual  local  extremum  and  on  the  initial  iteration  two  more  points  are 
sampled  midway  between  the  two  brackets  points  and  the  middle  extremum 
point  which  produces  a  total  of  five  sample  points  counting  the  original 


three  samples  which  initialized  the  rebracketing  algorithm.  These  five  points 
are  checked  for  zero  crossings  of  the  characteristic  function  (there  should 
never  be  just  one  zero  crossing)  and  if  detected  then  the  bracketing  values 
of  the  two  zero  crossings  are  used  to  initialize  two  calls  of  the  fine  searching 
algorithm.  If  no  zero  crossings  are  detected  then  a  new  local  extremum  is 
determined  among  the  five  points  along  with  its  flanking  points,  the  new 
extremum  is  checked  for  closeness  to  the  zero  axis  and  if  it  is  determined  to 
be  close  another  iteration  of  the  rebracketing  algorithm  is  executed.  Once  a 
pair  of  poles  is  located  or  the  extremum  is  no  longer  determined  to  be  close 
to  the  zero  axis  the  coarse  searching  algorithm  proceeds  to  the  next 
extremum.  Notice  that  the  coarse  searching  phase  velocity  increment  is  not 
effected  in  any  way  by  the  very  fine  phase  velocity  resampling  in  the  near 
vicinity  of  the  local  extremum  which  accounts  for  the  high  reliability  and 
efficiency  of  this  method.  For  the  example  shown  in  figure  4-1  zero  cross¬ 
ings  were  not  initially  detected  for  the  closely  spaced  poles  associated  with 
the  local  extrema  at  phase  velocities  of  4.22,  4.275  and  4.4  km/sec. 
Rebracketing  in  the  vicinity  of  these  local  extrema  did  locate  the  poles 
without  the  necessity  of  increasing  the  interextremum  sampling  frequency. 

Examples  of  Rayleigh  dispersion  curves  using  the  zero  searching 
algorithm  which  I  have  just  described  are  shown  in  figures  4-3  and  4-4.  Fig¬ 
ure  4-3  shows  dispersion  curves  for  the  same  structural  model  as  that  used 
to  generate  the  Rayleigh  characteristic  function  shown  in  figure  4-1.  The 
phase  velocity  range  is  also  the  same  as  that  of  figure  4-1  and  the  frequency 
ranges  from  nine  to  ten  Hertz.  In  order  to  show  the  lattice  like  detail  of  the 
dispersion  curves  with  high  resolution,  a  total  of  two  hundred  frequency 
values  were  searched  for  modes  in  the  range  of  nine  to  ten  Hertz  and  there 
are  over  20,000  poles  plotted  in  figure  4-3.  The  frequency  to  frequency  mode 


association  which  was  necessary  to  pro-b  :e  dispersion  curve  plots  was  done 
by  assigning  an  integer  mode  number  to  each  pole  at  each  frequency  and 
then  all  of  the  poles  at  different  frequencies  but  with  the  same  mode 
number  were  plotted  as  one  dispersion  curve  Mode  numbers  were  assigned 
by  simply  ordering  the  poles  at  each  frequency  by  increasing  phase  velocity 
starting  with  the  fundamental  Rayleigh  mode  and  assigning  the  numbers 
sequentially  according  to  the  order.  Figure  4-4  shows  a  more  typical  set  of 
dispersion  curves  in  the  zero  to  one  Hertz  frequency  range  for  a  slightly 
more  complex  structural  model  which  was  obtained  from  Kanamori  and 
Hadley  (1975)  and  which  is  supposed  to  be  representative  of  the  southern 
California  crust  and  upper  mantle  east  of  the  San  Andreas  fault.  This  struc¬ 
tural  model  is  defined  in  table  4-2  and  it  will  be  used  to  generate  synthetic 
seismograms  which  will  be  shown  later  in  this  chapter.  An  interesting 
feature  of  the  structural  model  shown  in  table  4-2  is  the  anomalously  high  P 
and  S  wave  velocities  of  the  bottom  half  space.  This  allows  locked  modes  to 
be  computed  in  the  zero  to  fifteen  km/sec  phase  velocity  range  and  flatten¬ 
ing  of  the  dispersion  curves  in  figure  4-4  can  be  seen  at  all  of  the  P  and  S 
wave  layer  velocities  for  the  thicker  layers  in  the  structural  model.  I  will 
discuss  the  consequences  of  this  high  velocity  "cap"  layer  later  in  this 
chapter. 

A  zero  searching  strategy’  based  upon  the  zero  searching  algo¬ 
rithm  that  I  have  described  in  this  chapter  was  used  by  itself  to  generate 
the  dispersion  curves  shown  in  figures  4-3  and  4-4.  By  this  I  mean  that  no 
attempt  was  made  to  check  for  dropped  poles  or  to  make  any  sort  of  fre¬ 
quency  to  frequency  mode  association  other  than  that  required  to  make  the 
plots.  If  poles  had  been  dropped  they  would  have  shown  up  as  A  shaped 
features  in  the  dispersion  curves  and  would  be  quite  distinctive.  I  have 


dispersion  curves  for  a  southern  California  structural  model 


Table  4-2 


Southern  California  Crust  and  Upper  Mantle 
Structure  East  of  the  San  Andreas  Fault 
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found  the  zero  searching  algorithm  that  I  developed  to  be  completely  reli¬ 
able  for  elastic  structural  models  with  no  more  than  one  low  velocity  zone 
and  I  have  also  found  that  for  a  wide  variety  of  structural  models  and  fre¬ 
quency  bandwidths  I  can  reliably  locate  all  of  the  normal  mode  eigen  phase 
velocities  to  am  accurate  of  10“  12  km/sec  using  a  total  of  fifteen  evaluations 
of  the  characteristic  function  on  average  per  pole.  This  includes  all  evalua¬ 
tions  of  the  characteristic  function  in  both  the  coarse  and  fine  searching 
algorithms.  It  seems  unlikely  to  me  that  the  efficiency  of  this  zero  searching 
algorithm  could  be  increased  by  any  more  than  a  factor  of  three  and  so  I 
have  deemed  this  zero  searching  algorithm  to  be  satisfactorily  efficient  One 
distinct  advantage  of  using  a  2ero  searching  strategy  is  that  the  poles  need 
to  be  located  only  at  the  frequrt.r  ies  which  are  necessary  for  t  he  FFT  and  it 
is  not  necessary  to  Knatc  add  a  poles  ,n  order  to  smoothly  track  the 
dispersion  cur%  e-  as  .>  jie<*-‘  a;  -  w  ' pole  tracking  strategies  or  with  the 
mode  sear.  i'..i.g  me'!  •  t  A*  ••  *  '  '  •  k*-r-«  It.  f.gures  4  3  and  4-4  the  fre¬ 
quency  was  sample-;  at  a  %*v.  f:.»  :  '«r\al  t.  mevrr  this  was  only  done  m 

order  to  genera**  h.gr.  res,.'.  .•  ;  ‘persK-r.  curses  for  display  purposes  and 

this  fine  freque*  c »  samphr.g  w  a.-  :.e.-essar\  to  generate  synthetic  seismo- 
g  ran  is 

Larly  attempts  t.  .-■*  •:  >  z*  searching  algorithm  to  compute 
Ray  .eigh  disper‘..'t.  <  u *-s  •  -  models  w  ith  more  than  one  low 

velocity  zone  ;:.d;  at*  t  that  p.  "•*>  t  e:ng  dropped  This  was  verified  pri¬ 
marily  b\  v  isua  usp"1  '!.  r  >t  •>.*  t.sj.<  -sion  curv  e  plots  but  it  also  could  be 
seen  by  the  iota'  r  .♦  ;  ..seated  at  each  frequency  as  the  fre¬ 

quency  was  char  ge  :  !!.••■  -  a  -y  strong  tendency  for  the  total  number 
of  locked  modes  a'  *arh  f-*  q  ■  •  t.  e  ther  remain  the  same  or  increase 


with  increasing  frequency  and  »l,ni  this  number  decreases  with  increasing 
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frequency  it  is  very  likely  that  poles  have  been  dropped  at  the  frequency 
where  the  decrease  is  observed.  There  is  also  a  strong  tendency  for  disper¬ 
sion  curves  to  be  monotonically  decreasing  in  phase  velocity  with  increasing 
frequency,  as  can  be  seen  in  figures  4-3  and  4-4,  especially  at  the  high  phase 
velocity  ends  of  the  dispersion  curves  and  whenever  the  phase  velocity  of 
the  dispersion  curve  with  the  highest  mode  number  appears  to  increase  with 
frequency  it  is  very  likely  that  poles  have  been  dropped. 

The  coarse  searching  algorithm  which  I  developed  is  based  upon 
tracking  the  zero  crossings  of  the  slope  of  the  characteristic  function  and 
this  algorithm  works  well  as  long  as  the  slope  zero  crossings  are  regularly 
spaced  in  phase  velocity.  I  found  that  the  characteristic  function  extremum 
spacing  was  regular  for  structural  models  in  which  no  more  than  two  decou¬ 
pled  waveguides  existed  and  when  more  than  two  decoupled  waveguides 
exist  this  is  no  longer  true.  Structural  models  with  more  than  one  low  velo¬ 
city  zone  can  have  a  number  of  waveguides  which  is  equal  to  one  plus  the 
number  of  low  velocity  zones  and  the  number  of  waveguides  is  the  same  as 
the  number  of  tightly  clustered  poles  which  can  occur  in  phase  velocity 
ranges  in  which  the  waveguides  are  approximately  decoupled.  For  simple 
structural  models  with  no  more  than  two  waveguides  there  will  be  no  more 
than  two  poles  which  will  cluster  closely  together  and  for  these  situations 
the  characteristic  function  extremum  spacing  will  remain  regular.  In  situa¬ 
tions  where  more  than  two  poles  can  cluster  closely  together  the  characteris¬ 
tic  function  extremum  spacing  must  obviously  be  irregular  and  these  situa¬ 
tions  occur  when  more  than  two  approximately  decoupled  waveguides  exist 
in  the  structural  model. 


I  have  a  strong  suspicion  that  the  zero  crossings  of  higher  order 
derivatives  of  the  characteristic  function  are  more  uniformly  spaced  in  phase 
velocity  and  I  suspect  that  the  coarse  searching  algorithm  would  work  as 
long  as  it  is  tracking  the  zero  crossings  of  the  nlk  order  derivative  of  the 
characteristic  function  where  n  is  equal  to  the  number  of  low  velocity  zones 
in  the  structural  model.  I  chose  however  not  to  pursue  this  potential 
method  for  increasing  the  zero  searching  algorithm  reliability  for  several 
reasons.  First  of  all  it  becomes  quite  expensive  to  compute  high  order 
derivatives  of  the  characteristic  function  either  numerically  or  analytically 
and  secondly  the  relationship  between  the  coarse  and  fine  searching  algo¬ 
rithms  becomes  complicated  and  somewhat  muddled  when  the  coarse 
searching  algorithm  is  based  on  tracking  the  zeroes  of  high  order  derivatives 
of  the  characteristic  function. 

I  chose  instead  a  method  which  has  been  used  successfully  in  the 
past  to  recover  zeroes  which  were  skipped  over  by  a  zero  searching  algo¬ 
rithm  and  this  method  is  described  by  Acton  (1970).  The  method  involves 
searching  a  modified  version  of  the  characteristic  function  for  the  missing 
zeroes  and  this  modified  function  is  equal  to  the  original  function  with  the 
zeroes  that  were  found  in  the  first  search  analytically  removed.  Removing  a 
zero  analytically  from  any  function  is  quite  straightforward  and  simply 
involves  dividing  the  original  function  by  some  known  function  which  is 
analytic  and  which  has  a  zero  equal  to  the  zero  of  the  original  function.  The 
resulting  modified  function  will  no  longer  have  a  zero  crossing  corresponding 
to  the  one  which  was  removed  and  this  procedure  can  be  repeated  for  as 
many  zeroes  as  desired.  The  analytic  function  that  I  chose  to  use  to  remove 
the  zeroes  was  the  hyperbolic  tangent  function  since  it  is  linear  in  the  vicin¬ 
ity  of  the  zero  crossing  but  well  behaved  as  one  proceeds  away  from  the 


zero  crossing. 

The  final  version  of  my  mode  searching  algorithm  involved  both  . 
zero  searching  strategy  and  some  elements  of  a  pole  tracking  strategy.  The 
zero  searching  algorithm  was  the  primary  means  of  finding  the  normal  mode 
eigen  phase  velocities  and  pole  tracking  was  only  used  to  check  for  dropped 
poles  at  each  frequency.  This  was  accomplished  by  checking  to  see  if  the 
number  of  modes  at  each  frequency  either  remained  the  same  or  increased 
with  increasing  frequency  and  by  checking  to  see  if  the  phase  velocity  of  the 
highest  order  mode  was  monotonically  decreasing  with  increasing  frequency. 
If  either  of  these  two  checks  failed  at  a  particular  frequency  then  the  zeroes 
found  on  the  first  pass  through  the  zero  searching  algorithm  were  analyti¬ 
cally  removed  from  the  characteristic  function  and  a  second  pass  was  made 
through  the  zero  searching  algorithm  using  the  modified  characteristic  func¬ 
tion  to  find  the  dropped  poles.  The  poles  found  in  the  second  pass  were 
then  merged  with  the  poles  found  in  the  original  pass  and  the  check  for 
dropped  modes  was  made  again  and  if  there  still  appeared  to  be  dropped 
modes  the  whole  process  was  repeated.  Dropped  poles  normally  occur  very 
infrequently  even  in  very  ill  conditioned  structural  models  and  so  the  modi¬ 
fied  characteristic  functions  normally  have  only  a  small  number  of  zero 
crossings  which  are  quite  easy  to  locate. 

I  have  found  only  one  class  of  structural  models  for  which  my 
mode  searching  algorithm  is  not  completely  reliable  and  that  is  structures 
which  contain  multiple  low  velocity  zones  which  have  identical  elastic 
parameters.  In  such  cases,  as  the  frequency  goes  to  infinity,  families  of 
dispersion  curves  will  asymptotically  approach  each  other  and  the  pole  spac- 
ings  between  these  families  of  dispersion  curves  will  become  infinitesimally 
small  over  wide  frequency  ranges.  At  some  frequency  the  pole  spacing  will 


fill  below  the  numerical  resolution  of  the  computer  and  when  that  happens 
it  will  be  numerically  impossible  to  distinguish  or  find  the  poles.  We  could 
consider  these  to  be  second  or  higher  order  poles  at  one  phase  velocity  how¬ 
ever  I  have  found  that  this  problem  can  be  avoided  completely  by  seeing  to 
it  that  structural  models  do  not  have  low  velocity  zones  with  identical  elas¬ 
tic  parameters.  I  have  found  that  by  simply  changing  the  P  and  S  wave 
velocities  by  one  part  in  10®  in  one  of  two  identical  low  velocity  layers  the 
mode  searching  algorithm  will  work  quite  fine  as  long  as  the  arithmetic  is 
done  in  double  precision  on  the  computer. 

A  final  example  of  dispersion  curves  found  by  my  mode  searching 
algorithm  for  a  very  ill  conditioned  structural  model  is  given  in  figure  4-5. 
The  structural  model  parameters  are  given  in  table  4-3  and  this  model  con¬ 
tains  three  low  velocity  layers  with  similar  elastic  parameters.  The  disper¬ 
sion  curves  are  shown  over  a  frequency  range  of  zero  to  five  Hertz  and  the 
mode  spacing  can  be  seen  to  be  quite  irregular  both  in  the  frequency  direc¬ 
tion  as  well  as  the  phase  velocity  direction  and  at  virtually  all  frequencies 
and  phase  velocities.  Because  of  the  similarity  of  the  three  low  velocity 
layers  there  are  three  sets  of  dispersion  curves,  which  can  be  seen  in  the  0  to 
3.5  km/sec  phase  velocity  range,  which  correspond  to  three  families  of 
approximately  decoupled  normal  modes  in  the  three  waveguides  with  almost 
identical  eigen  phase  velocities.  These  appear  as  thick  looking  dispersion 
curves  which  are  in  fact  sets  of  three  dispersion  curves  which  are  very  close 
to  each  other.  The  thin  and  flat  looking  dispersion  curve  at  about  3.2 
km/sec  phase  velocity  which  appears  to  cut  across  the  waveguide  dispersion 
curves  at  frequencies  over  one  Hertz  is  what  we  would  typically  refer  to  as 
the  high  frequency  surface  Rayleigh  wave.  It  is  quite  apparent  that  the  fun¬ 
damental  P-SV  normal  mode  is  not  in  fact  a  "surface"  wave  at  high 
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Table  4-3 

A  Structural  Model  with  Three 
Similar  Low  Velocity  Zones 
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Layer  no.  Thickness  (km)  a  (km/sec)  0  (km/sec)  p  (gm/cc) 


1 


5 


2  5 

3  5 


4 


5 


5 


5 


6  5 

7  5 


Half  Space 


6.000  3.500  3.0 

3.000  1.750  2.5 

6.000  3.500  3.0 

3.001  1.751  2.5 

6.000  3.500  3.0 

3.002  1.752  2.5 

6.000  3.500  3.0 

20.0  15.0  5.0 


frequencies  (by  that  I  mean  a  wave  whose  energy  is  trapped  on  or  near  the 
free  surface)  and  instead  the  fundamental  mode  becomes  a  trapped  channel 
wave  in  the  second  layer  as  the  frequency  goes  to  infinity. 

In  this  section  I  have  gone  into  considerable  detail  to  describe  the 
mode  searching  algorithm  which  I  developed.  I  felt  justified  in  doing  this 
since  the  development  of  this  algorithm  in  its  final  form  constituted  the  sin¬ 
gle  most  time  consuming  part  of  my  research.  The  problem  of  locating  the 
flat  earth  normal  mode  eigenvalues  in  a  reliable  and  efficient  manner  was 
not  easy  to  solve  and  I  suspect  that  this  problem,  as  much  as  the  numerical 
stability  problem,  has  stopped  other  researchers  from  using  the  normal 
mode  method  to  compute  complete  synthetic  seismograms.  In  the  next  sec¬ 
tion  I  will  describe  how  the  various  partial  derivatives,  which  are  necessary 
for  computing  group  velocities  and  for  normalizing  the  eigenfunctions,  are 
computed  and  how  these  derivatives  can  also  be  used  to  make  a  First  order 
correction  of  the  eigen  phase  velocities  to  account  for  frequency  dependent 
anelastic  attenuation  in  the  structural  model. 

4.2  Eigenvalue  Computation:  Computing  the  Group  Velocity, 
Normalizing  the  Eigenfunctions,  and  Accounting  for  Fre¬ 
quency  Dependent  Anelastic  Attenuation 

From  equations  (3.3  53}  and  (3.3.54)  we  can  see  that  it  is  neces¬ 
sary  to  compute  the  partial  derivative  of  the  characteristic  function  with 
respect  to  wavenumber  in  order  to  compute  the  normalized  eigenfunctions. 
Since  we  have  expressed  the  R’  matrix  elements  as  functions  of  frequency 
and  horizontal  phase  velocity,  it  is  desirable  to  rewrite  equation  (3.3.54)  as 
follows. 
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h>  dc  _  _ 
k  ’  dk  u 

r2 

dR5(u>,k)/9k  - - 9RA(u>,c)/9c 


(4.2.1) 


(4.2.2) 


RA(n,u;)  =  - 


u) 


c29RA(u;,c)/9c 


.  C  (n,u>) 


(4.2.3) 


where  ^C(n,u;) 


u ; 

rK  (n,u/) 


A  useful  although  unnecessary  quantity  to  compute  is  the  group  velocity  as 
a  function  of  frequency  for  each  dispersion  curve  and  from  Achenbach 
(1984)  this  is  given  as  follows. 


/  \  du> 


k  «  R/f  (n,w) 


dRK  (n.u.) 
du; 


(4.2.4) 


Using  the  relationship  of  phase  velocity  and  wavenumber  to  frequency  it  is 
easy  to  rewrite  equation  (4.2.4)  as  follows. 


c  (n.u;)  = 


R  g 


l  - 


dc 


d«; 


(4.2.5) 


RC  (n,w) 


The  total  differential  of  the  characteristic  function  is  always  equal  to  zero 
along  a  dispersion  curve  which  leads  to  the  following. 


3rA(*,c)  dRA(u»,c) 

dRA(.,c)  .  d.  -  dc 


(4.2.6) 
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dRA(w,c) 


=  0 


c  -  RC (n,w) 
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(4.2.7) 


dc 

do; 


c 


RC  (n,w) 


9RA(w,c)/8u; 

9RA(w,c)/bc 


RC  (n,w) 


(4.2.8) 


Rcg(n’w) 


_ c _ 

u>  dR  A(-j,c)/9w 

1  + - H- - 

c  aRA(u-,c)/Bc 


RC  (n,w) 


(4.2.9) 


From  equation  (4.2.3)  we  can  see  that  it  is  only  necessary  to  com¬ 
pute  the  partial  derivative  of  the  characteristic  function  with  respect  to  hor¬ 
izontal  phase  velocity  in  order  to  compute  the  normalized  eigenfunctions 
and  thus  to  compute  synthetic  seismograms.  If  we  also  compute  the  partial 
derivative  of  the  characteristic  function  with  respect  to  frequency,  then 
equation  (4.2.9)  can  be  used  to  compute  the  frequency  dependent  group 
velocity  for  each  normal  mode.  Because  of  the  nature  of  the  fine  searching 
algorithm  which  I  use,  a  numerical  approximation  of  the  partial  derivative 
with  respect  to  phase  velocity  is  available  for  free  and  initially  I  used  this 
numerical  estimate  to  compute  the  normalized  eigenfunctions.  I  became 
apprehensive  about  using  this  numerical  approximation  however,  since  it 
was  a  potential  source  of  errors  which  I  could  not  easily  quantify,  and  so  1 
started  computing  the  partial  derivative  analytically  for  the  purpose  of 
checking  the  accuracy  of  the  numerical  estimate.  I  found  that  the  numerical 
derivative  was  usually  accurate  to  about  four  decimal  places  which  was  ade¬ 
quate  for  computing  synthetic  seismograms  in  most  situations  but  I  decided 
to  start  using  the  analytic  derivative  routinely  in  order  to  avoid  unforeseen 
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numerical  problems  associated  with  the  use  of  the  numerical  derivative. 
Although  it  is  rather  expensive  to  compute  the  various  partial  derivatives 
analytically,  the  derivatives  are  never  computed  inside  the  mode  searching 
algorithm  except  for  one  time  per  located  pole  and  so  the  incremental  cost 
of  computing  the  derivatives  analytically  is  not  high. 

Partial  derivatives  of  the  characteristic  function  are  also  necessary 
to  model  the  effects  of  frequency  dependent  anelastic  attenuation  using  first 
order  perturbation  theory.  Aki  and  Richards  (1980)  discuss  physical 
phenomena  which  account  for  anelastic  attenuation  and  just  how  such 
attenuation  enters  into  the  theory  relating  to  elastic  wave  propagation.  One 
particular  physical  model  which  they  give  was  popularized  by  Liu  et.  al. 
(1976)  and  is  based  upon  a  superposition  of  relaxation  phenomena  each  one 
of  which  is  represented  by  a  stress-strain  relation  which  involves  linear 
terms  of  stress  and  strain  time  derivatives.  This  is  the  stress-strain  law  for  a 
standard  linear  solid  and  Aki  and  Richards  show  that  such  a  physical 
attenuation  mechanism  can  be  accounted  for  in  the  theory  by  making  com¬ 
plex,  frequency  dependent  changes  in  the  layer  P  and  S  wave  velocities.  The 
resulting  equivalent  elastic  P  and  S  wave  velocities  are  given  as  follows. 


Q(*) 


Qp(w) 


1  - 


1 


1  - 


2Q» 


(4.2.10) 


0W)  = 


5p(w) 


1  - 


<Q^) 


l  - 


2Q*M 


where  Qq(w)  and  Q^(*)  are  the  frequency  dependent  dimensionless  quanti¬ 
ties  which  relate  the  incremental  losses  of  P  and  S  wave  energy  in  a  wave 
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cycle  to  the  peak  energy  in  that  cycle  and  Qp(u>)  and  0p{*>)  are  the  actual 
dispersed  and  frequency  dependent  P  and  S  wave  phase  velocities  which 
would  be  observed  in  an  attenuating  medium. 

Computing  flat  earth  normal  modes  for  structures  which  have 
arbitrary,  complex,  frequency  dependent  layer  P  and  S  wave  velocities  is  a 
very  difficult  problem.  Aside  from  the  fact  that  complex  layer  P  and  S 
wave  velocities  will  make  all  of  the  layer  [R]  and  minor  matrix  element 
arithmetic  complex  as  well,  the  most  significant  problem  with  complex  layer 
velocities  is  that  it  moves  all  of  the  normal  mode  poles  off  of  the  real 
wavenumber  axis  and  into  the  complex  k-plane.  This  behavior  of  the  nor¬ 
mal  mode  eigenfunctions  is  exploited  by  those  researchers,  such  as  Kind 
(1978),  who  use  the  reflectivity  method  and  integrate  along  the  real 
wavenumber  axis.  Moving  the  poles  off  of  the  real  wavenumber  axis  allows 
a  numerical  integration  to  be  done  along  the  real  axis  without  encountering 
the  errors  associated  with  numerically  integrating  through  the  poles.  For 
those  of  us  who  are  looking  for  normal  mode  poles,  moving  the  poles  off  of 
the  real  wavenumber  axis  can  significantly  complicate  the  task  of  locating 
these  poles  and  in  the  worst  cases  it  can  make  the  problem  of  reliable  and 
efficient  pole  location  virtually  impossible  to  solve. 

In  order  to  make  maximum  the  utilization  of  the  efficient  and 
reliable  mode  searching  algorithm  which  I  developed  for  structural  models 
with  real  layer  P  and  S  wave  velocities,  I  decided  to  adopt  a  two  stage 
approach  to  account  for  anelastic  attenuation.  We  can  expand  the 
equivalent  elastic  layer  P  and  S  wave  velocities  from  equations  (4.2.10)  in 
terms  of  their  real  and  imaginary  components  as  follows. 


(4.2.12) 


(4.2.13) 


£RM 

'  -  4m 

In  the  first  stage  we  set  the  equivalent  elastic  velocities  to  aR  and  given 
by  equations  (4.2.12)  and  set  the  imaginary  components  to  rero.  This 
results  in  elastic  layer  velocities  which  are  frequency  dependent  but  real 
which  keeps  the  normal  mode  poles  on  the  real  wavenumber  axis  and  allows 
for  the  use  of  real  arithmetic  in  the  characteristic  function  computations. 
The  mode  searching  algorithm  which  I  described  in  section  4.1  can  then  be 
used  without  modification  to  find  the  poles  at  each  frequency.  The  second 
stage  involves  computing  an  imaginary  incremental  shift  of  the  normal 
mode  eigen  phase  velocities  due  to  a  purely  imaginary  change  in  the  layer  P 
and  S  wave  velocities  (this  imaginary  shift  is  set  to  Qj  and  0j)  using  first 
order  perturbation  theory. 
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The  anelastic  attenuation  must  be  low  (i.e.  the  Q  values  must  be 
high)  in  order  for  a  first  order  perturbation  approximation  of  the  eigen 
phase  velocities  to  yield  accurate  results.  Probably  a  more  straightforward 
approach  would  have  been  to  compute  a  complex  first  order  shift  in  the 
eigen  phase  velocities  due  to  complex  incremental  changes  in  the  layer  P 
and  S  wave  velocities  relative  to  an  unattenuating  medium  with  constant  P 
and  S  wave  velocities  however  it  is  easy  and  cheap  to  include  the  velocity 
dispersion  effects  directly  at  the  beginning  of  the  mode  searching  and  this 
also  eliminates  complex  arithmetic  from  the  perturbation  computations.  We 
can  apply  first  order  perturbation  theory  to  expand  the  Rayleigh  charac¬ 
teristic  function  as  follows. 


3RA(u»,c) 

dRA(u,c)  =  - - - dc  + 


(4.2.14) 


n 

E 

i*  1 


3rA(w,c) 


daW 


da(‘> 


A(*''c) 

33l‘> 


d/?(‘) 


where  i  is  the  layer  index  and  n  is  the  total  number  of  layers  including  the 
bottom  half  space  (if  any).  As  with  the  computation  of  the  group  velocity, 
small  changes  in  layer  P  and  S  wave  velocities  will  shift  an  eigen  phase  velo¬ 
city  such  that  dRAp,c)  =  0.  We  can  thus  write  down  the  shift  in  the  eigen 

phase  velocity,  dc,  due  to  shifts  in  the  P  and  S  wave  velocities  do*1)  and 
d^’>  as  follows. 
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i-  1 


aRA(u/.c) 


do*') 


doW 


A(u.’ ,c) 

35(,) 


3RA(iJ,c)  dc 


C  I 


dc  =  - 


(4-2.15) 


We  can  see  from  equation  (4.2. IS)  that  if  the  complex  values  of  da(')  and 
all  have  the  same  phase  angle,  then  dc  will  also  have  the  same  phase 
angle  (to  within  180  degrees)  and  this  is  because  all  of  the  partial  deriva¬ 
tives  in  (4.2.15)  are  real  for  real  frequency,  horizontal  phase  velocity,  and 
layer  velocities.  Thus  purely  imaginary  da^j  and  d5^  values  will  produce  a 
purely  imaginary  dc. 

Once  the  complex  eigen  phase  velocities  have  been  obtained  for  a 
structural  model  with  frequency  dependent  anelastic  attenuation  the 
remaining  computations  appear  to  be  straightforward.  One  would  typically 
use  the  complex  eigen  phase  velocities  to  compute  complex  eigenfunctions 
and  then  compute  the  mode  residue  contributions  using  a  Hankel  function 
algorithm  which  can  properly  handly  complex  arguments.  There  is  a  hidden 
problem  in  all  of  this  and  this  problem  is  not  obvious  unless  one  carefully 
considers  the  dispersion  curves  which  I  showed  in  section  4.1.  When  normal 
mode  poles  cluster  very  closely  together,  even  very  small  errors  in  the  eigen 
phase  velocities  can  cause  substantial  errors  in  the  vertical  eigenfunctions. 
This  extreme  sensitivity  of  the  eigenfunctions  to  the  eigen  phase  velocities  is 
one  of  the  reasons  that  I  compute  the  characteristic  function  using  double 
precision  arithmetic  and  is  the  primary  reason  why  I  locate  the  eigen  phase 
velocities  to  within  10~12  km/sec  accuracy  in  the  mode  searching  algorithm 
The  small  errors,  which  are  bound  to  occur  when  using  a  first  order  pertur¬ 
bation  approximation  for  the  eigen  phase  velocities,  can  produce  large 
erroneous  values  for  the  eigenfunctions  in  situations  where  normal  mode 
poles  are  very  close  to  each  other  The  situations  in  which  this  as  a  real 
problem,  as  with  many  of  the  other  problems  which  I  have  discussed,  are 
very  much  dependent  on  the  particular  structural  model  and  frequency 


bandwidths  which  are  used.  For  simple  structural  models  for  which  the  pole 
spacing  is  uniformly  regular  one  can  simply  substitute  the  first  order  com¬ 
plex  eigen  phase  velocities  into  the  eigenfunction  computations  and  expect 
reasonable  results  however,  for  more  complex  structural  models  with  irregu¬ 
lar  pole  spacing  this  approach  will  not  work  at  all. 

One  potential  way  of  solving  the  eigenfunction  sensitivity  prob¬ 
lem  is  to  use  a  complex  version  of  the  fine  searching  algorithm  to  refine  the 
complex  eigen  phase  velocities,  initializing  the  algorithm  with  the  first  order 
estimates  of  the  eigen  phase  velocities.  In  order  for  such  a  method  to  be  reli¬ 
able  it  is  necessary  for  the  first  order  estimates  of  the  complex  pole  locations 
to  be  close  to  the  actual  pole  locations.  Normally  “close”  means  that  the 
distance  between  the  first  order  pole  and  the  actual  pole  must  be  small 
when  compared  to  the  actual  pole  magnitude  in  the  complex  plane  however 
in  our  case  “close”  also  means  that  the  distance  between  the  first  order  pole 
and  the  actual  pole  must  be  small  when  compared  to  the  distances  between 
the  first  order  pole  and  any  other  poles.  It  is  this  second  restriction  which 
causes  the  complex  fine  searching  algorithm  to  be  not  completely  reliable, 
once  again,  in  situations  of  tightly  clustered  poles.  I  did  develop  a  computer 
program  which  uses  a  complex  fine  searching  algorithm  to  refine  the  eigen 
phase  velocity  estimates  and  I  also  developed  full  complex  versions  of  the 
eigenfunction  and  mode  residue  computation  programs.  Predictably  these 
programs  run  much  slower  than  their  real  arithmetic  counterparts  and  also 
the  complex  fine  searching  algorithm  is  not  completely  reliable. 

I  felt  that  it  was  necessary  to  develop  completely  reliable  and  fas¬ 
ter  versions  of  the  computer  programs  which  account  for  attenuation  and  I 
finally  settled  on  a  method  which  is  numerically  stable  over  a  wide  range  of 
Q  values  but  which  introduces  an  additional  unwanted  approximation 


relating  to  the  attenuation  of  elastic  energy  propagating  through  the 
medium.  In  this  method  I  use  purely  real  eigen  phase  velocities  to  compute 
the  eigenfunctions  and  these  real  poles  are  equal  to  the  original  real  eigen 
phase  velocities  which  were  located  by  the  mode  searching  algorithm. 
Because  of  this  the  eigenfunctions  are  obviously  numerically  stable  and  the 
dispersive  effects  of  the  attenuation  are  properly  accounted  for  however, 
since  the  imaginary  component  of  the  eigen  phase  velocities  are  not  used, 
the  vertical  eigenfunctions  do  not  properly  account  for  the  amplitude 
attenuation.  The  imaginary  components  of  the  eigen  phase  velocities  deter¬ 
mined  from  the  first  order  perturbation  are  passed  on  to  the  mode  residue 
computation  program  and  the  full  complex  eigenwavenumbers  are  used  in 
the  radial  Hankel  eigenfunctions.  The  net  result  of  this  is  that  energy  pro¬ 
pagating  in  the  vertical  direction  is  not  attenuated  but  energy  propagating 
in  the  horizontal  direction  is  attenuated.  Certainly  this  is  a  less  than  ideal 
solution  to  the  problem  however  the  incremental  cost  of  accounting  for 
attenuation  using  this  method  is  very  small  and  as  I  will  show  later  in  this 
chapter  the  main  applicability  of  the  locked  mode  method  for  computing 
synthetic  seismograms  is  for  situations  where  the  seismic  energy  is  propagat¬ 
ing  fundamentally  in  the  horizontal  direction. 

All  of  the  necessary  equations  to  compute  the  partial  derivatives 
of  the  characteristic  function  with  respect  to  frequency  and  phase  velocity 
are  given  in  appendix  B.  The  partial  derivatives  of  the  characteristic  func¬ 
tion  suffer  from  the  same  dynamic  range  problem  as  the  characteristic  func¬ 
tion  itself  and  so  I  show  how  the  partial  derivative  computations  can  be 
dynamically  scaled  in  the  same  manner  as  the  characteristic  function  com¬ 
putations.  Finally  in  appendix  B  1  derive  a  method  for  computing  the  first 
order  change  in  the  eigen  phase  velocities  due  to  a  small  change  of  the  layer 


P  and  S  wave  velocities.  This  method  gives  the  same  identical  results  as 
equation  (4.2.15)  but  it  avoids  the  separate  computations  of  the  partial 
derivatives  of  the  characteristic  function  with  respect  to  each  layer  P  and  S 
wave  velocity. 

In  the  next  section  I  will  describe  the  actual  computer  programs 
which  I  wrote  that  use  the  methods  and  equations  given  in  this  dissertation 
to  compute  locked  mode  synthetic  seismograms.  These  programs  allow  the 
user  to  find  P-SV  and  SH  dispersion  curves  starting  from  a  specified  plane 
layered  structural  model  and  at  specified  frequency  samples,  compute  the 
P-SV  and  SH  depth  dependent  eigenfunctions  for  each  mode-frequency  and 
at  specified  depths,  sum  the  mode  residues  at  each  component-frequency  for 
specified  source- receiver  geometries  and  source  types,  and  transform  each 
receiver-component  into  the  time  domain  after  applying  various  user  speci¬ 
fied  filters. 

4.S  Locked  Mode  Seismogram  Synthesis:  The  Computer  Programs 

I  implemented  the  theoretical  and  numerical  methods  which  I 
developed  in  a  set  of  computer  programs  which  allows  one  to  compute 
locked  mode  synthetic  seismograms  in  a  straightforward  manner  for  a  large 
range  of  frequency  bandwidths,  structural  models,  source-receiver  configura¬ 
tions  and  source  types.  These  programs  have  undergone  an  historical 
development  which  paralleled  the  development  of  the  theory  and  numerical 
methods  and  the  results  of  early  versions  of  these  programs  dictated  the 
course  of  action  which  I  took  in  the  theoretical  development.  The  final  ver¬ 
sions  of  these  programs  provide  a  very  simple  user  interface  and  can  be  run 
on  mc«t  computers,  big  or  small,  as  long  as  sufficient  disk  space  and  cpu 
cycles  are  available. 
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The  bulk  of  the  program  development  was  done  an  a  digital 
equipment  corporation  (DEC)  PDP  11/70  mini-computer  with  the  UNIX 
operating  system  and  using  the  FORTRAN  77  programming  language 
(some  low  level  subroutines  were  written  in  the  C  programming  language). 
The  PDP  11/70  computer  has  a  sixteen  bit  direct  address  length  which 
places  a  rather  severe  restriction  on  the  maximum  program  size  and,  using 
the  UNIX  operating  system,  this  maximum  size  is  64K  bytes  (lK  —  1024,  1 
byte  =  8  bits)  of  program  text  and  64 K  bytes  of  data  in  core  memory.  The 
most  restrictive  of  this  was  the  limit  on  the  program  text  which  limited  the 
actual  number  of  lines  of  code  in  any  one  executable  program  and  this  limit 
had  a  strong  effect  on  the  way  in  which  I  modularized  the  computational 
procedure.  Another  aspect  of  the  PDP  11/70  computer  which  effected  the 
program  development  was  that  it  as  a  relatively  slow  machine  especially 
when  compared  to  large  mainframe  machines  such  as  the  IBM  370  or  the 
CDC  7600.  Because  of  these  restrictions  I  was  forced  to  be  clever  in  the 
development  of  the  programs  to  reduce  both  the  size  and  the  run  times  of 
each  program  so  that  I  could  use  the  11/70  to  generate  locked  mode  syn¬ 
thetic  seismograms  at  high  frequencies  and  for  realistic  structural  models.  In 
the  end  this  all  proved  to  be  an  advantage  since  the  programs  which  I 
developed  run  relatively  fast  and  can  be  put  on  almost  any  computer  (I 
have  a  working  version  of  the  mode  searching  program  running  on  an  IBM 
PC-AT  microcomputer).  The  final  versions  of  the  programs,  which  run  on 
much  larger  virtual  memory  computers,  are  organized  in  the  same  manner 
as  the  original  11/70  versions. 

The  overall  arrangement  of  the  programs  is  diagramed  in  figure 
4-6  along  with  the  intermediate  da’ a  files  which  communicate  between  the 
programs.  The  first  program  to  be  run  for  a  new  structural  model  or 
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Figure  4-6.  Computer  programs  used  to  compute  locked  mode  synthetic 
seismograms. 


frequency  bandwidth  is  always  program  FINDPOLE  which  uses  the  mode 
•earching  algorithm,  which  I  described  in  section  4.1,  to  locate  the  Rayeligh 
and  Love  eigen  phase  velocities  for  a  set  of  specified  frequencies.  The  only 
required  inputs  into  the  program  are  the  elastic  parameters  (P  wave  velo¬ 
city.  S  wave  velocity,  density)  and  the  thicknesses  of  all  the  layers  in  the 
structural  model  and  the  set  of  equally  spaced  frequency  values  at  which 
the  normal  modes  will  be  evaluated.  The  frequency  sampling  is  carried 
through  the  remainder  of  the  programs  and  is  used  to  compute  the  inverse 
Fourier  transforms  in  the  final  step  which  produces  time  domain  synthetic 
seismograms.  The  program  will  automatically  chose  a  phase  velocity  range 
for  the  mode  search  which  will  pick  up  all  locked  modes  (the  user  can  over¬ 
ride  this  and  specify  a  phase  velocity  range).  The  program  will  also 
automatically  chose  a  starting  value  for  the  phase  velocity  searching  incre¬ 
ment  which  will  insure  reliable  yet  efficient  results.  The  group  velocity  for 
each  mode  is  computed  and  the  phase  velocities,  group  velocities  and  all 
other  pertinent  information  are  written  out  to  a  binary  data  file. 

Running  program  FINDPOLE  usually  takes  more  time  than  any 
of  the  other  programs  which  follow.  For  a  typical  situation  where  ten  or 
twenty  synthetic  seismograms  are  computed  at  one  source  depth,  FIND¬ 
POLE  runs  about  ten  times  slower  than  any  of  the  other  programs  This 
can  be  expected  since,  on  average,  the  characteristic  function  is  evaluated 
fifteen  times  for  each  pole  that  is  located  whereas  the  other  programs,  which 
compute  the  eigenfunctions  and  the  residue  contributions,  will  be  making 
their  respective  computations  only  once  per  mode  and  it  is  this  feature  of 
the  locked  mode  method  that  is  primarily  responsible  for  its  efficiency 
Because  of  the  long  run  time*  which  can  be  expected  in  certain  cases,  this 
particular  program  has  a  restart  capability  which  allows  the  user  to  recover 
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the  results  of  a  previous  run  which  may  have  been  prematurely  terminated 
either  purposely  or  accidentally.  Also  because  of  the  long  potential  run 
times,  program  FINDPOLE  is  usually  run  in  a  batch  mode  at  off  hours 
using  low  priority.  The  actual  run  time  for  program  FINDPOLE  is  about  30 
milliseconds  per  layer  per  mode  per  frequency  on  a  DEC  VAX  11/780  com¬ 
puter. 
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As  I  outlined  in  section  4.2,  attenuation  would  normally  be 
modeled  in  a  two  step  process.  The  first  step  would  be  to  run  program 
FINDPOLE  with  the  real  parts  of  the  frequency  dependent  layer  P  and  S 
wave  velocities  in  order  to  account  for  the  dispersive  effects  of  attenuation. 
I  must  confess  however  that  I  have  not  implemented  the  interpolation  rou¬ 
tines  in  program  FINDPOLE  which  would  be  necessary  to  change  the  P 
and  S  wave  velocities  as  the  frequency  is  changed.  Program  FINDPOLE,  as 
it  exists  now,  assumes  constant  P  and  S  wave  velocities,  but  it  would  be  a 
trivial  exercise  to  modify  the  program  to  make  the  elastic  velocities  fre¬ 
quency  dependent.  I  can  also  say  with  confidence  that  such  a  modification 
would  not  require  any  changes  in  the  mode  searching  algorithm  and  it 
would  not  effect  either  the  performance  or  the  reliability  of  the  program. 
For  most  frequency  bandwidths  and  distance  ranges  for  which  I  have  used 
the  locked  mode  methods,  I  have  found  the  effects  of  attenuation  to  be 
small  and  the  dispersive  effects  would  be  unnotieeabie. 

After  program  FINDPOLE  has  been  executed  the  next  step 
would  typically  be  to  run  program  ATTENUATION.  Actually  this  step  is 
optional  and  the  user  can  go  on  to  program  EIGENF  if  it  is  not  necessary 
to  account  for  attenuation.  If  the  user  does  run  program  ATTENUATION, 
then  the  user  will  be  required  to  input  a  tabulated  6et  of  Qa  and  values 
for  each  layer  and  for  any  number  of  frequencies.  The  program  will  linearly 
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interpolate  the  Q  values  between  the  specified  frequencies  and  then  use 
equations  (4.2.13)  to  compute  the  imaginary  components  of  the  layer  P  and 
S  wave  velocities  with  the  real  parts  of  these  velocities  set  to  the  velocities 
used  by  program  FINDPOLE.  The  imaginary  value  of  each  eigen  phase 
velocity  is  then  computed  using  the  equations  in  appendix  B. 

Program  ATTENUATION  reads  the  binary  data  file  which  is 
written  by  program  F1NDPOLE  and  the  imaginary  values  of  the  eigen 
phase  velocities  are  deposited  into  the  FINDPOLE  output  file.  Thus  pro¬ 
gram  ATTENUATION  modifies  the  FINDPOLE  output  file  instead  of  writ¬ 
ing  a  new  one  and  an  output  file  from  FINDPOLE  can  be  rerun  through 
program  ATTENUATION  if  it  is  necessary  to  change  the  attenuation.  This 
is  another  reason  why  I  chose  to  keep  the  elastic  velocities  constant  in  pro¬ 
gram  FINDPOLE  since,  if  dispersion  were  properly  modeled,  a  change  in 
the  Q  values  would  require  a  complete  rerun  of  program  FINDPOLE.  pro¬ 
gram  ATTENUATION  runs  much  faster  than  program  FINDPOLE  and  the 
run  time  is  about  2.5  milliseconds  per  layer  per  mode  per  frequency  on  a 
DEC  VAX  11/780  computer. 

Program  EIGENF  computes  the  four  components  of  the  Rayleigh 
eigenfunctions  and  the  two  components  of  the  Love  eigenfunctions.  This 
program  reads  an  output  file  from  program  FINDPOLE,  which  may  or  may 
not  have  been  modified  by  program  ATTENUATION,  and  computes  the 
eigenfunctions  using  the  algorithm  described  in  section  3.5.  The  only 
required  user  inputs  are  a  set  of  depths  at  which  the  eigenfunctions  are 
computed  and  where  potential  sources  or  receivers  will  be  located.  A  binary 
data  file  is  written  by  program  EIGENF  which  contains  all  of  the  eigen¬ 
values  and  eigenfunctions  at  each  mode-frequency  and  for  each  specified 
depth  and  this  output  file  is  usually  the  largest  of  the  intermediate  data 
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files.  The  site  of  the  EIGENF  output  file  is  about  36  bytes  per  depth  per 
mode  per  frequency  and  the  run  tune  is  about  4  milliseconds  per  layer  per 
mode  per  frequency  on  a  DEC  VAX  11/780  computer. 

In  order  to  compute  the  eigenvalues  and  eigenfunctions  for  the 
widest  range  of  frequency  bandwidths  and  structural  models  I  have  found  it 
necessary  to  use  double  precision  (64  bit)  arithmetic  for  all  of  the  internal 
computations  in  programs  FINDPOLE,  ATTENUATION  and  EIGENF. 

Abo-Zena  (1979)  claims  that  the  Rayleigh  characteristic  function  can  be 
computed  in  a  numerically  stable  manner  using  only  single  precision  (32 
bit)  arithmetic  and  I  concur  with  his  statement  however  I  think  that  seven 
or  eight  decimal  places  of  resolution  is  not  enough  to  reliably  locate  the 
dispersion  curves  and  especially  to  compute  the  eigenfunctions  of  tightly 
clustered  poles.  I  have  also  found  that  for  most  modern  computers  64  bit 
arithmetic  is  not  excessively  slow,  in  fact  for  many  computers  and  operating 
systems  the  actual  hardware  arithmetic  operations  are  done  in  extended 
precision  regardless  of  the  programming.  Obviously  the  numbers  in  the 
FINDPOLE  output  file  are  written  in  double  precision  to  preserve  the  reso¬ 
lution  in  program  EIGENF.  1  have  found  that  the  computations  which 
take  place  after  program  EIGENF  can  be  done  in  single  precision  without 
adverse  effects  and  so,  primarily  to  reduce  the  sizes  of  the  intermediate  data 
files  and  the  required  core  memory  data  storage  sizes,  all  of  the  arithmetic 
done  after  program  EIGENF  is  done  in  single  precision.  With  this  in  mind 
the  numbers  in  the  EIGENF  output  file  are  written  in  single  precision  even 
though  they  are  computed  in  double  precision.  Another  distinct  change  in 
the  nature  of  the  computations  after  program  EIGENF  is  that  the  struc¬ 
tural  model  is  no  longer  needed  or  used  directly  so  that  the  speed  of  subse¬ 
quent  computations  is  not  dependent  on  the  number  of  layers  in  the  elastic 
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The  three  component  synthetic  spectra  are  computed  in  program 
SEISYNTH  which  reads  the  eigenvalues  and  eigenfunctions  from  an 
EIGENF  output  file  and  computes  the  spectra  from  the  locked  mode  contri¬ 
butions  in  equations  (3.3.41)  and  (3.4.2).  At  this  point  the  user  must  specify 
the  source  and  receiver  spatial  configurations  along  with  the  source  parame¬ 
ters.  The  program  allows  for  both  multiple  sources  and  multiple  receivers 
and  the  only  constraint  on  the  locations  is  that  no  receiver  can  have  the 
same  exact  map  coordinates  as  a  source  (zero  distance  is  not  allowed  due  to 
the  singularity  of  the  Hankel  function  at  zero).  The  contributions  at  each 
receiver  due  to  multiple  sources  can  either  be  summed  together,  with 
appropriate  individual  source  gains  and  origin  time  shifts,  or  the  three  com¬ 
ponent  spectra  for  each  source  can  be  kept  separate  for  parametric  source 
studies.  The  user  must  also  specify  the  depths  of  each  source  and  receiver 
and  these  must  correspond  to  the  depths  for  which  the  eigenfunctions  have 
been  computed.  The  source  jump  vectors  are  uniquely  determined  by  the 
source  types  (e.g.  explosion,  shear  dislocation  point  source,  etc.)  and  appen¬ 
dix  C  gives  a  number  of  different  jump  vectors  for  various  source  types. 
Another  set  of  important  parameters  which  the  user  must  input  are  phase 
velocity,  group  velocity  and  frequency  filters.  Normally  the  only  filter  which 
would  be  applied  at  this  point  would  be  a  phase  velocity  filter  which  applies 
a  scalar  gain  factor  to  each  mode  residue  contribution  as  a  function  of  the 
eigen  phase  velocity  and  the  use  of  these  filters  will  be  discussed  later  in 
this  chapter. 

Program  SEISYNTH  computes  the  three  component  normal 
mode  residues  at  each  receiver  and  for  each  source,  applies  the  filtering 
gains  to  each  residue,  su-s  all  of  the  weighted  residues  together  at  each 


frequency  and  writes  the  locked  mode  spectra  to  a  binary  data  file.  This 
program  requires  the  use  of  Bessel  function  subroutines  and  the  program 
run  time  is  primarily  effected  by  the  efficiency  of  these  subroutines.  The  run 
time  for  program  SEISYNTH  is  about  1.5  milliseconds  per  receiver  per 
mode  per  frequency  for  all  three  components  on  a  DEC  VAX  11/780  com¬ 
puter. 

The  final  step  involves  running  program  SEISPLOT  which 
transforms  the  three  component  spectra  into  the  time  domain.  This  pro¬ 
gram  reads  the  SEISYNTH  output  data  file  and  has  to  demultiplex  each 
receiver-component  spectrum  out  of  the  data  file.  A  number  of  different 
filters  can  be  applied  in  the  frequency  domain  w'hich  account  for  simple 
models  of  the  source  spectra  and  the  receiver  instrument  responses.  Finally 
the  spectra  for  each  receiver-component  are  transforme .  into  the  time 
domain  through  the  use  of  a  fast  Fourier  transform  subroutine  and  the  syn¬ 
thetic  seismograms  are  written  to  a  binary  data  file. 

In  addition  to  the  main  programs  which  I  have  just  described  a 
number  of  utility  programs  were  developed  which  are  primarily  aimed  at 
displaying  the  results  of  the  main  programs.  Program  DISPLOT  will  make 
dispersion  curve  plots  of  phase  velocity,  group  velocity,  or  the  imaginary 
component  of  phase  velocity  versus  frequency  for  all  of  the  normal  modes 
and  this  program  reads  a  FINDPOLE  output  data  file  which  may  or  may 
not  have  been  modified  by  program  ATTENUATION.  Program  SPCDUMP 
will  read  a  SEISYNTH  output  data  file  and  produce  a  neatly  formatted 
printer  listing  of  the  locked  mode  synthetic  spectra.  Program  ADD  allows 
the  spectra  from  two  different  runs  of  program  SEISYNTH  to  be  summed 
together  for  each  receiver-component.  Program  RAYPLOT  will  read  the 
output  data  file  from  program  SEISPLOT  and  plot  a  suite  of  synthetic 


seismograms  and  optionally  compute  and  display  a  set  of  theoretical  ray 
travel  time  curves  over  the  locked  mode  synthetics.  In  addition  to  the 
graphics  produced  by  programs  DISPLOT  and  RA\PLOT,  the  main  pro¬ 
gram  SEISPLOT  also  will  display  the  synthetic  seismograms  on  a  graphics 
terminal  as  they  are  being  transformed  into  the  time  domain. 

4.4  Locked  Mode  Seismogram  Synthesis:  The  Locked  Mode 
Approximation 

The  locked  mode  method  provides  an  efficient  way  of  computing 
a  portion  of  the  complete  synthetic  seismogram.  The  particular  portion  of 
the  complete  solution  which  this  method  gives  is  entirely  dependent  on  the 
S  wave  velocity  of  the  bottom  half  space  which  effectively  applies  a  low  pass 
phase  velocity  filter  to  the  complete  solution.  One  way  of  increasing  the 
locked  mode  synthetic  phase  velocity  bandpass  is  to  move  the  bottom  of  the 
structural  model  down  which,  for  realistic  earth  models,  will  result  in 
increasing  the  S  wave  velocity  of  the  bottom  half  space.  The  resulting 
locked  mode  synthetics  will  contain  earlier  arrivals  and  the  representation  of 
near  surface  wave  propagation  will  become  more  complete.  In  the  limiting 
case  we  could  take  a  spherical  earth  structural  model  and  apply  a  flattening 
transformation  which,  for  a  whole  earth  model,  would  result  in  a  flat  earth 
structure  with  elastic  velocities  approaching  infinity  as  the  depth 
approaches  the  earth’s  radius. 

Flattened  whole  earth  models  are  in  fact  plate  structures  and  for 
plate  structures  the  locked  mode  method  provides  almost  complete  syn¬ 
thetic  seismograms  (complete  seismograms  would  require  the  inclusion  of 
modes  with  complex  eigenwavenumbers).  Unfortunately  there  is  an  almost 
direct  proportionality  between  the  number  of  locked  modes  at  a  particular 


frequency  and  the  total  thickness  of  the  structural  model  and,  for  models 
with  thicknesses  of  planetary  dimensions,  an  excessive  number  of  locked 
modes  will  exist  for  frequencies  over  0.1  Hertz.  This  problem  is  the  reason 
why  spherical  earth  normal  modes  cannot  be  used  to  generate  complete  high 
frequency  synthetic  seismograms  without  expending  an  exorbitant  computa¬ 
tional  effort.  This  also  has  a  lot  to  do  with  why  flat  earth  models  are  so 
popular  with  theoretical  seismologists  who  are  trying  to  compute  high  fre¬ 
quency  synthetic  seismograms.  Flat  earth  models  allow  the  seismologist  to 
arbitrarily  limit  the  total  thickness  of  the  structural  model  which  has  the 
effect  of  ignoring  the  wave  propagation  outside  of  that  thickness  while 
reducing  the  computational  effort  required  to  synthesize  waves  propagating 
within  the  thickness. 

In  order  to  realize  the  maximum  efficiency  of  the  locked  mode 
method  it  is  necessary  to  make  the  total  structure  thickness  as  small  as  pos¬ 
sible.  Thin  structural  models  however  tend  to  produce  incomplete  locked 
mode  synthetics  due  to  the  low  S  wave  velocities  of  the  bottom  half  space. 
The  essence  of  the  locked  mode  approximation  is  to  place  an  unrealistically 
high  velocity  half  space  at  the  bottom  of  the  structural  model  and  I  refer  to 
this  high  velocity  half  space  as  the  cap  layer.  I  then  require  that  this  cap 
layer  be  placed  at  a  depth  such  that  the  earliest  P  wave  reflection  from  the 
top  of  the  cap  layer  arrives  after  the  seismic  coda  of  interest.  As  the  S  wave 
velocity  of  the  cap  layer  is  increased,  the  entire  seismic  coda,  including  the 
earliest  P  wave  arrivals,  can  be  synthesized  using  only  the  locked  mode  resi¬ 
due  contributions.  The  choice  of  a  cap  layer  depth  will  place  a  limit  on  the 
maximum  source-receiver  distance,  for  which  locked  mode  synthetic  seismo¬ 
grams  can  be  computed,  without  significant  contamination  from  cap  layer 
reflections.  This  maximum  distance  will  be  roughly  proportional  to  the  cap 
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layer  depth  and  so  the  locked  mode  approximation  will  be  moat  efficient  in 
the  near  field  (I  am  using  this  to  mean  0  to  500  km)  distance  range  and  the 
efficiency  will  decrease  as  the  source-receiver  distance  increases. 

There  are  a  number  of  problems  with  the  locked  mode  approxi¬ 
mation  which  I  will  discuss  in  detail  in  this  section  where  I  will  show,  with 
numerical  results,  how  and  under  what  circumstances  these  problems  can  be 
overcome.  The  problems  fall  into  three  categories  which  I  give  below. 

1.  Spurious  reflections  off  of  the  cap  layer. 

2.  Time  wrap  around  of  the  synthetic  seismogram  in  the  time  domain  due 
to  sampling  in  the  frequency  domain. 

3.  The  truncation  effects  due  to  cutting  off  the  mode  sum  to  some  finite 
number  of  modes  (phase  velocity  filtering). 

In  order  to  check  the  validity  of  the  locked  mode  approximation  I 
decided  to  try  to  match  a  wave  propagation  problem  which  had  been  solved 
exactly.  I  chose  the  problem  of  a  vertical  vector  point  source  with  a  step 
function  time  history  applied  at  the  free  surface  of  an  infinite  homogeneous 
half  space,  Lamb’s  problem.  A  solution  of  Lamb's  problem  for  the  case  of  a 
material  with  a  Poisson’s  ratio  of  0.25  was  derived  by  Pekeris  (1955)  and  is 
given  in  terms  of  elliptic  integrals. 

I  placed  the  cap  layer  at  a  depth  of  100  km  and  gave  it  a  shear 
wave  velocity  of  12  km/sec.  The  100  km  thick  layer  above  had  a  shear  wave 
velocity  of  4  km/sec  and  a  Poisson's  ratio  of  0.25  (a  P  wave  velocity  of 
about  7  km/sec).  The  useful  source-receiver  distance  was  restricted  to  less 
than  about  100  km  since  for  distances  greater  than  that  the  cap  layer  reflec¬ 
tions  would  interfere  with  the  desired  solution.  Figure  4-7  shows  the  syn¬ 
thetic  surface  displacements  from  the  locked  mode  method  at  a  distance  of 
75  km  and  with  a  bandwidth  of  8  Hertz  along  with  the  exact  solution  from 
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Pekeris. 


The  match  between  the  two  solutions  for  the  radiaJ  displacement 


is  quite  good  up  until  the  arrival  of  the  fundamental  Rayleigh  surface  wave. 
After  the  arrival  of  the  Rayleigh  wave,  which  for  Lamb’6  problem  is  a  loga¬ 
rithmic  singularity,  the  modal  solution  drifts  away  from  the  correct  solution 
which  asymptotically  approaches  the  static  offset  due  to  the  step  function 
source.  At  first  this  may  seem  to  be  unusual,  since  one  might  expect  a 
modal  solution  of  Lamb’s  problem  to  work  quite  well  in  synthesizing  the 
surface  wave  and  not  so  well  in  synthesizing  the  P  and  S  body  waves,  but 
the  opposite  conclusion  must  be  drawn  here.  The  reason  for  this  is  twofold; 
first,  the  strong  step  function  static  offset  in  the  solution  of  Lamb’s  problem 
causes  a  singularity  in  the  spectrum  at  zero  frequency,  and  secondly,  adding 
a  cap  layer  to  the  structure  will  obviously  effect  the  fundamental  Rayleigh 
dispersion  curve  at  low  frequencies. 

The  spectrum  of  a  simple  step  function  at  zero  time  is  l/(i  w)  and 
this  gives  an  obvious  singularity  at  zero  frequency.  Whenever  a  static  offset 
appears  in  the  solution  of  the  elastic  wave  equation,  whether  it  be  at  some 
arbitrary  time  and  in  the  presence  of  other  dynamic  solutions,  the  analytic 
expression  of  the  spectrum  must  be  singular  at  zero  frequency.  If  one  com¬ 
putes  the  spectrum  of  a  step  function  analytically,  samples  that  analytic 
spectrum  in  the  frequency  domain,  and  then  uses  a  fast  Fourier  transform 
to  transform  the  sampled  spectrum  into  the  time  domain,  the  resulting  time 
domain  trace  will  look  like  a  saw-tooth  wave  instead  of  a  step  function.  This 
comes  about  due  to  undersampling  of  the  spectral  singularity  at  zero  fre¬ 
quency  and  the  resulting  aliasing  which  is  manifested  as  wrap  around  in  the 
time  domain.  This  is  a  basic  problem  which  is  shared  by  all  frequency 
domain  synthesis  methods  and  so  even  if  we  were  to  synthesize  only  the 


Rayleigh  surface  wave  using  an  infinite  half  space  as  the  structure,  we 
would  see  a  similar  drifting  error  as  we  see  it  in  figure  4-7. 

The  vertical  displacement  match  between  the  two  solutions  is  not 
so  good  although  the  major  features  of  the  P,  S  and  Rayleigh  waves  do 
agree  between  the  two  solutions.  Once  again  we  can  see  the  low  frequency 
drifting  error  in  the  locked  mode  approximation  when  we  compare  the  Ray¬ 
leigh  wave  with  the  exact  solution,  which  is  a  step  function.  WE  also  see 
more  low  frequency  error  in  the  P  and  S  waves  than  we  did  for  the  radial 
displacement.  The  most  obvious  error  in  the  locked  mode  approximation 
solution  is  the  large  acausal  reverse  step  that  immediately  precedes  the  P 
wave  arrival.  This  is  due  to  an  upper  phase  velocity  cutoff  of  8  km/sec 
which  I  imposed  when  summing  the  modes.  The  phase  velocity  filtering 
causes  a  spurious  arrival  to  precede  the  P  wave  and  I  refer  to  this  arrival  as 
the  truncation  phase,  since  it  is  due  to  truncating  the  mode  sum.  I  will  dis¬ 
cuss  the  effects  of  phase  velocity  filtering  in  more  detail,  but  for  now  note 
that  the  P  wave  arrival  and  the  rest  of  the  seismic  coda  does  not  seem  to  be 
effected  by  the  truncation  phase  even  when  the  phase  velocity  cutoff  is  set 
close  to  the  P  wave  velocity.  The  last  feature  that  I  would  like  to  point  out 
is  the  small  bump  near  the  end  of  the  trace.  This  is  the  cap  layer  reflection 
and  as  can  be  seen  it  does  not  interfere  with  the  earlier  seismic  coda.  As  I 
stated,  the  addition  of  a  cap  layer  to  the  structural  model  will  obviously 
effect  the  Rayleigh  wave  dispersion  curve  in  the  low  frequency  limit,  how¬ 
ever  this  effect  must  be  causal  and  this  bump  represents  the  first  place  in 
the  seismogram  where  the  effect  of  the  cap  layer  can  be  seen. 

There  is  an  apparent  flaw  in  the  locked  mode  approximation 
which  is  a  consequence  of  both  the  wrap  around  problem  and  the  presence 
of  the  cap  layer.  We  can  insure  that  the  first  cap  layer  reflection  arrives 
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after  some  given  time  in  the  seismic  coda  at  a  given  distance  by  placing  the 
cap  layer  at  sufficient  depth.  After  the  first  cap  layer  reflection  arrival,  the 
coda  will  be  contaminated  by  a  host  of  multiple  reverberations  associated 
with  the  cap  layer,  and  so  one  might  think  that  this  part  of  the  coda  would 
be  rendered  useless.  For  the  case  of  a  rigid  cap  layer  these  multiple  reflec¬ 
tions  would  continue  for  infinite  time  and  slowly  decrease  in  amplitude  due 
to  geometric  spreading.  Since  1  sample  in  the  frequency  domain  one  would 
expect  multiple  reflections  due  to  the  cap  layer  to  wrap  around  into  the  ear¬ 
lier  part  of  the  coda  and  thus  contaminate  the  entire  seismogram. 

This  does  happen  with  the  locked  mode  approximation  when 
using  a  rigid  cap  layer  and  when  including  a  large  number  of  modes  with 
very  high  phase  velocities.  If,  however,  a  low  pass  phase  velocity  filter  is 
applied  in  the  form  of  a  mode  truncation  based  on  the  eigen  phase  velocity 
the  wrap  around  cap  layer  reflection  problem  is  greatly  diminished.  This  is 
the  reason  for  the  phase  velocity  filter  which  was  used  for  Lamb’s  problem; 
originally  a  prominent  cap  layer  reflection  appeared  half  way  between  the  P 
and  S  wave  arrivals  due  to  wrap  around,  but  the  phase  velocity  filter 
removed  the  reflection  at  the  expense  of  producing  a  rather  large  truncation 
phase.  This  effect  can  be  easily  explained  when  we  consider  the  horizontal 
phase  velocity  of  a  cap  layer  reflection  body  wave.  Normally  cap  layer 
reflections  will  arrive  at  the  surface  with  steep  angles  of  incidence  and  thus 
they  will  have  high  horizontal  phase  velocities,  and  the  later  cap  layer 
reflections  which  correspond  to  multiple  reflections  will  have  even  higher 
phase  velocities.  Thus  a  low  pass  phase  velocity  filter  with  a  cutoff  set 
slightly  above  the  highest  P  wave  velocity  will  tend  to  pass  most  of  the 
seismic  coda  and  remove  the  cap  layer  reflections.  I  will  demonstrate  this  in 
a  more  quantitative  manner  in  the  next  example. 


After  checking  the  locked  mode  approximation  with  the  exact 
solution  of  Lamb’s  problem  I  proceeded  to  compute  synthetic  seismograms 
for  a  more  realistic  earth  structure.  I  chose  a  six  layer  southern  California 
crust  and  upper  mantle  structure  which  I  obtained  from  Kanamori  and 
Hadley  (1975).  I  computed  the  eigenvalues  and  eigenfunctions  for  two  ver¬ 
sions  of  the  structural  model.  The  first  version  is  given  m  table  4-2  and  has 
a  cap  layer  with  a  shear  wave  velocity  of  15  km/sec  at  a  depth  of  '10  km 
and  the  eigenvalues  and  eigenfunctions  were  computed  over  a  frequency 
range  of  8  Hertz  with  a  sampling  interval  corresponding  to  a  64  second  time 
window.  The  second  version  was  the  same  as  the  first  except  that  the  cap 
layer  was  put  at  a  depth  of  190  km  and  the  eigenvalues  and  eigenfunctions 
were  computed  over  a  frequency  range  of  4  Hertz  with  a  sampling  interval 
corresponding  to  a  128  second  time  window.  I  refer  to  the  first  version  as 
the  "thin"  structure  and  the  second  version  as  the  "thick"  structure  and  I 
computed  a  number  of  synthetic  seismograms  using  these  two  similar  struc¬ 
tural  models  so  that  I  could  see  the  effects  of  cap  layer  depth  and  frequency 
sampling  on  the  locked  mode  synthetics. 

In  order  to  test  the  effects  of  phase  velocity  filtering  and  to  verify 
that  I  could  use  this  filtering  to  decontaminate  the  seismograms  of  cap  layer 
reflections,  I  computed  a  number  of  seismograms  at  a  fixed  source- receiver 
distance  and  for  a  fixed  source,  for  the  thin  structure  varying  only  the  phase 
velocity  filter  cutoff,  and  compared  these  against  a  seismogTam  at  the  same 
distance  for  the  thick  structure  The  results  of  these  computations  can  be 
seen  in  Figure  4-8  where  I  plot  vertical  displacements  at  the  surface  for  the 
P  waves  and  the  first  part  of  the  S  wave  coda  These  seismograms  were 
computed  at  a  distance  of  200  km  and  the  source  was  placed  at  a  depth  of  7 
km.  The  source  model  I  used  was  a  relaxation  source  (Stevens  (1980))  with 


Figure  4-8.  A  comparison  of  synthetic  surface  displacements  using  the 
locked  mode  approximation  for  various  phase  velocity  cutoffs  and  as  the  cap 
layer  depth  is  changed.  Dashed  lines  indicate  cap  layer  reflection  arrivals. 


a  relaxation  radius  of  1  km  and  &  prestress  corresponding  to  a  thrust  event. 
The  individual  traces  are  labelled  with  a  number  which  is  the  phase  velocity 
filter  cutoff  and  either  thin  or  thick  which  specifies  the  structural  model 
used. 

We  would  expect  the  seismograms  for  the  thin  structure  to  be 
heavily  contaminated  with  cap  layer  reflections  since  the  source-receiver  dis¬ 
tance  is  almost  twice  the  cap  layer  depth  and  this  is  the  case  for  the  top 
trace  of  figure  4-8.  The  vertical  dashed  lines  show  the  ray  arrival  times  of 
two  prominent  cap  layer  reflections,  the  earlier  arrival  being  the  first  P 
wave  reflection,  and  the  numbers  beside  each  line  are  the  horiiontal  phase 
velocities  of  the  two  reflection  body  waves.  In  addition  to  these  two  reflec¬ 
tions  there  are  a  number  of  other  spurious  arrivals  including  one  prior  to 
the  first  legitimate  P  wave  arrival  which  as  a  wrapped  around  cap  layer 
reflection.  As  we  decrease  the  phase  velocity  filter  cutoff  these  spurious 
arrivals  appear  to  vanish,  as  can  be  seen  in  the  successive  seismograms 
below  the  top  trace.  The  individual  cap  layer  reflections  are  filtered  out 
when  the  phase  velocity  cutoff  drops  below  the  horizontal  phase  velocity 
associated  with  that  reflection.  At  the  lowest  phase  velocity  cutoff  of  8.5 
km/sec  the  resulting  seismogram  appears  to  be  devoid  of  cap  layer  reflec¬ 
tions,  with  the  exception  of  a  small  bump  at  the  second  indicated  reflection 
arrival.  In  order  to  check  this  I  computed  a  seismogram  using  the  thick 
structure  and  this  is  shown  as  the  bottom  trace  of  figure  4-8.  The  first  P 
wave  cap  layer  reflection  is  indicated  by  the  vertical  dashed  line  but 
because  of  the  high  phase  velocity  of  this  arrival  it  does  not  appear  in  the 
seismogram.  I  overlaid  the  bottom  two  traces  and  found  that  with  the 
exception  of  a  small  bump  at  about  53  seconds  for  the  thin  structure,  the 
two  seismograms  matched  perfectly. 
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If  cap  layer  reflections  were  present  in  either  of  the  two  bottom 
traces  of  figure  4-8  these  traces  could  not  possibly  match.  Not  only  is  the 
cap  layer  depth  different  for  these  two  seismograms  but  the  frequency  sam¬ 
pling  interval  is  different  as  well  so  that  wrapped  around  reflections  would 
appear  at  different  times.  Also  the  phase  velocity  filter  cutoff  is  different 
between  the  two  seismograms  and  so  we  cannot  attribute  the  matching  to 
some  filtering  effect.  Phase  velocity  filtering  appears  to  be  a  very  powerful 
tool  for  the  locked  mode  approximation  and  it  allows  us  to  extend  the 
usable  distance  limit  as  we  can  see  with  this  example. 

In  the  last  section  of  this  chapter  I  will  show  comparisons  of  syn¬ 
thetic  seismograms  produced  by  the  locked  mode  approximation  with  those 
produced  by  other  complete  solution  methods.  I  will  also  discuss  the  errors 
which  are  introduced  by  the  locked  mode  approximation  and  how  these 
errors  limit  the  situations  in  which  this  method  can  be  successfully  used. 

4.5  The  Locked  Mode  Approximation:  Comparisons  with  Other 
Complete  Solution  Methods  and  a  Discussion  of  Its  Limita¬ 
tions 

Probably  one  of  the  more  difficult  tasks  which  faces  the  theoreti¬ 
cal  seismologist  who  has  just  developed  a  new  seismogram  synthesis  method 
is  to  prove  that  the  new  method  actually  works.  Virtually  all  methods  have 
assumptions  or  approximations  which  turn  this  task  into  one  of  finding  the 
ranges  of  parameters  for  which  the  method  works.  One  obvious  way  is  to 
compare  against  exact  solutions,  as  I  did  in  the  previous  section,  however 
such  solutions  are  rare  and  only  exist  for  very  simple  structural  models. 
Another  approach  would  be  to  compare  against  real  observed  data,  as  I  will 
do  in  the  next  chapter,  however  such  an  exercise  is  usually  too  poorly  con- 
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•trained  to  provide  conclusive  verification.  In  this  section  I  take  the  third 
approach  which  is  to  compare  the  locked  mode  approximation  against  other 
complete  synthesis  methods  and  in  particular  against  the  complete  spectral 
solution  method  by  Wang  and  Hemnann  (1080). 

Generating  synthetic  seismograms  for  the  purpose  of  comparing 
with  other  synthetic  seismograms  can  be  a  very  tedious  task.  In  order  for 
the  comparison  to  have  any  chance  of  success,  every  parameter  which  can 
effect  the  result  must  be  specified  exactly,  which  includes  the  structural 
model  (layer  thicknesses,  P  wave  velocities,  S  wave  velocities  and  densities), 
the  attenuation  model  (layer  Qa  and  as  a  function  of  frequency),  the 
source  type,  the  source-receiver  configuration  and  all  filtering  parameters.  In 
the  past  several  years  I  have  been  able  to  obtain  very  good  comparisons 
between  the  locked  mode  approximation  and  the  reflectivity  method  by 
Kind  (1978),  the  reflectivity  method  by  Kennett  (1980)  and  the  WKBJ  ray 
theoretical  method  developed  by  Chapman  (1978)  however  I  will  be  show¬ 
ing  a  comparison  here  which  is  based  on  published  and  well  documented 
results  which  were  generated  by  Wang  and  Herrmann  (1980)  using  a  com¬ 
plete  spectral  method.  Their  method  is  based  upon  using  the  locked  mode 
contribution  without  a  cap  layer  as  well  as  a  numerical  integral  of  the 
branch  cuts  and  I  consider  their  method  to  be  one  of  the  most  complete  and 
error  free  methods  which  I  could  compare  against. 

Figure  4-9  shows  a  comparison  of  synthetic  seismograms  using  the 
locked  mode  approximation  with  seismograms  produced  by  the  complete 
spectral  method  of  Wang  and  Herrmann.  Figures  4-9(a)  and  4-9(b)  came 
directly  from  Wang  and  Herrmann's  paper  and  show  the  vertical  and  radial 
component  ground  velocities  due  to  a  center  of  compression  source  at  a 
depth  of  10  km  in  a  simple  layer  over  a  half  space  structural.  The  frequency 


Figure  4-9.  A  comparison  of  synthetic  seimograms  produced  by  the  locked 
mode  approximation  and  the  complete  spectral  method  of  Wang  and 
Herrmann  (1980).  A  direct  copy  of  Fig.  7  from  page  1030  of  Wang  and 
Herrmann  is  shown  as  (a)  and  (b)  which  are  the  vertical  and  radial  com¬ 
ponent  ground  velocities  due  to  a  center  of  compression  source  at  a  depth  of 
10  km.  The  comparison  ground  velocity  traces  using  the  locked  mode 
approximation  are  shown  in  (c)  and  (d).  .  r 
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bandwidth  was  0  to  1.25  Hertz  and  the  seismograms  were  computed  at 
seven  receiver  locations  with  source-receiver  distances  of  25,  50,  100,  200, 
300,  400  and  500  km  which  are  labelled  beside  the  traces  in  figures  4-9(a) 
and  4-9(b).  The  times  for  each  trace  were  reduced  by  8.1  km/sec  which  is 
close  to  the  half  space  P  wave  velocity.  Figures  4-9(c)  and  4-9(d)  are  the 
corresponding  vertical  and  radial  component  ground  velocities  using  the 
locked  mode  approximation.  I  placed  the  cap  layer  at  a  depth  of  500  km 
and  the  structural  model  used  to  compute  these  seismograms  is  given  in 
table  4-4.  I  used  a  phase  velocity  filter  with  a  ramping  cutoff  from  9  to  10 
km/sec. 

The  agreement  between  these  two  methods  is  very  good  except 
for  the  vertcial  component  at  distances  of  25  and  50  km  and  the  radial  com¬ 
ponent  at  a  distance  of  25  km.  In  these  case  there  are  small  arrivals  which 
can  be  seen  in  the  latter  part  of  the  seismic  coda  for  the  complete  spectral 
method  which  are  absent  with  the  locked  mode  approximation.  These 
correspond  to  multiple  reflections  in  the  top  layer  which  arrive  at  the  free 
surface  with  steep  incidence  angles  and  which  have  high  horizontal  phase 
velocities.  Since  I  applied  a  phase  velocity  filter  to  remove  potential  cap 
layer  reflections  these  legitimate  arrivals  were  also  filtered  out  and  this  illus¬ 
trates  one  of  the  major  sources  of  error  with  the  locked  mode  approxima 
tion.  The  other  major  difference  between  the  two  methods  is  the  presence  of 
a  truncation  phase  which  can  be  seen  moving  away  from  the  first  P  wave 
arrival  in  the  negative  time  direction  at  distances  of  25,  50  and  100  km  for 
the  locked  mode  approximation  synthetics. 

A  completely  independent  comparison  of  the  locked  mode  approx¬ 
imation  with  the  complete  spectral  method  of  Wang  and  Herrmann  and  also 
with  the  generalized  rny  theory  method  was  made  by  Herrmann  and  Wang 
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(1985)  using  the  same  basic  structural  model  as  in  table  4-4.  Figure  4-10 
shows  the  results  of  this  comparison  and  these  traces  are  copied  directly 
from  Herrmann  and  Wang’s  paper.  There  are  three  sets  of  synthetic  time 
traces  and  each  set  corresponds  to  one  of  the  three  methods  which  was 
used.  Each  set  consists  of  ten  time  traces  and  Hermann  and  W’ang  show 
how  all  three  components  of  a  synthetic  seismogram  due  to  an  arbitrarily 
oriented  double  couple  point  source  can  be  composed  of  a  linear  combina¬ 
tion  of  these  ten  traces.  All  of  these  traces  were  produced  with  a  source  at 
10  km  depth  and  a  source- receiver  distance  of  75  km  and  the  frequency 
bandwidth  was  0  to  2  Hertz.  Figure  4- 10(a)  shows  the  results  using  the 
generalized  ray  theory  method  (Caignard-de  Hoop),  figure  4-10(b)  shows 
the  results  using  the  locked  mode  approximation  and  figure  4- 10(c)  shows 
the  results  using  the  complete  spectral  method  of  Wang  and  Herrmann 
(1980).  The  structural  model  used  for  the  ray  theoretical  and  the  complete 
spectral  methods  was  the  same  as  the  structure  in  table  4-4  without  the  cap 
layer.  The  structural  model  used  by  the  locked  mode  approximation  was  the 
same  as  in  table  4-4  except  that  the  cap  layer  was  put  at  a  depth  of  240  km 
and  the  cap  layer  S  wave  velocity  was  10  km/sec. 

Herrmann  and  Wang  used  their  own  implementation  of  the 
locked  mode  approximation  and  1  present  their  results  only  to  confirm  the 
validity  of  the  approximation.  Once  again  the  comparison  between  the 
locked  mode  approximation  and  the  complete  spectra)  method  is  very  good. 
Abo  for  this  simple  structural  model  we  cam  see  that  the  comparison 
between  the  two  complete  solution  methods  and  the  generalized  ray  theory 
method  is  good. 


Figure  4-10.  A  comparison  of  synthetic  seismograms  produced  by  three  different  methods.  This 
in  a  direct  copy  of  figures  6,  8  and  7  in  that  order  on  pages  52  and  53  of  Herrmann  and  Wang 
(1985).  Synthetic  time  traces  produced  by  the  generalized  ray  theory  method  are  shown  in  (a), 
the  locked  mode  approximation  are  shown  in  (b)  and  the  complete  spectral  method  of  Wang 
and  Herrmann  (1980)  are  shown  in  (c). 
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The  errors  which  are  introduced  by  the  locked  mode  approxima¬ 
tion  fall  into  two  categories;  spurious  cap  layer  reflections  and  the  effects  of 
truncating  the  mode  sum.  As  we  have  seen  it  is  possible  to  minimize  the 
cap  layer  contamination  of  the  synthetic  seismograms  by  applying  phase 
velocity  filters.  The  problem  with  this  is  that  the  narrower  the  phase  velo¬ 
city  filter,  the  larger  will  be  the  mode  truncation  error,  so  it  would  seem 
that  we  end  up  trading  off  one  source  of  error  against  the  other.  If  we  look 
at  the  truncation  error  by  itself  we  can  see  that  it  becomes  smaller  for  a 
fixed  phase  velocity  bandpass  as  the  source-receiver  distance  is  increased. 
The  reason  for  this  is  that  as  the  receiver  is  moved  away  from  the  source, 
the  elastic  energy  which  propagates  between  the  two  travels  in  a  more  hor¬ 
izontal  direction  and  thus  has  a  lower  horizontal  phase  velocity  associated 
with  it.  By  chosing  the  phase  velocity  cutoff  to  be  slightly  higher  than  the 
highest  P  wave  velocity,  we  insure  that  all  horizontally  propagating  seismic 
energy  will  be  included  in  the  truncated  mode  sum  and  this  is  verified  by 
the  extremely  good  comparison  of  the  synthetic  seismograms  in  figure  4-9  as 
the  distance  increases. 

As  the  receiver  is  moved  towards  the  source,  the  elastic  energy 
which  propagates  between  the  two  travels  in  a  more  vertical  direction  and 
clearly,  at  some  point,  important  arrivals  will  no  longer  be  contained  in  the 
truncated  mode  sum.  We  can  first  notice  this  in  figure  4-9  at  a  distance  of 
50  km  and  this  source  of  error  becomes  more  pronounced  as  the  distance 
decreases.  In  these  situations  it  is  advisable  to  increase  the  bandpass  of  the 
phase  velocity  filter  which  will  cause  the  truncated  mode  sum  to  contain 
energy  which  propagates  at  steeper  incidence  angles.  Unfortunately  this 
remedy  will  only  work  to  a  limited  extent  since,  at  some  small  value  of  the 
source- receiver  distance,  the  cap  layer  reflections  will  come  in  at  nearly  the 
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same  horizontal  phase  velocities  as  the  desired  elastic  energy.  I  have  found 
that  for  typical  earthquake  depths  the  minimum  source-receiver  distance  at 
which  the  locked  mode  approximation  can  be  used  is  about  10  km. 

The  only  limiting  factor  on  the  maximum  6ource-receiver  distance 
is  the  computer  run  time.  As  I  have  shown  the  locked  mode  approximation 
becomes  more  accurate  as  the  distance  increases  until  we  reach  the  distance 
where  a  cap  layer  reflection  phase  velocity  falls  below  the  cutoff  phase  velo¬ 
city.  I  refer  to  this  maximum  distance  as  the  cutoff  distance  and  we  can 
arbitrarily  increase  the  cutoff  distance  by  moving  the  cap  layer  down.  The 
number  of  modes  in  the  0  to  10  km/sec  phase  velocity  range  at  a  fixed  fre¬ 
quency  is  roughly  proportional  to  the  depth  of  the  cap  layer  so  we  can 
increase  the  cutoff  distance  by  increasing  the  cap  layer  depth  which  will 
increase  the  total  number  of  modes  which  will  increase  the  computer  time 
needed  to  compute  those  modes. 

Similarly  the  maximum  frequency  is  only  limited  by  the  computer 
run  time.  The  number  of  modes  for  a  fixed  cap  layer  depth  and  a  fixed 
phase  velocity  range  are  directly  proportional  to  the  frequency.  I  have  found 
that  for  typical  continental  crust  and  upper  mantle  structural  models  there 
are  about  0.6  modes  per  Hertz  per  km  of  depth  to  the  cap  layer  in  the 
phase  velocity  range  of  0  to  10  km/sec. 

Nfreq  =  0.6  f  H 

where 

Nj  =  no.  of  modes  per  frequency  in  the  0-  10  km/sec  phase  velocity  range 

f  =  frequency  in  Hertz 

H  =  depth  to  the  cap  layer  in  km 


In  the  next  chapter  1  will  be  showing  a  number  of  examples  show¬ 
ing  synthetic  seismograms  which  were  computed  with  the  locked  mode 
approximation  and  I  will  be  making  comparisons  between  synthetic  seismo¬ 


grams  and  observed  data. 


CHAPTER  V 


NUMERICAL  EXAMPLES  OF  THE  LOCKED  MODE  APPROXIMATION 

I  have  used  the  locked  mode  approximation  to  compute  many 
thousands  of  synthetic  seismograms  and  in  this  chapter  I  will  show  some  of 
these  seismograms.  I  will  start  by  showing  a  number  of  synthetic  seismo¬ 
grams  which  demonstrate  the  properties  of  elastic  wave  propagation  in  lay¬ 
ered  structural  models  which  can  be  seen  when  using  a  complete  solution 
method.  I  will  then  show  a  comparison  of  synthetic  and  real  seismograms 
for  a  nuclear  explosion  which  took  place  in  northern  New  Mexico 

The  First  example  I  will  show  is  a  more  complete  version  of  the 
vertical  component  seismograms  which  I  computed  to  use  in  the  comparison 
of  section  4.5  and  these  are  shown  in  figure  5-1.  There  are  100  synthetic 
seismograms  in  this  figure  and  I  have  reduced  the  times  for  each  trace  by 
the  P  wave  velocity  of  the  top  layer.  The  trace  to  trace  amplitudes  are 
correct  however  I  applied  a  gain  factor  to  each  trace  which  was  equal  to  the 
source- receiver  distance  in  order  to  remove  the  geometric  spreading  effect. 
As  we  can  see,  even  for  a  simple  layer  over  a  half  space  structural  model, 
the  seismograms  can  get  complicated  as  the  distance  increases.  This  figure 
allows  us  to  get  &  good  look  at  the  truncation  phase  which  is  moving  away 
from  the  first  P  wave  arrival,  at  zero  reduced  time,  towards  the  negative 
time  direction.  The  truncation  phase  does  not  become  completely  separate 
from  the  first  P  wave  arrival  until  a  distance  of  about  75  km  but  its  ampli¬ 
tude  decreases  rapidly  at  distances  above  100  kin  We  can  also  notice  the 


Reduced  Time  (sec),  t  -  r/  6.15 


Figure  5-1.  Vertical  velocity  ground  motion  produced  by  the  locked  mode 
approximation  for  the  structural  model  given  in  table  4-4.  These  seismo¬ 
grams  directly  compare  to  those  shown  in  figure  4-9. 
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rapid  decrease  in  amplitudes  of  the  multiple  reflections  as  the  distance  goes 
to  zero  which  is  part  of  the  mode  truncation  effect.  All  of  these  seismograms 
were  computed  over  a  frequency  bandwidth  of  0  to  1.25  Hertz. 

Figure  5-2  shows  vertical  displacement  seismograms  which  were 
computed  over  a  much  higher  frequency  bandwidth  of  0  to  8  Hertz.  These 
seismograms  were  generated  using  the  southern  California  structural  model 
given  in  table  4-2  for  a  strike  slip  relaxation  source  at  a  depth  of  7  km.  The 
source  relaxation  radius  was  0.5  km  and  the  phase  velocity  cutoff  was  set  to 
9  km/sec.  Once  again  the  first  several  traces  show  the  truncation  phase 
prior  to  the  first  P  wave  arrival  but  this  spurious  phase  moves  away  from 
the  P  wave  arrival  and  decreases  in  amplitude  as  the  distance  increases. 
The  head  wave  nature  of  the  direct  P  arrival  is  obvious  and  we  can  see  a 
large  number  of  ray  arrivals  which  we  would  expect  for  a  complex  struc¬ 
tural  model  and  at  high  frequency. 

Locked  mode  synthetic  Pg  codas  are  shown  in  figure  5-3  for  dis¬ 
tances  of  300  to  450  km  and  for  an  explosion  source  with  an  elastic  radius  of 
0.6  km  and  at  a  depth  of  1  km.  These  synthetics  were  generated  using  the 
thick  version  of  the  southern  California  structure  and  they  have  a 
bandwidth  of  4  Hertz.  The  vertical  displacements  were  filtered  with  the 
response  of  a  Benioff  1  second  short  period  seismograph  to  produce  the 
resulting  seismograms.  The  most  obvious  feature  is  the  strong  Pg  phase  and 
trailing  coda  which  is  observed  throughout  the  western  United  States. 
Unlike  the  previous  example  there  are  no  clearly  discernible  ray  arrivals 
contained  in  the  coda  and  it  is  quite  likely  that  a  very  large  number  of  rays 
would  be  necessary  to  reproduce  this  coda.  This  is  a  good  example  of 
seismic  coda  synthesis  without  using  lateral  scattering 
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Figure  5-2.  Vertical  g‘i<  i.  .  1  n.  ...  ;  u  •  I  by  the-  Socked  mode  approxi¬ 
mation  for  the  southern  <  t'-!  .  model.  These  seismograms  were 

generated  with  a  strike  •  t  >  source  at  a  depth  of  7  km  and  the 
frequency  bandwidth  is  S  i  r:. 
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Figure  S-3.  Vertical  component  synthetic  seismograms  produced  by  the 
locked  mode  approximation  for  the  southern  California  structure  model.  Pg 
codas  for  an  explosion  source  at  1  km  depth. 


• 


r«r,*.rvr.'  V,  w,*1 


232 

There  axe  similarities  between  the  examples  shown  in  figures  5-2 
and  5-3  and  the  synthetic  traces  shown  in  figure  5-1.  The  southern  Califor¬ 
nia  structural  model  has  a  high  velocity  crust  which  matches  the  velocity  of 
the  top  layer  in  the  layer  over  a  half  space  model  used  by  Wang  and 
Herrmann.  All  of  the  synthetic  seismograms  show  an  energetic  P  and  a 
rather  weak  Pn  and  the  major  effect  of  making  the  model  more  complex  is 
to  introduce  more  noticeable  scattering  in  the  synthetic  seismograms.  The 
next  example  is  for  a  crustal  model  which  has  had  a  very  thin  and  low  velo¬ 
city  alluvial  layer  added  to  the  top  and  a  thicker  but  slightly  higher  velocity 
layer  inserted  which  represents  a  sandstone  stratigraphic  sequence  and 
which  would  be  characteristic  of  the  Colorado  plateau.  This  particular 
model  is  intended  to  represent  the  border  between  Colorado  and  Utah  and 
has  been  used  to  model  underground  nuclear  explosions  which  took  place  in 
western  Colorado.  The  structural  model,  which  1  refer  to  as  the  Rulison 
model,  is  given  in  table  5-1  and  the  Q  model  which  was  used  is  given  in 
table  5-2. 

A  set  of  fifty  synthetic  seismograms  were  generated  using  the 
locked  mode  approximation  and  these  are  shown  in  figures  5-4  and  5-5 
which  give  the  vertical  and  radial  components  of  the  ground  velocity  due  to 
an  explosion  source  at  a  depth  of  2.5  km.  There  is  a  marked  difference 
between  these  synthetic  seismograms  and  the  examples  which  preceded 
them.  The  Pg  phase  which  would  normally  be  traveling  at  about  6  km/sec 
is  almost  entirely  missing  in  figures  5-4  and  5-5  and  instead  there  is  a  rather 
strong  Pfl  phase  and  a  low  velocity  arrival  with  an  attached  coda.  Because 
of  the  thick  low  velocity  sedimentary  layers  at  the  top  of  the  structure,  the 
seismic  energy  is  being  trapped  within  these  layers  and  the  low  velocity 
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The  Rulison  Structural  Model 


Layer  no.  Thickness  (km)  a  (km/sec)  &  (km/sec)  p  (gm/cc) 


1 

0.2 

2.50 

1.50 

2.25 

2 

1.7 

3.80 

2.10 

2.30 

3 

3.6 

4.60 

2.46 

2.35 

4 

19.5 

6.00 

3.50 

2.80 

5 

15.0 

6.60 

3.85 

2.84 

6 

10.0 

8.00 

4.60 

3.30 

7 

10.0 

8.10 

4  65 

3.35 

8 

20.0 

7.95 

4.45 

3.25 

0 

30.0 

7.80 

4.20 

3.24 

10 

20.0 

7.95 

4.45 

3.25 

11 

20.0 

8.35 

4.80 

3.40 

Half  Space 

- 

20.0 

10.0 

3.60 
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Table  S-2 


Tbe  Rulison  Q  Model 


Layer  no.  Qq 


1 

300 

180 

2 

400 

230 

3 

800 

380 

4 

2000 

880 

5 

3000 

1100 

6 

4000 

1800 

7 

6000 

2700 

8 

800 

380 

9 

400 

230 

10 

800 

380 

11 

9000 

4000 

Half  Space  9000  4000 


Reduced  Tim*  (sec),  t  -  r/  4.60 


Figure  5-4.  Vertical  velocity  ground  motion  produced  by  the  locked  mode 
approximation  for  the  Rulison  structure  model.  These  seismograms  were 
generated  with  an  explosion  source  at  2.5  km  depth  and  for  a  bandwidth  of 
1.25  Hertz. 
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arrival  represents  channeled  seismic  energy  within  the  sediments.  This 
channeled  energy  would  normally  be  propagating  through  the  lower  granitic 
part  of  the  crust,  if  the  sediments  weren’t  there,  which  would  show  up  as  Pg 
energy,  but  in  this  case  the  upper  sedimentary  layers  trap  the  energy  in  an 
efficient  manner.  The  apparent  acausal  arrivals  at  200  km  distances  are 
actually  the  tail  end  of  the  seismic  coda  which  has  been  wrapped  around. 

In  the  final  example  I  will  be  comparing  synthetic  seismograms 
produced  by  the  locked  mode  approximation  with  real  observed  data  for  the 
Gasbuggy  underground  nuclear  explosion  which  took  place  in  northern  New 
Mexico.  This  work  was  done  by  myself  and  Jack  R.  Murphy  of  S-Cubed  in 
Reston,  Virginia  and  was  presented  at  the  annual  meeting  of  the  Seismolog- 
ical  Society  of  America  in  April  of  1982.  I  provided  Mr.  Murphy  with  my 
programs  and  assisted  him  in  generating  the  synthetic  seismograms  which 
he  required  for  the  comparison.  The  structural  model  used  for  this  study  is 
similar  to  the  Rulison  model  and  is  given  in  table  5-3.  Synthetic  seismo¬ 
grams  were  generated  for  a  bandwidth  of  10  Hertz  and  for  a  Mueller- 
Murphy  explosion  source  at  a  depth  of  1.293  km. 

The  comparisons  of  the  radial  ground  velocity  at  two  stations  is 
shown  in  figure  5-6.  Considerable  effort  was  expended  to  arrive  at  the 
correct  source  parameters  and  to  come  up  with  a  Q  model  which  would 
match  the  synthetic  spectra  to  the  spectra  of  the  data.  Although  there  cer¬ 
tainly  is  not  a  wiggle  for  wiggle  match,  the  overall  strength  and  duration  of 
the  coda  matches  rather  well  and  the  major  conclusions  of  this  study  were 
that  the  locked  mode  approximation  couid  be  used  to  invert  for  source 
parameters  and  local  attenuation. 


Table  5-3 


The  Gasbuggy  Structural  Model 


Layer  no. 

Thickness  (km) 

ot  (km/sec) 

(i  (km/sec) 

p  (gm/cc 

1 

1.2 

3.90 

1.90 

2.43 

2 

3.1 

4.10 

2.46 

2.58 

3 

20.7 

6.20 

3.62 

2.80 

4 

15.0 

6.60 

3.85 

2.84 

5 

30.0 

8.00 

4.60 

3.30 

Half  Space 

- 

20.0 

15.0 

5.00 

Figure  5-8.  A  comparison  of  synthetic  and  observed  Gasbuggy  partical  velocity  seismograms 


This  i&st  example  points  out  &  major  problem  which  exists  when 
trying  to  model  high  frequency  elastic  wave  propagation  through  the  real 
earth.  Even  in  a  case  such  is  this  one  in  which  the  source  parameters  were 
well  constrained  and  the  structural  model  was  well  known  and  was  reason¬ 
ably  close  to  being  flat  and  plane  layered,  it  was  impossible  to  obtain  wiggle 
for  wiggle  matches  of  the  synthetic  and  real  seismograms  in  the  10  Hertz 
frequency  bandwidth  without  undertaking  a  lengthy  study  which  would 
have  involved  such  things  as  parametric  changes  in  the  structural  model, 
more  complicated  source  modelling  to  account  for  tectonic  release,  etc.  The 
problem  of  matching  complete  solution  synthetic  seismograms  with  real 
data  for  complex  sources  and  structural  models  and  at  high  frequencies  is 
formidable  and  can  easily  be  more  difficult  than  the  theoretical  problems 
which  have  to  be  solved  to  produce  the  synthetic  seismograms.  There  is  no 
tractable  and  systematic  method  which  can  use  forward  seismogram  syn¬ 
thesis  to  invert  for  the  source  and  structural  parameters  when  these  param¬ 
eters  are  not  well  constrained. 

In  the  last  chapter  I  will  conclude  this  dissertation  by  making  a 
qualitative  comparison  of  the  locked  mode  approximation  with  other  syn¬ 
thesis  methods  and  I  will  discuss  the  possibilities  of  future  research  in  this 
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CHAPTER  VI 

CONCLUDING  REMARKS 

In  order  for  any  new  seismogram  synthesis  method  to  be  generally 
useful  to  the  seismological  community,  the  advantages  and  disadvantages  of 
the  method  must  be  identified,  and  the  parameter  space  within  which  the 
method  will  produce  accurate  results  must  be  determined.  I  have  shown 
that  the  spectral  method  which  I  developed  and  refer  to  as  the  locked  mode 
approximation  works  best,  for  problems  in  earthquake  and  nuclear  explosion 
seismology,  in  the  50  to  500  km  distance  range  and  the  method  can  be 
pushed  into  the  10  to  50  km  and  500  to  1000  km  distances  ranges.  I  have 
also  developed  numerical  algorithms  which  can  handle  virtually  any  struc¬ 
tural  model  and  frequency  bandwidth.  In  this  final  chapter  I  will  make  a 
qualitative  comparison  of  the  locked  mode  approximation  with  the  other 
seismogram  synthesis  methods  and  I  will  discuss  issues,  such  as  efficiency 
and  ease  of  use,  which  I  have  not  addressed  previously.  I  will  finally  remark 
on  the  logical  extensions  of  my  research. 

I  feel  that  the  only  way  a  definitive  and  quantitative  comparison 
could  be  made  among  a  set  of  seismogram  synthesis  methods  would  be  to 
obtain  the  computer  programs  for  each  method  and  execute  these  programs 
on  the  same  computer  and  for  a  set  of  representative  wave  propagation 
problems.  One  would  then  evaluate  the  relative  merits  of  the  methods  based 
on  the  accuracy  of  the  results,  the  amount  of  computer  time  and  space 
needed  to  produce  the  results  and  the  amount  of  human  interaction  needed 
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to  specify  the  input  parameters  and  to  run  the  programs.  From  time  to  time 
someone  will  make  a  comparison  study  and  publish  the  results  (e.g. 
Herrmann  and  Wang  (1985))  however  the  issues  of  human  interaction  and 
computer  time  are  rarely  discussed  and  usually  these  studies  focus  on  accu¬ 
racy  comparisons  as  1  did  in  section  4.5. 

There  has  only  been  one  occasion  on  which  I  was  able  to  make  a 
direct  comparison  of  the  locked  mode  approximation  with  two  other  seismo¬ 
gram  synthesis  methods  on  the  same  computer  and  for  the  same  wave  pro¬ 
pagation  problem.  The  structure  was  a  17  layer  very  near  surface  model  and 
this  was  a  geophysical  exploration  problem  which  involved  very  high  fre¬ 
quencies  (to  130  Hertz)  and  very  small  source-receiver  distances  (0.1  to  1 
km).  I  computed  complete  synthetic  seismograms  using  the  locked  mode 
approximation  for  100  different  receivers.  I  also  computed  synthetic  seismo¬ 
grams  using  the  reflectivity  method  developed  by  Kennett  (1980)  at  the  100 
receiver  locations.  For  this  particular  problem  all  of  the  early  arriving 
energy  was  propagating  at  very  steep  incidence  angles  and  Kennett’s  pro¬ 
gram  was  run  with  a  narrow  slowness  window  which  was  adequate  to  syn¬ 
thesize  the  first  part  of  the  seismic  coda.  The  two  methods  gave  good  agree¬ 
ment  for  the  first  part  of  the  coda  except  at  the  smallest  distances  where 
the  locked  mode  approximation  broke  down  due  to  the  very  high  phase 
velocities  of  the  propagating  seismic  energy.  The  middle  and  end  parts  of 
the  seismic  coda  were  completely  missing  however  from  the  synthetic 
seismograms  produced  by  the  reflectivity  program  and  this  was  due  to  the 
narrow  range  of  integration  in  the  slowness  domain  which  was  used.  The 
reason  I  kept  the  range  of  integration  so  small  was  that  the  computer  run 
time  would  have  been  prohibitive  had  I  integrated  over  the  entire  slowness 
axis.  I  estimated  that  the  reflectivity  method  would  have  taken  about  20 


times  longer  to  run  than  the  locked  mode  approximation  had  the  slowness 
integral  been  extended  to  include  the  same  phase  velocity  range  as  that 
used  by  the  locked  mode  approximation. 

After  obtaining  complete  solutions  I  displayed  them  and 
discovered  that  the  early  part  of  the  coda  could  be  explained  by  a  relatively 
small  number  of  ray  arrivals  (about  fifteen).  I  computed  ray  travel  time 
curves  and  overlaid  these  on  the  synthetic  seismogTams  and  by  trail  and 
error  I  was  able  to  determine  just  which  ray  paths  were  important.  I  then 
took  this  information  and  used  the  WKBJ  ray  theoretical  method  of  Chap¬ 
man  (1978)  to  synthesize  ray  theoretical  seismograms.  As  with  Kennett’s 
method,  the  comparison  was  quite  good  for  the  first  part  of  the  coda  and 
Chapman's  method  ran  many  orders  of  magnitude  times  faster  than  the 
locked  mode  approximation.  It  took  much  more  of  my  own  time  however  to 
set  up  and  rim  the  ray  theoretical  programs  than  it  did  to  run  my  own  pro¬ 
gram. 

Clearly,  from  a  human  interaction  standpoint,  complete  solution 
methods  are  rather  straightforward  in  terms  of  the  required  inputs  to  run 
the  programs  whereas  ray  theoretical  programs  require  ray  path  specifica¬ 
tions  and  it  can  take  a  lot  of  human  time  to  determine  which  ray  paths  are 
important  for  complicated  structural  models.  For  the  comparison  that  I  just 
mentioned,  the  seismic  energy  was  propagating  in  a  nearly  vertical  direction 
so  it  was  relatively  easy  to  determine  the  important  ray  paths.  Had  I  moved 
the  receiver  out  to  5  km  distance,  it  would  have  been  virtually  impossible  to 
determine  the  important  ray  paths  and  I  suspect  that  an  enormous  number 
of  rays  would  be  necessary  to  match  the  complete  solution.  Even  assuming 
that  the  important  ray  paths  could  be  automatically  determined  and  speci¬ 
fied,  as  the  distance  increases,  the  number  of  important  rays  increase  and. 
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at  some  point,  the  number  of  important  rays  will  exceed  the  number  of 
modes  required  by  the  locked  mode  approximation.  When  the  number  of 
necessary  rays  becomes  excessive,  the  ray  theoretical  methods  will  no  longer 
offer  an  advantage  in  computer  run  time. 

]  felt  that  the  primary  reason  for  developing  a  new  complete 
seismogram  synthesis  method,  based  upon  a  spectral  solution  of  the  elastic 
wave  equation,  was  to  increase  the  efficiency  of  seismogram  synthesis  over 
that  of  complete  solution  methods  which  were  available  when  I  started  my 
research.  The  method  which  is  mo6t  often  used  to  compute  complete  solu¬ 
tions  is  the  reflectivity  method  and  based  upon  the  comparison  with 
Kennett’s  program  it  would  seem  that  I  succeeded.  The  basic  reason  that 
the  reflectivity  method  runs  so  much  slower  is  the  use  of  numerical  integra¬ 
tion  to  evaluate  the  wavenumber  integral  of  the  inverse  Hankel  transform. 
The  wavenumber  integrand  function  is  very  much  influenced  by  it6  singu¬ 
larities  which  are  the  normal  mode  poles  and  the  integrand  function  goes 
through  one  oscillation  as  it  goes  by  a  pole.  The  wavelengths  of  these  oscil¬ 
lations  will  be  equal  to  the  average  pole  spacing  in  a  particular  region  of  the 
complex  wavenumber  plane.  In  order  for  a  numerical  integration  of  this 
function  to  produce  accurate  results,  the  function  must  be  sampled  a  suffi¬ 
cient  number  of  times  over  the  wavelength  of  the  oscillations.  It  would  be 
very  unlikely  that  a  numerical  integration  could  achieve  sufficient  accuracy 
if  the  integrand  function  were  sampled  less  than  ten  times  per  oscillation. 
Also  with  the  reflectivity  method,  the  wavenumber  sampling,  which  is 
necessary  to  accurately  approximate  the  wavenumber  integrals,  must  be 
carried  through  all  the  way  to  the  evaluation  of  the  Bessel  functions  at  each 


source-receiver. 
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The  mode  searching  algorithm  which  I  developed  is  able  to  locate 
each  pole  with  about  fifteen  evaluations  of  the  characteristic  function.  This 
is  about  the  same  as  the  number  of  times  one  would  have  to  evaluate  the 
integrand  function  between  two  poles  in  order  to  apply  the  reflectivity 
method  however  it  is  much  less  expensive  to  compute  the  characteristic 
function  than  it  is  to  compute  the  complete  integrand  function  and  this  is 
why  the  locked  mode  method  is  faster.  Also  it  allows  us  to  concentrate  the 
effort  to  increase  the  efficiency  even  more  in  one  place,  namely  in  the  mode 
searching  algorithm.  I  have  stated  repeatedly  in  this  dissertation  that  the 
development  of  an  efficient,  accurate  and  reliable  mode  searching  algorithm 
was  absolutely  necessary  in  order  for  the  locked  mode  method  to  be  a  viable 
alternative  to  other  complete  solution  methods.  I  also  have  a  strong  suspi¬ 
cion  that  this  has  been  a  stumbling  block  for  other  researchers  who  have 
used  the  spectral  method  and  I  have  an  even  stronger  suspicion  that  my  flat 
earth  normal  mode  searching  algorithm  is  the  most  efficient,  reliable  and 
accurate  algorithm  of  its  type  in  the  world  today. 

I  will  conclude  this  dissertation  by  briefly  discussing  the  logical 
extensions  of  my  research.  Probably  the  most  obvious  and  effective  way  to 
improve  the  efficiency  of  the  method  would  be  to  try  to  increase  the  effi¬ 
ciency  of  the  mode  searching  algorithm.  It  would  appear  that  the  most  I 
could  ever  hope  to  achieve  would  be  about  a  factor  of  five  improvement  in 
efficiency  and  I  am  sure  such  an  increase  would  be  well  worth  the  effort.  I 
think  the  most  likely  way  to  achieve  this  would  be  to  use  a  first  or  second 
order  extrapolation  of  the  dispersion  curves  to  the  next  adjacent  frequency 
and  then  use  these  estimates  of  the  eigen  phase  velocities  to  directly  initial¬ 
ize  the  fine  searching  algorithm.  Hopefully  most  of  the  poles  would  be 
located  with  just  a  few  iterations  and  then  a  pass  through  the  normal  mode 
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searching  algorithm  would  be  made  with  all  of  the  found  poles  removed  to 
pick  up  those  poles  that  were  not  found  from  the  extrapolated  estimates. 

Another  area  of  research  which  I  have  been  looking  at  recently  is 
to  obtain  a  truly  complete  spectral  solution  for  the  plate  problem.  There  are 
no  branch  cut  integrals  for  layered  plate  structural  models  and  so  the  com¬ 
plete  solution  can  be  represented  as  an  infinite  sum  of  discrete  normal 
modes.  The  difficulty  with  plate  problems  is  that  the  dispersion  curves  leave 
the  real  wavenumber  axis  and  take  off  into  the  complex  wavenumber  plane 
and  thus  the  locked  mode  method  cannot  provide  a  complete  solution.  I 
have  recently  been  able  to  develop  a  different  mode  searching  algorithm 
which  can  track  the  dispersion  curves  all  the  way  back  to  zero  frequency 
and  follow  them  through  the  complex  wavenumber  plane.  Once  all  of  the 
complex  eigenwavenumbers  have  been  found  the  procedure  for  computing 
synthetic  seismograms  is  identical  to  the  methods  1  have  given  here  except 
that  all  of  the  arithmetic  is  complex.  The  plate  method  offers  some  advan¬ 
tages  over  the  locked  mode  method.  First,  it  allows  for  the  proper  modelling 
of  vertically  propagating  elastic  energy.  Second,  it  allows  for  exact  model¬ 
ling  of  frequency  dependent  anelastic  attenuation.  Third,  it  allows  complex 
frequencies  to  be  used  which  removes  the  time  wrap  around  problem. 

A  final  exotic  area  of  research  which  I  have  done  some  work  in  is 
to  develop  a  spectral  method  which  uses  the  so  called  "leaking"  modes.  This 
method  is  based  upon  deforming  the  branch  cut  integrals  to  expose  parts  of 
the  other  Riemann  sheets  which  contain  poles  with  complex 
eigenwavenumbers.  These  are  leaking  modes  and  finding  them  is  similar  to 
finding  complex  plate  modes.  The  obvious  advantage  of  this  method  is  that 
it  maximizes  the  completeness  of  a  spectral  solution  which  does  not  include 
any  numerical  integrals  without  the  necessity  of  introducing  an  artificial 
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reflecting  boundary. 
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APPENDIX  A 

A  METHOD  OF  REDUCING  THE  DYNAMIC  RANGE 
OF  THE  [R]  MATRIX  ELEMENTS 

The  [R]  matrix  elements  given  by  equations  (3.1.20)  involve  tri¬ 
gonometric  6ine  and  cosine  functions  of  the  vertical  wavecycle  functions  8 
and  8 p  which  are  given  by  equations  (2.4.45).  These  wavecycle  functions  are 
equal  to  the  product  of  the  vertical  wavenumber  and  the  layer  thickness  to 
give  the  number  of  wave  cycles  in  the  vertical  direction  expressed  in  radians 
over  the  layer  thickness.  Whenever  the  horizontal  phase  velocity  is  less 
than  a  particular  layer  P  or  S  wave  velocity,  then  the  corresponding  wave 
in  that  layer  will  be  evanescent  in  the  vertical  direction  and  the  wavecycle 
function  for  that  layer  and  wave  type  will  be  purely  imaginary.  In  these 
situations  the  sines  and  cosines  of  imaginary  arguments  will  become  hyper¬ 
bolic  sines  and  cosines  of  real  arguments. 

sin  (  6a0  )  =  ‘  8inh  (  *ap  )  (A1) 

cos  (  9a0  )  =  cosh  (  ) 

where  6a0  =  i 

I  am  using  the  notation  a0  to  simply  mean  a  or  f).  The  hyperbolic  sines  and 
cosines  grow  exponentially  with  which  is  the  cause  of  the  dynamic 

range  problem. 
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Another  less  obvious  problem  which  comes  about  when  the  hor¬ 
izontal  phase  velocity  is  less  than  a  layer  P  or  S  wave  velocity  is  that,  if  the 
[R]  matrix  elements  are  computed  directly  from  equations  (3.1.20),  then  the 
computations  must  be  done  using  complex  arithmetic  which  can  signifi¬ 
cantly  degrade  the  performance  of  the  computer  code  however,  assuming 
the  frequency,  horizontal  phase  velocity,  and  layer  P  and  S  wave  velocities 
are  all  real,  all  of  the  numbers  in  the  [Rj  matrix  element  computations  are 
either  purely  real  or  purely  imaginary.  In  order  to  avoid  complex  arithmetic 
on  the  computer  we  redefine  the  functions  ^Q,  4>  0a,  and  9  ^  given  by 

equations  (2.4.42)  and  (2.4.45)  by  the  following. 

for  c>  a 

ija  for  c<  q  (■^•2) 

^  0  for  c>  0 
\  $  0  for  c  <  $ 

for  c>  q 

\9a  for  c<  q  (A  3) 

^  0  for  c>  $ 

\  8  p  for  c  <  $ 

It  is  obvious  that  the  redefined  functions  are  always  real.  Also  note  that 
when  a  redefined  function  is  greater  than  or  equal  to  zero  than  the  original 
function  was  real  and  if  the  redefined  function  is  less  than  zero  then  the  ori- 


ginal  function  was  imaginary. 

We  next  need  to  modify  the  trigonometric  functions  in  the  [R] 
matrix  elements  in  order  to  avoid  the  dynamic  range  problem.  We  can  do 
this  by  dividing  the  trigonometric  functions  by  a  normalizing  function 
which  is  equal  to  the  hyperbolic  cosine  when  or  Bp  is  imaginary  and 
unity  when  9a  or  Bp  is  real.  This  normalizing  function  is  always  positive 
and  never  less  than  one  and  we  drop  it  in  the  characteristic  function  com¬ 
putation  since  it  does  not  effect  the  zeroes  of  the  characteristic  function. 
The  normalized  trigonometric  functions  are  given  below. 

SN  ( ea )  =  sin  ( ea  ) 

CS(*a)  =  cos(0  ,  for  »a  >  0  (A. 4) 

NORM,,  =  1 

a 

SN(*a)=  -tanh(*a) 

CS  (  da  )  -  1  ,  for  6q  <  0 

NORMa  “  co*h  (  *Q  ) 

SN  (Bp)  =  sb(^) 

CS  (  Bp  )  =  cos  (  Bp)  ,  for  Bp  >  0 
NORM^  =  1 

, 

SN  (  *p  )  m  -  tanh  (  Bp  ) 

CS  (  Bp  )  =  1  ,  for  Bp  <  0 

NORM^  =  ) 


Rftsl<M0)  — rl+  -j— SN(*„)CS(V  +  */N(^)CS(»„)] 

PC*  I  *Q  I 
RftS2(l,*0)  2R^24^*’*0^ 

RRjS(*.»o)  -CS(*a)CS(*,) 

Rft34(,,z0)  =-4i7SN(^)SN(^) 

I  *«l 

Rftj5(*4o)  =_  R^14^*’*0^ 

rR4i(*,*0)  — tI-  #.SN(*a)GS(^)  -  -J’-SN^CS^)] 

pc4  IV1 

Rft42(*,*0)  =“  2R^23(z,I0^ 

-TrrSN(l«)sN(^) 

Rft44(i,*0)  =CS(i  a)CS(& p) 

rR45(z,z0)  =-  rRijC1^) 

R^Sl^o)  — 77I2(N-CS(*.)CS(^)) 

pc’ 

-  (».*,-  -1  — )SN(#JSN(^)1 

I 
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R^54^*»*0^  R^3l(*'*o) 

rM*’^)  -+Rftll(*>*0) 

where  N  -  1  /  (N0RMo  •  NORM^)  (A.6) 

The  layer  index  has  not  been  used  for  equations  (A.l)  through  (A.6)  but 
one  should  remember  that  all  of  the  functions  used  in  and  given  by  these 
equations  are  layer  dependent  and  the  layer  index  has  been  omitted  simply 
to  minimize  notational  clutter. 

Equations  (A. 5)  allow  us  to  compute  scaled  versions  of  the  [R] 
matrix  elements  using  real  arithmetic  and  these  scaled  elements  will  have  a 
much  reduced  dynamic  range.  By  scaling  the  [R]  matrix  we  are  in  fact  also 
scaling  the  elements  of  the  anti-symmetric  minor  matrix  which  is  what  we 
wanted  since  it  is  these  quantities  which  actually  determine  the  characteris¬ 
tic  function  and  the  normalized  eigenfunctions.  We  can  thus  define  a  scaled 
version  of  the  minor  matrix  vector  given  by  equations  (3.1.18)  and  (3.1.19) 
as  follows. 

(M(z2)}  =  |ft(*r*2)]  {*(*,))  (A.7) 

We  will  initialize  the  (Kl)  vector  at  the  top  and  bottom  of  the  structure 
with  the  normal  unsealed  values  of  the  (M)  vector  at  the  two  boundaries 
and  use  equation  (A.7)  to  compute  scaled  minor  matrix  elements  within  the 
structure.  All  of  the  elements  of  the  (M)  vector  are  related  to  the  (M)  vector 
at  any  depth  by  a  real  and  positive  function  of  phase  velocity  and  depth. 

(BM(x)}=  BNlot(c,i)  (BM(i)} 

(TM(i)}  =  TNtot(c,x)  (TM(i)} 


•N 


(A.8) 


* 


nrw’jr  *v 


The  scaling  functions  ®Ntot  and  TNtot  are  computed  from  the  product  of  all 
of  the  single  layer  scalers,  N^,  given  by  equations  (A.4)  and  (A.6)  from  the 
bottom  boundary  to  depth  z  for  ®Nt  t  and  from  the  top  boundary  to  depth 
z  for  ^Ntot.  The  following  properties  of  the  scaling  functions  can  be  shown. 

BNtot(c’*T)  =  =  BNtot(c**)  TrWc>1)  (A-9) 

=  NTOT(w,c) 

where  z.j>  *  depth  of  top  boundary 

tg  _  depth  of  bottom  boundary 

and  Zj  <  z  <  Zg 

The  scaler  function  NTOT(cj,c)  is  the  total  product  of  all  layer  scaler  func¬ 
tions  and  is  only  dependent  on  the  horizontal  phase  velocity.  From 
equations  (A. 8)  and  (A.9)  it  is  easy  to  show  the  following. 

BMi(*)TMj(*)  =  NTOT(w,c)BMi(z)TMj(^)  (A.10) 

where  ij  =  1,2, 3, 4, 5 

The  normalized  characteristic  function  given  by  equation  (3.3.47) 
only  involves  BM^M  products  and  so  we  can  write  a  scaled  version  of  the 
characteristic  function  as  follows. 

rA  =  TM1BMs  +  BM1TM5  +  2  +  TMjBM4  +  BM3TM4(A.ll) 

rA  =  NTOT(w,c)  rA  (A. 12) 

Since  RA  is  zero  at  the  eigenwavenumbers  we  can  write  down  the  partial 


»  A. 


*j»  v  ”/■  P 
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derivative  of  the  characteristic  function  with  respect  to  wavenumber  as  fol¬ 
lows. 

dRA(w,k)/9k  =  NTOT(w,c)  0RA(w,k)/3k  (A. 13) 

k«RK  (n,w)  k«RK  I”.'*') 

We  can  now  see  from  equation  (A. 13)  and  equations  (3.3.53)  and  (3.3.54) 
along  with  equation  (A. 10)  that  the  NTOT(u>,c)  scaler  function  cancels  out 
by  division  when  the  normalized  eigenfunctions  are  computed  and  that  the 
{M}  scaled  minor  matrix  elements  can  be  used  in  place  of  the  normal  uns¬ 
ealed  minor  matrix  elements  without  effecting  the  final  results. 


i 


APPENDIX  B 

THE  COMPUTATIONS  OF  THE  CHARACTERISTIC  FUNCTION 

PARTIAL  DERIVATIVES 

In  order  to  compute  the  normalized  eigenfunctions,  the  group 
velocity  and  to  compute  a  first  order  perturbation  approximation  of  the 
shift  in  eigen  phase  velocities  due  to  frequency  dependent  anelastic  attenua¬ 
tion,  it  is  necessary  to  compute  a  number  of  partial  derivatives  of  the 
characteristic  function.  As  I  proved  in  section  3.3,  the  characteristic  func¬ 
tion  is  independent  of  depth  and  so  I  always  compute  the  characteristic 
function  using  the  top  boundary  values  of  the  {TM}  and  {BM}  vectors. 
Assuming  the  top  boundary  is  a  free  surface  and  using  equations  (3.1.10)  we 

arrive  at  the  following. 

* 

dRA(w,c)/9v  «  dRMj(u;,c,0)/9v  (B.l) 

where  v  is  any  of  the  variables  frequency,  horizontal  phase  velocity,  or  layer 
P  and  S  wave  velocities  and  zero  depth  is  assumed  to  be  the  depth  of  the 
free  surface.  In  order  to  compute  (BM(w,c,0)}  we  start  with  the  value  of 
{BM}  defined  at  the  bottom  boundary  using  equations  (3.1.10)  through 
(3.1.14)  based  upon  the  bottom  boundary  condition.  We  then  apply  the  fol¬ 
lowing  equation  recursively  (from  equation  (3.1.18))  at  each  layer  interface 
until  we  reach  the  surface. 


{BM(u.,c)h('-1))}  =  !BR(,W)I  {®M(w,c,hW)} 


(B.2) 
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where  i  =  n- l,n-2,- 2,1 

and  is  the  bottom  boundary,  «  0  is  the  top  boundary,  (brM(u>,c)J 

is  the  layer  [Rj  matrix  which  propagates  the  (BM)  vector  from  the  bottom  of 
the  layer  to  the  top  of  the  layer  so  that  the  following  is  true. 

[BR(iW)]  =  [R(u>, c, !»<*>, h(i-1))]  (B.3) 

We  can  apply  the  derivative  chain  rule  directly  to  equation  (B.2) 
to  compute  partial  derivatives  of  the  {BM}  vector. 

d{BM(h<i-1))}/3v  -  [BrW]  d{BM(hW)}/8v  +  (B.4) 

+  (d[BRW]/9v)  (BM(bW)} 

For  cases  where  v  is  either  frequency  or  horizontal  phase  velocity  we  can 
compute  equation  (B.4)  in  parallel  with  equation  (B.2)  starting  at  the  bot¬ 
tom  boundary  and  recursively  propagating  both  the  (BM)  vector  and  the 

ft 

3{DM}/9v  vector  upward  to  the  surface.  The  problem  now  reduces  to  com¬ 
puting  partial  derivatives  of  the  [BR^]  matrix  elements  for  each  layer  and 
the  initializing  derivatives  of  the  (BM)  vector  at  the  bottom  boundary. 

We  can  see  from  equations  (3.1.10)  to  (3.1.14)  that  the  frequency 
does  not  appear  in  any  of  the  boundary  (M)  vector  elements  so  that  the  fol¬ 
lowing  is  true  for  all  boundary  conditions. 

a{BM(rB)}/0w  =  (0)  (B.5) 

where  Xg  *  h^n~^  is  the  bottom  boundary  depth 
The  initializing  phase  velocity  derivatives  of  the  (BM(ig)}  vector  elements 


arc  given  as  follows. 

1.  A  traction  free  surface, 
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3{BM(2B)}/3c  =  {0}  (B.6) 

2.  A  rigid  surface, 

d{BM(zB)}/3c  =  {0}  (B.7) 

3.  Zero  shear  tractions  and  zero  vertical  displacement, 

d{BM(rB)}/9c  =  {0}  (B.8) 


4.  No  upward  propagating  P  or  S  wave  radiation, 

#BMl(.B)/8e.+Ja=Jl[a  +  ia=il[-i7,^T||+i  <b.«) 


3BM3(zB)/dc  =  - 
aBM,(zB)/dc  =  + 
aBM4(zB)/ac  =  - 
aBM5(zB)/dc  =  - 


[  C 

1  1 2 


4pc24>  6 
a  1 

;i 

1 

2 

4pc2i<t>Q 

c 

1 

2 

4pc2i<j>p 

c 

1 

-(2ri)-(ri)hrT  + 


"  *0  ) 

4  c 


A„2r 4.  j  c  2  xj2m  2  .2  5 

4  p  c  <t>  <p  a  a  <t>  a  <P  a  p  c 


We  now  need  to  compute  the  partial  derivatives  of  the  [BRj 

n 

matrix  elements  and  then  use  equation  (B  4)  to  compute  the  {  M}  vector 
partial  derivatives  at  each  layer  interface.  Unfortunately  equation  (B.4) 
suffers  from  the  same  dynamic  range  problems  as  equation  (B.2)  which  is 
used  to  compute  the  characteristic  function  and  so  we  need  to  apply  a  scal¬ 
ing  function  to  equation  (B.4).  In  appendix  A  I  showed  how  equation  (B.2) 
could  be  scaled  to  produce  a  scaled  version  of  the  |R!  matrix  elements.  We 
could  scale  equation  (B.4)  by  computing  derivatives  of  the  scaled  {BM}  vec- 


263 


tor  and  the  scaled  [R]  matrix  elements  however  such  derivative  computa¬ 
tions  are  complicated  by  the  scaling  function  which  itself  is  dependent  on 
frequency,  phase  velocity  and  the  layer  P  and  S  wave  velocities.  I  chose  to 
use  a  simpler  method  which  involves  scaling  equation  (B.4)  in  the  same 
manner  as  I  used  to  scale  equation  (B.2).  Notice  that  scaled  versions  of  the 
partial  derivatives  of  the  {BM}  vector  and  [R]  matrix  elements  are  not  equal 
to  the  partial  derivatives  of  the  scaled  versions  of  the  same  elements.  I  use  a 
"notation  to  distinguish  scaled  versions  of  the  derivatives  from  derivatives  of 


the  scaled  functions  as  follows. 

3{BM(hW)}/9v  =  BNtot(c,h(i))3{BM(h^)},/Bv 

(B.10) 

aiBRM]/3v  =  n(')  d[BR^j/Bv 

(B.ll) 

where  is  the  layer  scaling  function  given  by  equation  (A. 6)  and 
®Nlot(c,h^)  is  the  total  scaling  function  from  the  bottom  boundary  to  depth 

hW  given  in  equation  (A. 8).  The  scaling  functions  are  identical  to  the  ones 
used  to  scale  equation  (B.2)  for  each  layer  and  at  each  depth.  We  can  apply 
scaling  functions  to  each  layer  and  write  equation  (B.4)  as  follows. 

3{BM(h^"^;}/9v  =  jBftW]  d{BM(h^)}/dv  +  (B.12) 

+  (aiBR(,,,/9v)  {BM(bW)} 

As  with  the  scaling  of  equation  (B.2)  we  initialize  the  3{BM)3v  vecto- 
directly  from  equations  (B.5)  through  (B.9). 

The  scaled  versions  of  the  partial  derivatives  of  the  (Rj  matrix  ele¬ 
ments  are  given  as  follows.  These  equations  use  the  same  functions  0o,  <p 
6 a,  6 0,  SN,  CS,  and.  N  which  are  all  defined  in  appendix  A.  I  have  expressed 


the  [R]  matrix  partial  derivative*  in  term*  of  a  number  of  intermediate  vari¬ 
able*  which  are  also  defined.  The  partial  derivatives  with  respect  to  fre¬ 
quency  axe  given  first. 


aR^ll(*’zo)/3u;  = 

aRRlS(*,i0)/Bu;  = 

= 

dRft,5(*,*0)/Bu;  = 

aRR2,(*,*0)/^^  - 
dRn22(z,t0)^  - 

dRR23(i,i0)/^^  * 
aRR24(z,2o)/^  = 

aR^25(*’*o)/a^  = 

aR^3l(*’Zo)/a"  = 
aR^32(z’zo)/au'  = 
aR^S3(z’zo)/a"/  = 
aR^34(z’zo)^u;  * 
dR^35(z’Io)/9^  ” 
dR^4l(Z’Zo)/3li'  = 
aR^42(z’zo)^w  = 
dR^43(z’zo)/a-;  * 
aR^44(Z’Zo)'/a-'  = 
aR^45(z’zo)^^  = 

dAl^Zo^fduJ  " 

aR^52(z’zo)/Bw  = 
aR^53(z’zo)/B-;  ‘ 
aR^54(z’zo)^‘'  1 
aR^5s(f’Zo)/Bu'  1 


=  GnCACBw  +  HnSASBw 

=  g12  cacb  w  +  h12sasbw 

=  Sjj  SACB  w  +  T|S  SBCA  w 

-  shsacbw  +  t14sbcaw 

-  G1SCACBW  +  H15SASBw 

=  g21  cacb  w  +  h21sasbw 
=  g22  cacb  +  h22  sasb  w 

*  S23  SACB  w  +  T25  SBCA  w 
=  S24  SACB  W  +  T24  SBCA  w 

=  +  7  aR^12(z’*o)^u; 

=  S31  SACB  w  +  Tjj  SBCA  w 

=  -  2  9R^24(z,zo^au; 

=  CACB 
'  H34  sasbiU) 


(B.13) 


-  3rR14(z,i0)/9w 


=  S4,  SACB  w  +  T41  SBCA  w 
=  -  2  0rR2J(z,zo)/9w 

«  h4Ssasbw 

=  CACB  w 
=  -  0rR1s(i(zo)/3^ 

=  g51  cacb  w  +  h51  sasb  w 

=  +  2  9rR21(z,z0)/9w 
=  - 

*=  - 


where 


Gll- 

7^(7-l  V 

Hll  = 

Si  i JrfL 

G12  = 

+  2pc2-r(7-i)(2-r 

-i) 

HW- 

+ 

Ji 
i  * 

Sis  * 

T1S- 

-**h=2Z 

\*t\ 

S14  “ 

1  #«l 

T14  = 

• >  2  * 

+  PC  7  ^ 

O 

Cn 

II 

-2AV(7-1)5 

* 

H15  * 

-  A4(  ik^J>b~ 

_b 

i  j 
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CACB  w  =  -  —Sfi{ia)cs(is)  -  hcs{0a)sn(90)  (B.is) 

0  0 

SASB,u,  *  +  -j-CS(*a)SN(f  ,)  +  -£sN(i0)CS(if) 

0  0 

SACB,W  -  +  -jCS(tfa)CS(^)  -  -£sN(Sa)SN(^) 

SBCA,w  =  -  vSN{*°)SN(V  +  ~CS(tfa)CS(^) 

The  scaled  partial  derivatives  of  the  [R]  matrix  elements  with  respect  to 
horizontal  phase  velocity  are  more  complicated  than  the  frequency  deriva¬ 
tives  due  to  the  functions  G,  H,  S,  and  T  which  depend  on  phase  velocity. 
The  [R]  matrix  phase  velocity  derivatives  are  given  as  follows. 

aRftii(i,i0)/Bc  =  -  Gn  c  +  Gn  c  CACB  +  Gjj  CACB  c  +  (B.16) 

+  Hll  c  SASB  +  Hn  SASBC 

aRRl2(i,io)/Bc  =  -  g12  c  +  G12  cCACB  +  G12CACB  c  + 

+  h12csasb  +  h12sasbc 

aR^ls(I’zo)/Bc  =  S13,c  SACB  +  S13  SACB  c  +  Tis  c  SBCA  +  T1S  SBCA 
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dRfiH(*,io)/3c  -  S14  c  SACB  +  SM  SACB  c  +  T14  e  SBCA  +  TJ4 
dR^15^’*o)^c  *  ~  G15,c  +  G15,c  CACB  +  Gi5  CACB  c  + 

+  h15  sasb  +  h15  SASB 

9rR2i(*’*o)^c  "  “  G21,e  +  GJi,c  CACB  +  G2i  cacbiC  + 

+  Hjj  c  sasb  +  sasb  c 

*  —  G22,e  G22,c  GAGB  G22GAGBc  + 

+  h22  c  sasb  +  sasb  c 

®R^23^*’xo^c  =  ®23,c  ^AGB  +  ®23  SACB>e  +  T23c  SBCA  +  T23 
aRR24(i,*0)/3c  =  SJ4  SACB  +  S24  SACB  +  TJ4  c  SBCA  +  T24 

aR^25(*’Io)/3c  “  +  \  8R^12(*’2o)/3c 

8R^31^i’*o^//8c  *  BSi,e  SACB  +  Sjj  SACB  £  +  ^Sl,c  SBCA  +  T„ 
9rHS2(i,*0)/Bc  *  “  2  aRR24(*,*0)/dc 

aR^3s(I’Io)/9c  *  CACB,c 

aRR34(i,*o)/ac  =  h34c  sasb  +  h34  SASB  c 

aR^35(z’2o)/8c  =  "  aR^l4(*’*0)/'ac 

dRR41(2,zo)/ac  =  S41c  SACB  +  S41  SACB  c  +  T41  c  SBCA  +  T4, 
aRR42(t,*0)/ac  *  -  2  aRR:23(i,x0)/dc 

aR^43(zi*0)/Bc  *  B43,c  ®A^B  +  B43  SASB  c 
dRR44(*,*0)/Bc  *  CACB  c 

aRft45(l’*o)/8c  =  "  aR^l3(*’2o)/dc 

aR^51^I,Io^c  =  -  G51,c  +  G51,e  GAGB  +  G5i  CACB  c  + 

+  HS1  SASB  +  HS1  SASBC 

dR^S2(*’lo)/ac  “  +  2  aR^2l(*’*o)/dc 
aR^53(z’zo)^c  =  “  dR^4l(z'zo)/dc 
aR^54(z’zo)^c  “  “  aR^3l(z’zo)/dc 
dR^55(z’zo)^c  “  +  aR^n(*’Zo)/ac 

where 


K- 


a2i 


4. 


V 


0 


SBCA 


SBCA 

t 

SBCA 

SBCA 


SBCA 


(B.  17) 


-  -  -7(27-1) 
c 

~  +  4/>C7H21  +  +  q)  0+m 


=  +  — G.»  -  4^07(67(7-!)  +  !) 


»  ■+  |Hl2  -  12,c7Hn  +  2pc2(^a+^)  1*4  + 


Sis 


+  7  -  ^  T1S  +  4^T2S 


+  T  "  *o  S14  +  4^S24 


~7+l»  T“ 


=  +  *— G,e  +  4pC7G, 


+  “H15  +  4^c*?H12  -  ^2c4(^Q+^)p4^a^  + 


-  2  r  1  4t 

-  "  7G2i  +  — 

c  pc* 

■  -  7H21  -  JonHsl  -  -1r<WU„*,+- 

C  PC  I 

=  -2Gll,c 

=-2H„. 


-  7  +  K  hi 


=  "  ^T23  +  2*C7T4 
=  -  ^S2i  +  2pc7Ss. 


=  T24 


f-*o  S3! 


(-  -  +  6a  T.. 


IV»«. 


Mi. 


,  At*  A*, 


t>.  »«, 


—  He,  —  ~~—  (o  to  fl)  ^  ^  a~  — — —  ■  .  "  - 
c  51  2  4°  a  “  l  i*  A  I 

c  p  c’  I 
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CACB  =  -  i 
,e  <* 

?  1 

v«'7 

i 

sx(ea)cs(9fi)  - 

V* 

, 

CS(*a)SN(#4) 

SASB  «  +  *  1 

s-± 

a  c 

. 

CS(^)SN(^)  +  0fi  j 

SN(#.)CS(#^) 

SACB  c  =  + ea 

QS(0a)cs(0ff)  -  e0 

SN(la)SN(^) 

SBCA  c  -  -  ea 

K-t 

SN(#a)SN(*4)+#4 

V-f 

CS(0a)CS(8fi) 

We  Finally  turn  our  attention  to  computing  the  partial  derivatives 
of  the  characteristic  function  with  respect  to  the  layer  P  and  S  wave  veloci¬ 
ties.  We  could  compute  all  of  the  partial  derivatives  separately  however  this 
would  involve  computing  two  times  the  number  of  layers  derivatives  which 
would  be  expensive  in  cases  where  there  are  a  large  number  of  layers.  It  is 
obvious  that  the  following  is  true. 


djBR^]/9a^  =  0,  for  i  ^  p 
e;BR<')]/35(p)  =  0,  for  i  *  p 


(B  19) 
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We  can  thus  express  equation  (B.4)  as  follows  for  cases  where  p  <  n. 

d{BM(h(p_1))}/9a^^  =  (d[BR(p)]/Ba(p)j  {BM(h<r>>)}  (B.20) 

d{BM(h(p_1))}/3^p)  =  (a[BR(p)]/9^p)j  {BM(h<p>)} 

and 

a{BM(h^_1))}/aa(p)  =  [BR^]a{BM(hlj))}/Ba(p)  (B.21) 

a{BM{h(j_1))}/B^p)  =  [BR^]a{BM(h^)}/a^p) 

for  j  =  p-1, p-2,-,2,1 

Equations  (B.20)  and  (B.21)  can  be  expressed  as  follows. 


£atBM(h('-?!}>  d.O)  .  |B„U)] 

i«j  aa'1' 


E 

i»j  +  l 


8)BM(b''-")}  ljnm) 

3o(') 


+  (B.22) 


+  (a[BRk))/da(j))  daU)  (BM(h(j))} 

f  a(bM(h''-‘))}  dj9,i)  ,  puli),  I  f  a{BM(fa(-Q)} 
i«j  a^')  a^(') 


f  (a[BR^)]/a^)j  (BM(btj>)) 


for  j  =  n  -  l,n-2,—,2,l 

Equation  (B.22)  can  be  computed  recursively  in  parallel  with  equation  (B.2) 
to  produce  the  numerator  factors  that  appear  in  equation  (4.2.15)  which  is 
used  to  compute  the  shift  in  eigen  phase  velocity  due  to  small  changes  in 
the  layer  P  and  S  wave  velocities.  Notice  that  the  actual  partial  derivatives 


with  respect  to  each  layer  P  and  S  wave  velocity  are  not  computed 
separately  which  makes  this  method  more  efficient  than  the  direct 
approach.  The  values  of  do(i)  and  d£(i)  are  approximated  by  the  imaginary 
values  of  the  layer  P  and  S  wave  velocities  due  to  attenuation,  OjM  and 
from  equations  (4.2.13).  The  initializing  values  of  d{BM(h^n-1))}/9a(n)  and 
3{®M(h(B-1^)}/3^n)  at  the  bottom  boundary  are  given  as  follows. 

1.  A  traction  free  surface, 


3fBM(«B))/3«  -  {0} 
3(BM(ib)}/30  -  {0} 
A  rigid  surface, 


(B.23) 


3{BM(lB)}/3a  -  {0} 
d{BM(iB)}/30  =  {0} 

Zero  shear  tractions  and  zero  vertical  displacement, 


(B.24) 


d{BM(zB}}/3a  -  {0} 

3{BM(zb)}/3£  -  {0} 

4.  No  upward  propagating  P  or  S  wave  radiation, 


(B.25) 


ll-c2(7-l)2 


3  M,(zb)/3o  -  -j 

<t>aa  4>q 

aBM,(.B)/a.  -  + 1 

P<Pa° 

3BM3(tB)/da  «  +  s 


(B.26) 


4/>i*aJaJ 


3BM4(iB)/ao  =  0 


aBM,(.B)/8»  -  4  If-  1  ■■ 

4  p2 


i,(*B)/w  -  -  7  ■a2Tj 

*  Ir  *  *a»a 


»BM,(.B)/M  -  +  j 

I 


P*a<p}p' 


+  - <—  — +  1 

2£pc2 


dBM3(*B)/8^  =  0 
9BM4(*b)/0^  =  - 


Ap\<p 


9BM,(iR)/d^  =  +  1( - ! - 

5lB)  *\p2c*0a0^ 


where  tB  =  h^n  ^  and  the  layer  index  for  the  half  space  has  been  dropped. 

Finally  I  give  the  partial  derivatives  of  the  [R]  matrix  elements 
with  respect  to  the  layer  P  and  S  wave  velocities.  As  with  the  frequency 
and  phase  velocity  derivatives,  these  derivatives  are  scaled  to  eliminate  the 
dynamic  range  problem. 


BrRh(z,zo)/9£  =  -  Gjj  ^  +  Gn ^  CACB  +  Gn  CACB  g  +  (B.27) 


aR^l2(z’zoW  = 

dlAs(z’zo'^  = 
aRR14(z,zo)/9^  = 

aR*l5(z-zo)^  " 

aRR2l(z’zoW  = 

aR^22(z’Zo^  = 

dR^23(z’zo)/'a'9  = 
aR^2<(z’zo)/a^  = 
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-+■  Hjj  0  SASB  +  H15  SASB  g 
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+  Hjj  0  SASB  +  Hjj  SASB  g 
■  G22  0  ’1"  g22  0  CACB  +  Gjj  CACB  ^  + 

+  h22^sasb  +  h22  sasb^ 

S2j  0  SACB  +  S23  SACB  g  +  TJ3  g  SBCA  +  T23  SBCA  0 

S24  0  SACB  +  S24  SACB  g  +  T24  0  SBCA  +  T24  SBCA  g 


aRftji(.,.J/3/9  -  Sj,  SACB#  +  T„  ,  SBCA  +  T„  SBCA 
aRft,j(M0)/8^  -  -  2  aRft]4(,^)/a^ 

8R^Ss(*’*o)^^  *  CACB  j 
8R^S4^*’*o^/8^  “  +  Hj^  SASBj 

aR^Js(*’,o)/3^  =  '  dR^14^’‘o)/8^ 
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aRft44(M0)/B4  -  CACB  , 
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CACB  ^  =  +  V'jCS(*o)SN(*,) 
SASB  ^  =  -  V'5SN(^a)CS (*,) 
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and 


aRfin(a,t0)/9Q  =  Gn  CACB  a  +  Hn  SASB  +  Hu  SASB 

aRRl2(t,i0)/3a  =  GHCACB  +  H„  SASB  +  HJ2  SASB  a 

®R^1S^,,2o^q  =  ®i3,a  SACB  -f  Sjj  SACB  a  +  TjjSBCA^ 

3R^u(,’io)/3q  *  Si4,a  SACB  +  Si4  SACB  a  +  Tu  SBCA  a 

3R^15(2’*o)/a°  “  G1S  CACB,a  +  HlS,a  SASB  +  H15  SASB, a 

aRR21(*,i0)/Ba  =  G21  CACB  +  H21  a  SASB  +  H21  SASB  a 

3rR22(  .«„)/»«  -  Gjj  CACB  a  H22  a  SASB  +  H22  SASB  a 

3R^2s(2,Io^a  “  ®23,a  SACB  +  SjS  SACB  Q  +  T2jSBCA  q 

3R^24^2,2o^^a  c  ^24, a  SACB  +  S24  SACB  a  +  T24  SBCA^a 

dR^2s(2’2o)^Q  “  +  \  ^R^i2(*.*0)/Ba 

9R^Sl(2’2o)/3a  =  s31,a  SACB  +  S31  SACB  Q  +  TS1  SBCA  a 

dRR32(i,i0)/aa  =  -  2  3rR:24(2,i0)/9o 

dR^3s(2’2o)/3Q  =  GACB  0 

3rR34(*,*0)/3o  =  H34  oSASB  +  HJ4  SASB 

aR^35(l'20)/Ba  =  ~  aR^u(2’2o)/da 

3rR4i(z,Io)/3q  -  S41  a  SACB  +  S41  SACB  +  T41  SBCA 

dR^42(2’*o)^a  =  ~  2  aR^23(2’2o)/3° 

3R^43(2’2o)^°  =  H43,a  SASB  +  H4S  SASB, a 
dR^44(2’2o)/3a  =  CACBa 
aRR45(2,i0)/aQ  =  -  aRR13(i,i0)/da 

dR^5l(2’2o)/9Q  =  GS1  CACB, a  +  HSl,a  SASB  +  HSI  SASB, a 

dR^52(2’2o)/3a  =  +  2aRR2l^’2o^Q 

dR^53(2’2o)/9Q  =  “  aR^4i(M0)/da 

dR^54(2'2o)/9°  =  “  aR^3l(2’2o)/do 

aR^55(2-2o^Q  “  aR^ii(*>*0)/a° 
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APPENDIX  C 


THE  SOURCE  JUMP  VECTOR 

The  computation  of  the  source  jump  vector  for  a  variety  of  dif¬ 
ferent  source  types  is  a  subject  which  has  received  considerable  attention 
(e.g.  Harkrider  (1964),  Takeuchi  and  Saito  (1972),  Ben-Menahem  and  Singh 
(1971  and  1981),  Bache  and  Harkrider  (1976),  Stevens  (1980)).  In  this 
appendix  I  will  briefly  describe  how  source  jump  vectors  are  computed  and  I 
will  give  the  source  jump  vectors  for  the  most  commonly  used  source  types. 

The  use  of  a  single  source  jump  vector  for  a  distributed  source  by 
definition  implies  the  use  of  an  equivalent  point  source.  I  should  indicate 
that  my  definition  of  a  simple  point  source  is  a  single  vector  force  applied  at 
a  fixed  point  in  space  and  an  equivalent  point  source  is  some  linear  combi¬ 
nation  of  simple  point  sources.  By  this  definition  a  couple  source  ends  up 
being  a  distributed  source  (although  the  source  region  is  infmitesi-aally 
small)  since  it  requires  two  force  vectors  applied  at  an  infinitesimal  distance 
from  each  other.  We  can  compute  the  equivalent  point  source  jump  vector 
from  the  following  relations. 

Rw,(w,k,m,i)  =  0  (C.l) 

Rw2(w,k,m,i)  -  0 

oo  2» 

Rw3(u>,k,m,i)  =  Jrdr  Jd0  pflw, r,0,z)  •  P™  (r,ff) 


oo  2» 


Rw4(w,k,m,i)  =  Jrdt  Jd0  pf(uj,r,0,z)  ■  Bkm  (r,0) 


Lwi(u;,k,m,i)  =  0 


Lw2(u>,k,m,z)  = 


00  }f 

■  7  irdr  1 


d 6  pf(u,r,0,z)  ■  Ckm'(r,0) 


•il 

{r£(^,  k,m)}  =  *,.?)!  {Rw(^»k, m,f)}df  (C.2) 


{i,E(u>,k,m)}  =  J ii,A(*itf )]  tw("ik ,m,f)}df 

».i 

where  the  source  is  distributed  between  depths  ztl  and  *i2  and  the 
equivalent  point  source  is  at  depth  z,  which  is  arbitrary.  Equations  (C.l) 
and  (C.2)  were  obtained  from  equations  (2.4.3),  (2.4.46),  (2.4.13),  (2.5.11) 
and  (2.5.13). 

The  source  jump  vectors  given  below  are  from  Harkrider  (1964) 
and  Kennett  and  Kerry  (1979). 


1.  A  center  of  compression  explosion  source  produced  by  the  application 
of  a  pressure  function  to  the  walls  of  a  spherical  cavity. 


RE,(^,k,0)  =  S(w)  [2p,3; 
RE2(-.’.k,0)  =  0 

R“s(-J’k>0)  =  0 
R“«(-’-k,0)  »  S(~ ) 
LE,(w,k,0)  =  0 
LEj(^.k.O)  *  0 


(C.3) 


direction  respectively. 

An  equivalent  point  source  which  is  represented  by 
moment  tensor. 

RS!(w,k,0)  =  Mu/(p,Q,2) 

Era(«,k,o)  =  o 

RSj(u.',k,0)  =  0 

RSt(w,k,0)  =  {(MU  +  Myy)  -  Mt,(l  -  /°« ) 

Lr,(w,k,o)  •  0 

LEj(u;,k,0)  =  y(M,y  -  M y,) 

1)  -  0 

RE2(w,k,±  1)  =  -~(±  M„-  iMyi)/(p.3.5) 

RE,(w,k,i  1)  =  ■~i(Mty  -  Myt)  ±  ^(M„  -  MJ 
RI4(^,k,±  1)  =  0 

Lr,(^,k,r  1)  =  ~(r  My«  -  iM „)/(**.’) 

L^(^>,k,±  1)  =  0 

*£|(^±  2)  -  0 
RS2(u.\k,±  2)  *  0 
BEj(u.’,k,±  2)  =  0 

RE4(<*',k,±  2)  =  i(M „  -  M„)  ±  -~>(Mxy  -  My,) 

LE,(^k,±  2)  =  0 

LEj(-t),k,±  2)  =  ±  -J-i(M„  -  M^  +  ~(Mxy  +  My,) 


a  general 


(C.5) 


{pE}  =  {i.E}  *  0  for  -  2,  -  1,  0.  ^1,  -2 

M0,  M,y.  etc.  are  the  spectra  of  the  nine  elements  of  the  moment 
tensor  and  the  directions  are  the  same  as  those  used  for  the  vector 
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